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We study an N-level system coupled linearly to an infinite quasifree Fermi or Bose reservoir in the vacuum
state or in a state corresponding to an arbitrary temperature. We show that the singular reservoir limit can
be performed in the vacuum state and at infinite temperature, thus leading to a completely positive
Markovian reduced time evolution for the system, which, in the infinite temperature case, preserves the
central state. On the other hand, no such limit is possible for KMS states (finite temperature) and at zero
temperature. Some extension to norm-continuous semigroups of an infinite-dimensional 4(4) is possible.

1. INTRODUCTION

In a previous paper,! hereafter referred to as I, one
of us and Kossakowski have studied the reduced dy-
namics of an N-level atom coupled linearly to a set of
N? quasifree Bose fields in the vacuum state, under the
assumptions that the one-particle energy spectrum of
the reservoir is unbounded from above and from below,
and that the reservoir particles emitted and absorbed
by the atom have a Gaussian energy distribution, It
was shown in I that in the limit when the inverse width of
the Gaussian tends to zero, thus leading to no interfer-
ence between particles emitted and/or absorbed at dif-
ferent times, the reduced dynamics of the atom be-
comes a completely positive dynamical semigroup. The
most general form of such a semigroup2'3 can be ob-
tained in this way by a suitable choice of the interaction
parameters, An implicit indication that some result of
this kind should hold can be found also in Ref. 4, Sec.
4, where an isometric (but in general nonunitary)
dilation of a completely positive dynamical semigroup is
constructed on the tensor product of the (possibly
infinite-dimensional) Hilbert space of the system times
a boson or fermion Fock space.

Complete positivity is believed to be a general feature
of the dynamics of quantum open systems. %56 Ag
regards the semigroup property, it is often used as an
approximation, but cannot be derived exactly, if rea-
sonable reservoirs are considered, unless some limit-
ing procedure is performed, The standard procedures
are the weak coupling limit, which in particular allows
one to derive dynamical semigroups describing the ap-
proach of a system to thermal equilibrium with its sur-
roundings, "~® and the limit of singular reservoirs, such
as the one performed in I. Singular reservoirs have
been considered also in Ref, 10, in the study of laser
models, The aim of this note is to investigate some
possible generalizations of I, coupling the N-level sys-
tem to a set of quasifree Fermi or Bose fields in the
vacuum state or in a state corresponding to an arbi-
trary temperature. Some norm-continuous semigroups
of A(#4), with an infinite-dimensional 4/, can be studied
in the same way. We show that in the vacuum state a
fermion reservoir yields the same results that were
found in I with the use of bosons (Sec. 2). For finite-
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temperature states (0 < T <) no generalization holds.
On the other hand, the singular reservoir limit can
again be performed at infinite temperature, leading to

a semigroup which leaves the central state invariant.
This procedure is straightforward in the fermion case,
while in the boson case the limit T~ « has to be per-
formed considering an interaction Hamiltonian with an
appropriate temperature dependence, in order to com-
pensate for the indefinite increase of the expected num-
ber of quanta per unit energy, The case of infinite tem-
perature has the advantage that the one-particle energy
spectrum can be chosen to be positive (Sec. 3). We con-
clude with a few remarks dealing with the case of a
Fermi system whose creation and annihilation opera-
tors anticommute with the Fermi fields of the reservoir
(Sec. 4).

2. GENERAL FEATURES AND VACUUM STATE CASE
In analogy to I, we consider an N-level system S,
coupled to N Fermi fields (the reservoir R) by a linear
interaction
a2
Vi= 2 Fag 0ulf), @.1)
o=
where {F,la=1,..., N’} is an orthonormal basis of
self-adjoint matrices in M(N), Fp=1/VN,

A2
Polf)= B§/ (Ban3as(f9) + uwarbag(£9)*], (2.2)
a2

IR LA (2.3)

FHw) = 2n)"1/% exp[- ?w?/8]. (2.4)

The free evolution of the fields is given by
ataa(f) = aa(f-t);
f,=exp(—iht)f, [exp(-iht)f |(w)=exp(-iwt)f(w).
(2.5)

We choose the state of the reservoir to be a quasi-
free gauge-invariant state, !!~13 which means that its
correlation functions are given by

wA(aa"(fn)* tee aai(fl)*aﬂ1 (gl) e aﬂm(gm))
=0Omn det{wA(aa‘ (fi)*as, (g}

Copyright © 1976 American Institute of Physics 2123



wala,(f)*as(g)) = 8,442, AF). (2.6)

A is an operator on the one-particle space, 0 <A <1,
A =0 gives the vacuum state, the (unique) KMS state at
inverse temperature g and with chemical potential u is
given by'?

A=(exp[Bh- p)]+1)", 2.7

For f— 0 (infinite temperature), A converges to 3. For
B, A tends to the projection on the functions whose
support is contained in (- «, 1] {this would correspond
to the vacuum if we had chosen the one-particle energy
spectrum to be contained in [y, «)}.

We take as Hilbert space the tensor product between
C" and the GNS space #a, of the state w,. Working in
the interaction picture and letting

F,(t)=exp(- tHgt)F, exp(iHt),
0a )= 00.(f) = 0a(fs),

where Hg is the Hamiltonian of the free N-level system,
we are interested in computing the limit as ¢ ~ 0 of

2. 8)

(x@ | [g)o Joes moanyes @b QM) - M)

x(A®]1)]yt®SZ>, 2.9)

where x,ye€ Q" x,=exp(- iHgt)x,
N2

W =i[ Z Fa2 i, ()| =, (),

where, because of the gauge-invariance of w,, only
those terms survive for which m =2n. Expression (2.9)
depends on the reservoir through its (even-point) cor-
relation functions, which are!®

wal@o ) - - 9a, ()

_ 5 g fLualot

3
s p, 5 (27-1) tp2n)),

(tp 2yl ))(p ;P 2r)

(2.10)

where /7, is the set of those permutations p of
{1...2n} for which p(2r ~1) <p(2¥) and p(2r - 1)
<p(2r+1), and sgnp is the parity of p with respect to
{1... on}.

The two-point correlation functions are

w4(06(8)ei®)

NZ
=2 L, PRI, (= A + N, AR

=caplfé, AFS) +cpalfs, 1= AN, (2.11)
where we have set
a2
Cas= 2 |1ty [P NoNG @2.12)

1

<
)

{c.4} is the general form of a positive matrix in M(N?).

Using a boson reservoir would lead to an analogous
result, with the following modifications (see Refs. 14
and 9):

the determinant in (2. 6) replaced by a permanent,

no alternating sign in (2. 10),
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(1 - A) replaced by (1 +A) in (2, 11),
A is a positive, not necessarily bounded, operator,

the gauge-invariant KMS state obtained by setting
A= (exp(B(h— p)]~-1)"!

(there exist also KMS states which are not gauge-

invariant and we will not consider them). Note that
for A to be positive the energy spectrum has to be
contained in [p, + ).

{2, 11) is the generalization of (2,10) of L

Vacuum state case: The vacuum state is given by
A=0and (2.11) reduces to (2.10) of I. The alternating
sign in (2. 10) does not affect the validity of Appendices
Iand II of I (see Appendix), in which it is shown that:

(I) the series (2. 9) [(2. 20) in I] converges uniformly
in 0ses¢,#0;

(I} as ¢ — 0, the series (2. 9) converges term by term
to

[éf\ \tdfx"'dt,.S(ti)---S(tn)A]yt)
(2.13)
[(2. 27) of 1], where

N2
S =3 2 cagllFat), ()IFal) + FoOI(-), Fal1

Therefore, as in I, going over to the Heisenberg
picture, one obtains a completely positive identity-
preserving semigroup, in the limit ¢ — 0. Its generator
is given by

2
N
L*A=i[Hg, Al+ 3 Zﬁi Coafll Fgy AlF o+ FylA, F )} (2.14)
. Mot
=i[Hg+Hy, Al+ 3 I.ijlcu{[Fj, A)F; + FjA, F1},
(2.14")
with
Ny
Hy=- N2 75 (Imcyy2) F,. (2.15)
k=1

In the Schrédinger picture,
M
Lp=-i[Hs+H,p]* 2 i%’; ¢; ALFy, pFyl+ [Fip, Fyl}. (2.16)

This is the general form of the generator of a com-
pletely positive dynamical semigroup of an N-level
system,

Some generalization to dynamical semigroups of a
system with infinitely many levels is possible. Con-
sider the generator of a norm-continuous completely
positive identity-preserving semigroup of A
2.17)

L*A=i[H,A)~ 3 _Z,‘i{A;*A,.,A}+ QA;‘AA,.,
where H,A; € A(4) and J,.1 A¥A; converges ultraweak-
ly. ! It can be transformed to a form similar to (2.14)
by defining:
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B, = (1/V2)(Af +4,), B,=G/VD)A}-A4A),

. 2,18
Fa:But/”Ba”’ (Q:il, 121), ( )
in terms of which L* can be written as
L*A=i[H,Al+3 23 cofl[Fs AJFa + Fl4, Folb (2.177)
with

Cag= 10,0118 ®=F 0 2|| B, || || By . (2.19)

In this case, the interaction V° can be written as
V=22 Fa®@a(f)= 23 Ai® ay(f)* + AT @ ai(f°)
a0 =
(2.20)
with
0u(f) = A/V2) | B, (a:(£)* +a; (1),
0. (f)=G/VD| B || (@ (5)* - a, ().

Under the additional condition } 45 | €45l <o, which
implies that the series in (2.17) are norm convergent,
the arguments of the Appendix and of Appendices I and
II of I extend to this case, thus leading again to a com-~
pletely positive dynamical semigroup in the limite —0
(note that no “orthonormality” of the F,’s is needed in
the course of the proof).

(2.21)

3. KMS STATES AND INFINITE TEMPERATURE LIMIT

In the sequel, for the sake of simplifying the notation,
we shall absorbe p into %,

Substituting (2.7) for A in (2.11) and setting g°(w)
= f%w)I?, we get

wal@4(s)es®))
:f_:a dw exp[-iw(s - ) g* (W)Cas +&° (- w)cya}
x[exp(Bw) + 1], 3.1)

For 8+#0 as well as in the limit 8— « the expression
(8. 1) cannot be made to tend to a & function as ¢ —~ 0,
since the limit of its Fourier transform is not a con-
stant, no matter how one chooses f° (see, e.g., Ref.
16). In other words, the correlation functions of the
reservoir have a finite decay time even in the limit of
“white noise”.

In the infinite temperature limit (3 —0), A tends to
z, and we are left with the expression

%{cﬂa(fseyfte) + CaB(fte,fsE)}
:RecaBRe(fse)ftE)_ ImcaBInl(f;’ftE)- (3' 2)

If £° is chosen according to (2.4), this is the same
result as the one found in the vacuum state case,
apart from the replacement of {c,4} by {Rec,,}, a real
and symmetric matrix, Note that, if we choose from the
outset {caﬂ} to be real and symmetric, we can take, in
place of f¢, a function with a positive energy spectrum,
e.g.,

fe(+)(w):ﬂ-l/29(w) exp[_ 62w2/8]. (33)

Indeed, Re(fse“)’fteu)) = (fseyfte)’ Whereas Im(fse“),fts(”):
which, as e —~0, behaves like (s - #)-!, disappears from
(3. 2) because of the special choice of {caﬂ}n
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For bosons, the two-point correlation function is
given by

7 dw expl- iw(s - )} 2°(@)C ag— (= ©)Csa}
x (exp(Bw) - 1), (3.4)

where g%(w) has to vanish for w <0, in order for the
operator A= (exp(8h) - 1}! to be positive. An analogous
argument as for fermions applies here to exclude that
(3. 4) tends to a & function as ¢ — 0, for 8#0 as well as
for g — o,

The limit of infinite temperature can be performed
also in this case, with the one-particle energy spectrum
chosen as [0, + =), However, one must compensate for
the divergence of A = (exp(8k) - 1) as f— 0 by giving
the interaction Hamiltonian an appropriate temperature
dependence which ensures that the integrand in (3. 4) re-
mains finite in the limit. This can be achieved by re-
placing f° with the following temperature-dependent
function which tends to zero pointwise as 8—0:

FoPw) = (2m)1/20(w)(Bw)!/? exp[ - €2w?/8]. (3.5)
Then
£ 8(w) = (2m)8(w)Bw exp[- *w?/4] (3.5%)

and upon insertion of (3.5’) into (3.4), supposing {c,a}
real and symmetric, the Fourier transform of the cor-
relation function becomes

¢ oa(2m)™ exp[- w?/4][Bw/ (exp(Bw) - 1)]
% (6(w) + 6(= w)), (3.6)

which tends to the Fourier transform of c,z6(s - ¢) as
e—0, 8—~0. If we choose S=7¢?, then ||f*#| =1 for all
e¢#0, The general form of a generator with a real

and symmetric matrix {c;,} and no shift to the
Hamiltonian is found again,

The singular reservoir limit at infinite temperature
is less unphysical than the limit in the vacuum state,
because the one-particle energy spectrum is the posi-
tive half-line. However, while in the vacuum state any
completely positive dynamical semigroup can be ob-
tained (for N-level systems), at infinite temperature
only those semigroups are found, whose generator can
be expressed by means of a real symmetric {caB}. Such
generators satisfy L1 =0, which means (when // is
finite-dimensional) that they leave the central state in-
variant, This is not surprising, as the central state is
the one in thermal equilibrium with the reservoir at
infinite temperature. However, if dim// > 2, the semi-
group obtained in this way is not the most general one,
among those leaving the central state invariant,

Comparing this result with Sec. 3 of I, one sees that
the coupling of an N-level system to a reservoir at
infinite temperature is equivalent to the addition of a
stochastic term to the Hamiltonian,

4. A REMARK ON FERMI SYSTEMS

If S represents a system of Fermi particles and R is
itself a fermion reservoir, we should require that the
creation and annihilation operators A; of S anticommute
with the fields of R,
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With the hypothesis that the free evolution of S
preserves the total fermion number, this can be
realized as follows,

Let 4° (respectively, 4°) be the vector span of the
even (respectively, odd) polynomials in the creation
and annihilation operators A; of S. Perform the
following identifications:

A~Ae Ly ¢~ (- 1)N5®(Pi;

where Ny is the total fermion number operator of S.

4.1)

We write the coupling V¢ as

Ve=2] F¢o4+i § Fos, . 2)
o

or, equivalently, as

V=2 Ga® ¢a+ 2 Gie ¢, 4.3)

where
Fo=Frche, Fy=Fre/’,
o=(1"g ¢; (r=a,p),
Gy =G =Fi(-1)"Sc A,
Gl=GY*=iF3(- 1)¥sc 4°.

Clearly, the singular reservoir limit leads again to a
completely positive dynamical semigroup, whose gen-
erator is expressed in terms of the orthonormal basis

{catu{ci

In the special case when the generator splits into an
“even” and an “odd” part

L*A=ilHg,Al+ 3 2 c (G5, A)Ge + G4, GLlt

(4. 4)

+1 2 e(Gs, A]6y + Gil4, Gl (4. 5)
and if one restricts consideration to the time evolution
of even observables, then L* can be written in the usual
form (2. 14), with the same operators F¢ and F} which
appear in (4. 2)., Hence in this case no new feature is
introduced by the assumption of anticommutativity be-
tween the odd operators of the system and the Fermi
fields of the reservoir,

We can also construct a coupled time evolution which
preserves the total relative fermion number of the com-
pound system by suitably coupling the even gauge-in-
variant operators of S to Bose fields ¢ (to be identified
with I ;® @z) and the odd, linear in the Af ’s, operators
of S to Fermi fields ¢ [to be identified with (- 1)%s
® @p). Again, for what concerns the time evolution of
the even observables, nothing is changed with respect
to the models of the previous sections.
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APPENDIX
We want to show that the replacement of the formula

valid for Bose fields

2126 J. Math. Phys., Vol. 17, No. 12, December 1976

w(@g ()« - 95, ,(frn)

n
= E ! w(q);p(zr_“(tp(‘Zr-l))(pfxp(zr)(tp(%')))

PE Py r=1 (Al)

by the formula valid for Fermi fields

w(9a, () 9%, ()

=, sew T oW, o (orm)0h, o) (A2)
does not affect the validity of the proofs in Appendices
Tand ITof 1,

The uniform convevgence of the Dyson series:
Consider

@|[Vey) - - - Mo () A 1)]0)
=10 2 (1P| Ve - VL)

Ui, 8, 2n]
X(Ag D)Ve(ty, ) - - - Volty,, )],
where the summation is extended over all 22" partitions
[i,k, 20] = iy *+ i) gy - * i) Of {1+ - 20}, where
iy <+« <i, and iy, >+ -+ >1dy,. The norm of a summand
of (A3) is majorized by

T Al el ¢ 0h b))%, 4, )

(A3)

@yt %p
xgh, tuN < o alFr Tft
2n° "2n @jer a9y PEP" yai
€ €
X ]w((p“p(zr_i)(tip(Zr-l))qD“p(Zr)(tip(z")))"

where F=sup, || F,ll, independently of which of the de-
compositions (Al), (A2) is used. Then the arguments
of Appendix I of I apply, provided 344 1¢45 = C? <,
which is trivial for N-level systems, and is to be as-
sumed otherwise.

The veduced dynamics in the limit ¢ ~0: We have to
show that the contributions from permutations with the
minus sign in (Al) vanish in the limit e — 0. Expand

wl(@s ) - - 05, G )b, G, ) 06, Gy )
as a summation over all possible manners of pairing the
field operators. A contribution with the minus sign can
only come from a permutation containing “overlapping
pairings,” of the form
w(@im(tim)(pixp(tip))w(‘pzn(tin)(pzq(tiq» (A4)
with m <n <p <gq. According to whether none, one, two,
three, or all of the numbers m,n,p,q, are larger than
k, one has, respectively, one of the following
inequalities:

f.

1

I

tn

=1,

ST

t .
n ThT e i p> tm Tl T

St, <t; 3t st st <t
= ip i iy i, {p iq

=zt =t
" .7l

In the limit € — 0, we have a product 6(ti”l =t )0 -t ).
In any of the listed cases, all the four #’s have to be
equal. Hence the integral over df;- - -diy, vanishes. We
are left only with permutations not containing such over-
lapping pairings, which have a plus sign, like in the
boson case, and the proof in the Appendix II of I is still
valid.
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Some properties of canonical invariantly relaxing (CIR)
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In this paper, two general properties of the conserved discrete states CIR systems have been found: (1) the
equal spacing of and a general expression for the characteristic roots of their transition-rates-matrices; (2) a
general formulation for their conditional probabilities. The discussion is also extended to the disappearing
discrete-states CIR systems which include the infinite level harmonic oscillators as a special case.

I. INTRODUCTION

A canonical invariantly relaxing (CIR) system is de-
fined as a system which, when it relaxes from one
(thermal) canonical equilibrium to another, will pre-
serve the canonical distribution, i.e., will be describ-
able all the time by a distribution of the same form as
that for canonical equilibrium but with a time-dependent
temperature, Thus if a (N +1)-discrete-states CIR sys-
tem, i.e., a CIR system with N + 1 discrete allowable
energy states—0=¢;<e <++ <€y, where N may be a
finite or enumerable integer—is allowed to relax from
one canonical equilibrium of temperature T to a final
one of temperature T, its distribution at any time ¢ can
then be expressed as

g, expl— B(t)e, ]
.0 g1 exp[= Bt)e;]

where g; is the degeneracy of the i{th energy state, 8(f)
=1/kT(t) with k standing for the Boltzmann constant,
and T(¢) the time-dependent temperature such that T(0)
=T, and T(»)=T,. The nonequilibrium states of a CIR
system, when it relaxes from one canonical equilibrium
to another, therefore can be described exactly by time-
dependent thermodynamic functions, which are the same
as the usual equilibrium thermodynamic functions with
only an additional property of being time-dependent.

P, (t)= i=0,1,...,N, 1.1)

Examples of CIR systems, in addition to the trivial
two-states systems, are: the vibrational relaxation of a
set of harmonic oscillators, classical as well as quantal,
subjected to Landau—Teller transition probabilities and
in contact with a heat bath; the transitional relaxation of
a classical hard-sphere Rayleigh gas; the transitional
relaxation of a classical hard-sphere Lorentz gas obey-
ing the Maxwellian force law?; the vibrational relaxation
of two coupled systems of harmonic oscillators?®; the
stochastic model of Hill and Plesner, which can satis-
factorily describe the relaxation problems of quantal
hard-sphere Rayleigh gas, ideal gas, two-component
and three-component lattice gasses.? Chandheri and
Scheigger have also confirmed the validity of canonical
invariance in hydrodynamic phenomena under condi-
tions analogous to those obtained by Shuler and co-
workers in Ref. 2.°

A long standing problem in the development of exact
time-dependent thermodynamics is that there still does
not exist a general set of functions which can be used to
satisfactorily describe the properties of nonequilibrium
physical systems. Thus, further investigation into the
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properties of CIR systems is of interest in the sense
that it may give some new insight into the development
of nonequilibrium thermodynamics and the generaliza-
tion of the time-dependent thermodynamic functions.
For example, if one can somehow compare the relaxa-
tion phenomena of a CIR system when it relaxes from
an unknown initial nonequilibrium state to that when it
relaxes from an initial canonical state, both with the
same initial average energy and to the same final ca-
nonical state, one may possibly obtain some informa-
tion about that initial nonequilibrium state. Research
work has been carried out based on this thinking; par-
ticular attention was paid to the discrete-states CIR
systems since it is well known that the relaxation be-
havior of a system in a time process is predominantly
determined by the characteristic roots of the transition
rates matrix (TRM) formed by its transition rates,®
and that it has been shown by Shuler and co-workers
that the transition rates of the discrete-states CIR
systems are of some specific form [Eq. (2.1)].

In this paper, two general properties of the conserved
(N +1)-discrete-states CIR systems will be presented:

(1) The characteristic roots of their TRM’s, as found
in Sec. II, are equally spaced, and can be expressed in
the general form: \; =~A (1 + lald)i, i=0,1,...,N
[Eq. (2.23)].

(2) A general expression for the conditional probabil-
ities P;;(0,%), 4,j=0,1,...,N, is formulated in Sec. III
as the coefficients of a generating function [Eq. (3.9)].
A final section (Sec. IV) is devoted to the discussion of
“disappearing” discrete-states CIR systems, which in-
cludes the infinite-level harmonic oscillators as a
special case.

Il. THE CHARACTERISTIC ROOTS

Asg shown by Shuler and co-workers, the transition
rates of a (N +1)-discrete-states CIR system have in
the form?

Ay =Aglin(@-1,7) + (@i +b)dA@ +1,j)],
iaj:0;1’~-'rN7
(2.1)

where A, ; denotes the transition rate of the system from
the ith to the jth state,
L. 1, i=j
A = ’ ’
@7 {O, otherwise,
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i.e., a delta function and

% 81
g1 &
It should be noticed that Eq. (2.1) is a necessary and
sufficient condition for a discrete-states system to be
CIR, which thus requires its transition rates be of
nearest-neighbor type, energy levels be equally spaced,
and degeneracy ratio be in the form of g,,,/g»

=alk +f)/k+1 with f=b/a.

a= b=81, d—exp[- B(=)e,]. (2.2)
&

An (N +1)-discrete-states CIR system will be called
conserved if it cannot disappear, which requires

- ay a,
by - (a;+by) a;
b,

where the representations a; =A4,,;,y and b; =A4;,;.; have
been used; it should be noticed that A; ; =~ (a; +b,).

Finding the characteristic roots of a matrix generally
is not an easy task, especially when exact and explicit
expressions are sought which at the same time can be
generalized to matrices of the same form but of arbi-
trary orders. In trying to find the characteristic roots
of the CIR matrix (2.6) of any order N, the major diffi-
culties with the conventional determinant expansions
method obviously lie in obtaining the characteristic
polynomial, and most of all, in finding the roots of this
polynomial. The alternative mathematical induction
approach does not readily give a straight proof of the
final result either, although one can easily obtain for
the simple cases of N=1 and N =2 the characteristic
roots as A; =— A (1 + [ald)i withi=0,1 for N=1 and
i=0,1,2 for N=2, and anticipate a general solution in
the form of x;=—-A,(1+ lald)i with7=0,1,...,N.

A successful method of solution employing finite dif-
ference technique was discovered after noticing some
properties of the CIR matrix which were observed by
Reuter and Ledermann on the analogous birth—death
matrix. ” Defining the nth modified section of A"’ as the
matrix A% obtained by deleting the rows and columns of
A larger than the (» +1)th, one can then obtain the
following properties of the CIR matrices:

(a) Denote the characteristic polynomial of A\ by
$n(2) (notice that ¥5(1) is the characteristic polynomial
of A*M), Then the ,(A\)’s satisty the following recur-
rence relation [cf. Ref. 7, Eq. (1.55)]:
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Ag. =0 and Ay, y,=aN+b=0 (2.3)

and therefore

b/a=-N. (2.4)
Equation (2. 4) then implies that

a<0
since 0 <b. (2.5)

For a conserved discrete-states CIR system, the
transition rates (2.1) can then be expressed in a tri-
diagonal matrix A*":

\ (2.6)
Ayy
S
byt ~(ang by} T ayy
~
™~ by —by

[,,(7\) = (X +Gpag 0Py (A) +@pybyy s (B) =0
with () =0, $,() =A.
(2.7)

(b) The characteristic roots of $,(1) are all distinct;
one of them is zero and the others are negative (cf. Ref.
7. Theorem 2). Denote them as

Ay SAyoq <eoe <Ay <Ap=0; (2.8)
one can then write
N
b= [x= A" | =1 (= 2,). (2.9)
r=0

Thus the major task in finding the desired characteristic
roots is to solve the set of finite difference equations
(2.7), and thereupon obtain the roots of ¥5().

The technique of finding characteristic roots of a
matrix via solving a set of finite difference equations,
though not new, is seldom used. In the following it can
be seen that this technique yields results in a rather
fancy way, and thus should deserve more attention in
the future. Some previous interesting work employing
this technique has been done by Elliot, who worked on
second-order finite-difference equations with constant
coefficients.® The set of finite difference equations
dealt with here are also of second order but have vari-
able coefficients, which renders them more
complicated.

On substituting the transition rates (2.1) into the re-
currence relation (2, 7) and letting n—#» +1, one obtains
for a (N +1)-discrete-states CIR system the following
set of finite difference equations:
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Unaa ) = (A +A1o(1 +ad) i + 1) + A4(1 + bd) Jnyy (V)

+ @A) dlan + (@ +b))n +1)y,0) =0, n=0,1,...,N.
(2.10)
With the transform
$,(0) =T +1)£,(0), (2.11)

where T'(n) denotes a gamma function, Eq. (2.10) then,
after being divided by (2 +1)T'(z + 1), appears in the form
of the Laplace difference equation:

(1 4 2)fns () = [A1,(1 +ad) (e + 1) +A,(1 + bd) + 2], (V)

+(A1g)* dlan + (a +b)}¢,(\) =0 (2.12)
for which techniques of a solution have been well
established.?

Let

£V = [ 2™F (e, N)de (2.13)
and thus

né (A =[2"Fz, M) fz"F @, N)dz, (2.14)
where z is a complex variable, F'(z, )= (d/dz)F(z,2)

and ¢ is an integration path which will be specified in the
following.

Equation (2.12) then becomes, on making use of the
above transform and rearranging,

[@*-A,,(1 +ad)z +(A)? ad)z"F(z,\)],

_f{[z

+ (A1 +bd) +2]z - (A )2 (@ + b)d)F(z, )} 2" dz =0.
(2.15)

-A,(L+ad)z + (A adlzF'(z,))

The conditions applied to Eq. (2.15) are:

(a) The function F(z, ) is chosen so that the integrand
of its second term becomes zero.

(b) The integration path ¢ is chosen so that its first
term becomes zero.

Condition (a) requires that

F'z,) A +bd) +2)z - (A)a+b)d
F@&,N) 2@ -A,(1 +ad)z + (A)  ad)

b\ 1 Y 1
:<1 +(—1>E B (1 +Am(l - ad)) z=Ay

b 1
a Ay(l-ad)) z-Aad

which therefore implies that

F(,\)=2"%(z — u)"1@ = 1), (2.186)
where
~oy=1+b/a=1- N, 2.17)
Yi==1=2/A\(1 - ad), (2.18)
Yo=N+ N A, (1 - ad), (2.19)
and
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py= Ay, (2.20)

It should be noticed that u; and p, are the roots of the
auxiliary equation

~ Am(l +ad)z ~+ (A10)2 ad=0

pg=Ayad

and that u# u,.

On substituting Eq. (2.16) into Eq. (2.13) and assign-
ing two integration paths satisfying condition (b), one can
obtain two particular solutions for ¢/ (A); a linear combi-
nation of these two solutions with appropriate coefficients
will then give a general solution of £,(\). For the case
n=N of interest, one has (cf. Ref. 9, Sec. 15.1)

ey =S f G ) e = ) 2 de

27

27rzf¢z “)Z— 72

where i =v=1, and the integration path ¢, is a closed
loop from the origin and round p, in a positive sense
(counterclockwise), with w; as an inner point but not
enclosing u,; a comparable description holds for c,.

(2.21)

Without explicitly evaluating the integrations and the
coefficients Cy;(}) and Cy,(2) of Eq. (2.21), one can
discuss the roots of fN(A), and thus of Yy(A) as follows.

Suppose that both ¥, and v, are nonintegers. With the
transforms ¢= 1,z for the first integral and ¢ =,z for
the second one, and on denoting &y =,/ ity and ky = 1,/
f1, Eq. (2.21) can easily be rewritten as (cf. Ref. 9,
Sec. 15.52)

i) = Sa) e

Iy +1
o2mi ’““’2,2 (1 - eXp(ZW'}’ﬂ)) —(_yl'_"z

(v +2)

Cpo(r +
XH(L, = vo; ¥4 +2, ky) +—’2V%—) prrtyn

X (1 - exp(Zm’zz))F(h{—% H(1, -

where H( ) denotes a hypergeometric function.

(2.22)

=Y Y2 T2, k)

Since |1 # {,, either 1kl or |ky| will be greater than 1,
and thus either H(1,~y,; v +2,k,) or H(1,— vi; Y2+ 2, k)
will become a divergent hypergeometric series in A;

the assumption of ¥; and ¥, both being nonintegers there-
fore gives a ¢, (1) which contradicts the fact that it is

a polynomial of degree N+1 in A,

It should be noticed that the validity of Eq. (2.22) re-
quires 0 <R(y,+1) and 0 <R(y, +1); these can easily be
seen to be satisfied on noticing that the values of A im-
portant for locating the roots of ¢y(2) are — NA (1 - ad)
< X £0; the upper bound has been verified as stated in
Eqg. (2.8), and the lower bound can be justified by the
final result. [R() indicates the real part of the guantity
enclosed. ]

From the above one comes to the conclusion that the
characteristic roots of ¥y(X) can only possibly occur
when either y, or y; is an integer, which further im-
plies, as from Eqgs. (2.18), (2.19), that only when vy,
v, and A/A,(1 — ad) all are integers. Since by Cauchy’s
integral theorem, !’ the vanishing of the integrals in
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FIG. 1. Integral values of A/A (1 ~ad) which make both vy
and vy, positive.

Eq. (2.21) requires both v, and v, to be positive, one
thus finally can locate N roots of yy(2) at integral val-
ues of )\/Aw(l - ad) which makes both v, and ¥, positive
(cf. Fig. 1), i.e., at

N=-A4,1-ad), i=1,2,...,N,

which, together with the fact that A =0 must be a root
[cf. Eq. (2.8)], finally gives a general expression of the
characteristic roots of the TRM of a conserved (N +1)-
discrete-states CIR system:

A =— A1+ |ald)i, i=0,1,...,N. (2.23)

111. THE CONDITIONAL PROBABILITIES

It is well known that, under the weak interaction of an
external system, the instantaneous probability distribu-
tion [P(t)] (square-bracket notation is used to designate
a row vector; unless otherwise stated, [P(¢)] will be of
dimension N + 1) of a conserved (N + 1)-discrete-states
CIR system will be determined by the master equation®

d
F [PO1=[P!)]A™, (3.1)

where A is given by Eq. (2.86).
Equation (3.1) can be equivalently expressed by the
following set of differential-difference equations:

%P,(t) =Ayla(j~1)+b]dP;_ ()

= Aylj+(aj + B)AIP;(t) + Ay (5 + 1) Py, (8),
j=0,1,...,N-1

%PN(t) =AlaN=1) +b]dPy_ () = A;NPy(1),
(3.2)

where it is to be noticed that for a conserved system,
P,(t)=0 for j <0 and N <j, and it will be assumed that
the process starts at ¢t =0.

A solution of the distribution problem can be achieved
by using generating function technique as follows.

With the generating function

G(z,t)=ZN? P;@t)z? (3.3)
3=0

the above set of difference equations can be combined
into a partial differential equation

12 “ 3
AL, gt—G(z,t)—d(az—d )(z—l)EG(z,t)

=bd(z - 1)G(z,t) - d(@N + b)(z = 1)Py{t)z"
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which finally gives, on noticing that aN +b=0 [Eq.
2.3)],

13 " ks
VWD Gz, ty—dlaz -d1)(z - l)az Glz,t)

=bd(z - 1)G(z,1), (3.4)

whose solution can be obtained via solving its auxiliary
equation!!:

a dz __dG(z, t) 1
/A, -daz-dNe-1) bdz~1  Ge,b"

The first equation of the simultaneous equation (3. 5)
gives a solution

(3.5)

Ci= (@ ~1)(az ~d) " exp[- A, (1 - ad)t] (3.6a)
while the second one gives
Cy=Glz,{az - d™')*/, (3. 6b)

where C,; and C, are constants. Thus the general solu-
tion of Eq. (3.5) can be expressed as

Cy =f(c1),
i.e.,
Glz,t)={az - d1)™/¢
Xf((z = 1)(az - ™)' exp[= Ay (1 - ad)t]), (3.7)

where the form of the function f( ) will be determined by
initial conditions.

Following the procedures employed by Montroll and
Shuler in treating the special case of infinite level har-
monic oscillators with a=5=1,!% one can easily obtain,
on noticing G(1,#) =1, that under the initial condition

P {l Kk

the solution (3. 7) can be explicitly determined as
-1\b/a t i

6.0 Pt (ﬁ) <a_lif) (1(1 v:;Z")” 7, 8.9)
where

y = expl— A,(1 - ad)t],

v aly - 1) _y- ad

ay —d1’ y-1"

The conditional probability P;;(0,¢) (the probability of
a system at state j at time ¢ under the condition that it
is at state ¢ at time ¢ =0) can then be identified as the
coefficient of z7 of Eq. (3.9) when expanded into a poly-
nomial of z. The probability distribution can finally be
obtained via the relation

N
Pi(t) =22 P;(0)P,;(0,1).
i=0

1V. THE DISAPPEARING CASES

The discussions and results in Secs. II and III hold for
conserved discrete-states CIR systems which have

Ay yyy=aN+b=0, (2.3)

and thus
a<0. (2.5)
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However, there also exist discrete-states CIR systems
which do not obey Eq. {2.3). Examples of these are the
quantal harmonic oscillators with infinite number of al-
lowable states and with e =d=1, *? and the decomposi-
tions of molecules at their highest allowable states.
These systems can well be called “disappearing” or
“escaping” systems so as to account for the reasonable
explanation that they have a probability of “disappearing”
or “escaping” at their highest allowable states; thus the
infinite level harmonic oscillators can be said to have a
probability of escaping to infinity, while the decompo-
sition of molecules at their highest allowable states can
be accounted for as due to a probability of disappearing
(the cases of systems with A;, _;# 0 will not be discussed
here). While the “conserved” discrete-states CIR sys-
tems have their instantaneous probability distribution
determined by Eq. (3.2), the “disappearing” discrete-
states CIR systems follow a somewhat different set of
differential-difference equations:

d

7 Pi)=Agla(G-1) +b]dP,.(1)

- Ayli+ @i +b)d|P;(t) + Ay (G + 1P (),
ji=0,1,...,N=1,
%PN(t) =Ala®W=-1)+b]dPy. ()

— AN + (aN +b)d [Py (t). (4.1)

The applying of the generating function (3. 3) will then
combine the above set of equations into a partial differ-
ential equation which is quite different from Eq. (3.4):

1 3

~ )
ym 570k, )= dlaz - d)e - 1)2-GEk, )

=bd(z - 1)G(z,t)~ (@N +b)dz"*1P, ().

Since the requirement of |2 | <1 for the validity of the
generating function (3. 3) implies

lim (@N + b)z¥*1dP,(t) =0

Nw oo

(4.2)

4.3)

one sees that when N is large enough, Eq. (4.2) becomes
practically the same as Eq. (3.4), and thus can conclude
that the “disappearing” discrete-states CIR systems be-
have as if they are conserved; however, a similar con-
clusion generally cannot be ensured when N is small.
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The finite (N +1)-discrete-states CIR systems with
escaping probability at their highest allowable states
and with @ =b =1 can be called “finite level harmonic
oscillators, ” since when N increases to infinity, their
partial differential equation (3. 3) will become the same
as that for the well-known infinite level harmonic
oscillators discussed by Montroll and Shuler, !* This
idea of tinite level with escaping probability seems to be
of interest in the sense that it may replace the somewhat
vague idea of infinite levels, and will be further explored
in the future.
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Two new proofs are given of the Dyson and Lenard lower bound for the energy of matter with boson
electrons. Another result is a new inequality for the two-point correlation function.

1. INTRODUCTION AND RESULTS

We consider a system of like positively charged
particles described by a field ¢ and like negatively
charged particles described by a field ¢. The charge is
denoted by €, any masses that appear satisfy either m
= or 2m =1, and the total number of particles is 2N,
p'(x, ¥) is defined by

p'(x, ¥)=(pd(x) (v} (1.1)

=(: (X)) P (¥):) +8(x = y) (Blx) p(x)  (1.2)
and thus is simply related to the usual two-point corre-
lation function, the first term in (1.2). We note the
following two theorems.,

Theovem 1: If both sets of particles are bosons and
not both masses are =, then there is a constant ¢ such
that the ground state energy, E,, satisfies

E, > —cN®/3, (1.3)

Theorvem 2: There is a constant ¢ such that if 7 (») is
a right-continuous monotonically decreasing nonnegative
function and

.[lx»vl<ap,:D’ (1'4)

then

[P T Ux =)< clD/a®) [0 (a) + [ 7 () #*ar],
(1.5)

Theorem 1 is a slightly strengthened form of a
theorem of Dyson and Lenard.’ (The original theorem
requires both masses to be finite.? It is believed that
the best exponent is 7/5 rather than 5/3.® Curiously
both proofs we present of Theorem 1, very different,
when pursued, are limited by a configuration of linear
size ~1/N'/? and average spacing ~1/N?/3,

Theorem 2 follows from the Packing inequality, Fact
2 of Ref. 4, by an easy argument. It is used in our
second proof of Theorem 1. The proof of Theorem 2 is
given in Sec. 4.

The body of the paper presents two proofs of Theorem
1 (one proof yields the original theorem) in Sec. 2 and
Sec. 3. We feel the techniques of this paper are inter-
esting and aesthetic in their own right-—but our motiva-~
tion is to use these techniques to generalize these
theorems to a form where they will be useful in devel-
oping cluster expansions. Along this line, work is in
progress to extend the results of Refs. 7 and 8.
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2. FIRST PROOF OF THEOREM 1
Qur first proof requires that both masses be finite:
He=2 8,453 (£)€/]x, - x| (2.1)
i#j

We use the electrostatic inequality, an easy inequality
from Ref. 1, to obtain

HZ"ZAV‘CZ; (1/Ri)’

where R, is the distance between the ith particle and its
nearest neighbor. (For interest we repeat the remark
from Ref. 1 that, to improve on the 5/3 power in
Theorem 1, one would have to improve on this
estimate. )

(2.2)

To prove Theorem 2 from (2,2} we note it is suffi-
cient to show

~A—¢/R>—¢ N3, (2.3)

where (2. 3) describes the motion of one particle in the
“field” of N fixed particles. R is the minimum distance
to one of the fixed particles. [For notational reasons
the (2N —1) fixed particles each particle in (2.2) sees
has been changed to N.| This inequality is implied by

1 c 1
“(_A_*_cl]\rZ/B)I/ZE (—A+C,N2/3)1/2 <1, (2-4)
We note that
¢/R< ¢, N¥%/2 +(c/R)x, (2.5)

where x is the characteristic function of the set where

c¢/R=3¢c,N?/3, (2.6)
It is enough now to show
1 c 1 L
a7 &Y a7 |, < 2.7

The subscript indicates the Hilbert—Schmidt norm. We
use the Sobolev inequality®

[ [ @ [ @y gl )/ |x-v]|?|

Scz||f||3/2”g”3/2 (2-8)
to convert (2. 7) to
e /R) xlls 2 < ¢ (2.9)

It is easy to see
c fc 2/3
Ie/RIxllz, < [471Nf02 TN (e a3 (2.10)

< [(c*/c} Bea)?'2.
so if ¢, is large enough, (2.3) holds and the collapse

inequality of Ref. 1 has been proven.
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3. SECOND PROOF OF THEOREM 1

In this proof, more technical in nature, we lean heavi-
ly on the methods of Ref. 4. We make the inessential
simplification of considering a system of N positive and
N negative particles, the positive particles in fixed
classical positions. We also place the system in a unit
box (with Neumann or periodic boundary conditions). We
need show there is a ¢ with

0< NS/ +H. (3.1)
We define
A":-'/Ix-ylﬂ/np/ (3“2)

and deduce from the Packing inequality® that there is a
¢, such that for any ¢, <1 it is possible to find an »
satisfying

e¥ P A < e WP (3.3)

This is achieved by starting with » = N2/ and increasing
n until (3.3) holds. A and »n are now defined as values
for which (3. 3) holds.
With the notation of Ref. 4 we see
H,=cnA -N)e™ (3.4)

and

H,> -2c,nN. (3.5)

Considering H;, it is enough to show, to complete the
proof, that

(=A=V+4em)=0, (3.6)
where
V=¢€ f[exp(—mf)/r] Db (3.17)

Analagous to (2.4) we find, using an H.S. norm, that

(3. 6) is implied by
1/n VI, < e, (3.8)

or

1/ [ [ p'(1/n) exp(=nn)]/2 < c5. (3.9)
Using Theorem 2, with f(v) =exp(-n7), (3.9) is implied
by

1/ A2 [n® [ v exp(=nr)dr] /2 < cq (3.10)

or

A/m i< e, (3.11)

(3.11) holds if ¢, is small enough. The choices of con-
stants ¢; can be made independent of N and the positive
particles’ configuration.
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The devoted reader may observe that if it were de-
sired to prove Theorem 1 for any power larger than 5/3
(instead of exactly 5/3) this second proof could be much
simplified, but our intended applications and generaliza-
tions require the 5/3 power,

4. PROOF OF THEOREM 2
We start from Fact 2 of Ref. 4 in the form:

Fact 2: There is a constant ¢, >0 such that if 0< R’
< R then

Y lx=y <R’

Pz eRYRY [,

Y lx-yI<R

(4.1)

Let f(#) be a right-continuous montonically decreasing
nonnegative function, Define S,(7) by

1, 7<a,
S(¥) = (4.2)
0, r=a
For > o, f(») may be expressed in the form
Flr)= ] 7 don) S,(r) (4.3)

with o(1) a positive measure. It is sufficient to prove
(1.5) with f(#)=S,(r), for then this form of (1.5) may
be integrated with respect to the measure o()) to obtain
Theorem 2. Substituting, with A > @, into (1.5), we get

Sastrey 5ap’ < cD/ @)@ + [* 72 ar)

(4.4)
< eD[(A* +20%)/308%).
This is implied by
, ' ro(x3 3
‘[lx-kap sc flx-yl<<xp (A /3& ). (4'5)

If ¢/321/c,, then (4.5) holds by Fact 2, yielding (4.4)
and the theorem.
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We present a rigorous theory of magnetohydrodynamical shock waves in the framework of a given curved
space~time, under general assumptions corresponding both to a plasma and to a condensed medium. The
results can be of use in astrophysics. We prove the timelike character of the wavefronts, the main
thermodynamic inequalities, the relative location of the speeds of the shock waves with respect to the
magnetosonic and Alfvén speeds, and show some existence and uniqueness theorems. In particular, we
show that there can exist initial states giving slow shocks, but no weak shocks.

INTRODUCTION

Hydrodynamic and magnetohydrodynamic shock waves
play an important role in different fields of theoretical
astrophysics. It is reasonable to study these waves in
the relativistic frame given by a curved space—time.
There it is necessary for various astronomical applica-
tions, and in addition, relativistic magnetohydrodynam-
ics is simpler than the classical theory, from several
viewpoints: relativistic dynamics present a natural
harmony with Maxwell equations.

Some years ago, I gave! a first rigorous study of
relativistic magnetohydrodynamic shock waves. The
reader can find a more detailed treatment in Ref. 2.
This treatment was based on the following assumptions
(see notation in Sec. 1):

(1) 7, <0, that is sonic speed < ¢,

(2) 772> 0, convexity condition connected with the
stability of the hydrodynamic shock waves,

(3) 7> 0.

Isra€l® and Lucquiaud® have proved these assumptions,
by methods of statistical mechanics, for a Boltzmann
type of gas. But condensate media appear also in re-
lativistic astrophysics and it is interesting, according
to a suggestion of Thorne,® to study also the case of
media for which 7¢ is less than 0.

The purpose of this paper is to make precise and
extend my previous analysis, for relativistic magneto-
hydrodynamic shock waves, under general assumptions
corresponding both to a plasma and to a condensed
medium. General questions are the following:

(1) location, with respect to ¢, of the wavefront
speeds;

(2) location of these speeds with respect to the magne-
tosonic and Alfvén speeds;

(3) thermodynamic inequalities corresponding to a
shock;

(4) existence and uniqueness properties for a non-
trivial solution of the shock equations.

Usual arguments® postulate the connected character of
the Hugoniot curve (Taub adiabat” for hydrodynamic
shock waves, in the terminology of Thorne) and this
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property is by no means evident a priori, in the magne-
tohydrodynamic case.

Our rigorous study gives complete answers for the
first three above questions and partial answers for the
fourth. The paper is largely self-contained; calcula-
tions which are long and straightforward, are often
omitted.

1. THE FLUID

(a) Let (V,,9) be a given space—time, where 9 is a
Lorentzian metric of class C', with the signature
(+ — —~). A perfect fluid is described by an energy
tensor,

~

TaB:(p+p)uauB —D8asy @, B, °°°:0,152131

where p is the proper energy density, p the pressure,
and #, the unit 4-velocity, oriented towards the future.
We put

p=c*r(1+¢/c%), »>0,

where v is the matter density of the fluid, and ¢ its
specific internal energy. We introduce the specific
enthalpy

i=e+pV, V=1/7,
and the so-called index of the fluid
f=1+i/c?, F>1,
The energy tensor can be written
T oo = CHrfutgtty — g 1.1

The proper temperature © of the fluid and its specific
entropy S satisfy, as in classical hydrodynamics, the
differential relation

©dS=dc+pdV=c?df-Vdp, 6>0.
Therefore
ctdf=Vdp+6dS. (1.2)

In relativity, the thermodynamical variable 7=fV
(dynamical volume) plays an important role and can be
substituted for the specific volume V. We consider 7
as a given function 7=7(p,S) defining an equation of
state of the fluid.

(b) Let £ be a regular hypersurface of V,, ¢ =0 its
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local equation; we set [,=3,¢. The speed ¥ of = with
respect to the fluid, that is with respect to the time
direction ¥ is given by

@WER/c® = 1, 2/ {1, ) = 1°1,}. (1.3)
v is less than ¢ if an only if 197, <0 (Z is timelike), If
v is the sonic speed of the fluid, y=c?/v? is given by
== V3(y -1); v<c is equivalent lo T,< 0. We assume
in all the following,
Assumption A(1): We have 7,<0 and 7/ > 0.

A(2): 7% is 20 and theve exists a function S=S(p,7)
whose unique inverse is T="T(p,S).

2. THE MAGNETOHYDRODYNAMICS EQUATIONS

(a) We consider here the case of the perfect Magneto-
hydrodynamics (infinite conductivity and constant mag-
netic permeability p). The electromagnetic field is re-
duced to the magnetic field h with respect to the fluid,
which satisfies

uh, =0, (2.1)

We obtain then for the system (fluid + field) the total
energy tensor

(2.2)

where |k|®= -k, is strictly positive and where g=p
+5ulhl®

Top=(c?rf+ || uguty — ggag — Uhohg,

The differential system of relativistic magneto-
hydrodynamics (MHD) is given by the following con-
siderations: We suppose, first, that the matter density
¥ (which corresponds to the specific number of parti-
cles) is conserved; if V is the operator of covariant
differentiation,

v, (ru*)=0. 2.3)
Maxwell equations give here only

v, @ —ufr*) =0 (2.4)
and the equations of relativistic dynamics are

v, T*=0. (2.5)

The system (2.3), (2.4) and (2.5) implies the equation
of isentropic flow ©%3,5=0.

(b) The characteristic manifolds of our system are the
tangential waves (u®l,=0), the magnetosonic waves,
solutions of

PQ)=ctrfly = DL ) + (cPrf+ u|k|?y)

X (U P18 - (1 )?1P, =0, (2.6)
and the Alfvén waves, solutions of
D)= (crf+ | h|HW®,)? - uh®1,)?=0. (2.7

Under the assumption 7;,<0 (or ¥>1), (2. 6) and (2. 7)
define three speeds v™*, »™¥  and ¢* satisfying the
inequalities

UMS<,UA<,UMF<C’ ‘UMS <1J<'I)MF

(v magnetosonic slow speed, v"F magnetosonic fast
speed).
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3. GENERAL SHOCK EQUATIONS

(a) A staie Y of the system (fluid + field) at a point
x of V, is defined by the values of p, S, u, and h (eight
parameters). A magnetohydrodynamic shock wave is
a solution of the main system in a weak sense such that
there exists a hypersurface © (the wavefront) satisfying
the following conditions:

(1) On both sides of £, the states are continuous
functions of x and the main system is satisfied in the
usual sense;

(2) The variables defining the states are regularly
discontinuous across Z and, in the neighborhood of =
the main system is satisfied in the sense of
distributions.

I will show that, under the assumption 7, <0, Z is
necessarily timelike. If we decompose 4 and h into a
tangential component and a normal component with re-
spect to Z (¢ =0; I =dg) we obtain

wP= 1)B + (uala)(lala)-lle,
B = kP + (R )1 ,) M,

with v#1,=£%l,=0. We denote as Y, the state at xe =
before the shock, as Y, the state after the shock. A
bracket corresponds to the discontinuity of a quantity
across Z, From the main system, we obtain by a
classical argument, the general shock equations

[ru)l, =0, [h*P-u*rfll, =0, [T*5]1,=0. (3.1)
We add to (3.1) the assumption
[s]= o, (3.2)

which is the formulation of the so-called Clausius—
Duhem inequality. Equation (3.1) expresses the invari-
ance of the scalar

a(Y)=w»u®l,,
the invariance of the tangent vector to Z,
VA(Y) = (h®1 )u® - (a/ r)R®,

and the invariance of the vector
WAY)={c?7+ | k|7 Fharu® - ql® - p(h®1 0P

The case a=0 (tangential shock) is trivial and we
assume @+ 0 in the following.

(b) If we decompose W* into a tangential and a normal
component, we obtain a scalar and a tangent vector
which are invariant under the shock, We deduce, from
all these invariants, five scalar invariants of the shock
concerning the two thermodynamical variables and the
three scalars |hl®, u®l,, h*l, (see the Appendix),

ru®l,=a, (3.3)
e, =5, (3.4)
(L )/ a® = |h|?/¥*=H, (8.5)
xv:=1L, (3.8)
q - (c?a®/1°1,)T=e, 8.7
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where

a=c’T- pH, x=|r|*+ (a¥/1°l,)H, (3.8)

g=p+3Lx.

a =0 expresses that = is an Alfvén wavefront for the
state Y. We have the following lemma (see Ref. 2,
p.151).

Lemma 1: (i) We have (1%],)x<0;

(ii) If 1°7,#0, we have x=0 if and only if [ is in the
2-plane (u,h);

(iii) If 77> 0, we have H< 0 and thus a > 0.

(c) Now the tangential components of the velocity and
of the magnetic field satisfy

(B0 — (3L 8= (3L ) = el i, 3.9
(erafy+ il 2wtk - hst et
:(C270f0+ /J"h()'z)(ugla)yg_M(kglﬂ)kg' (3'10)

The determinant of the left members of (3.9) and (3.10)
with respect to o2, &% is D,(l}=d’«,. If a,#0, (3.9)

and (3.10) give ¢%, k% in terms of the initial state and of
quantities which satisfy the five scalar invariance
relations (3.3)—(3. 7).

Suppose @, =0: Z is then a timelike Alfvén wavefront
after the shock. It follows from (3. 6) that either a,=0
or x,=0.

(d) An Alfvén shock is a shock such that
a,=a,=0. It is easy to prove that, under the assump-~
tion 7,<0, a,= @, implies that the two thermodynami-
cal variables and the three scalars 1hl?, «®l,, h*l,
are invariant under the shock. If @, = a,# 0, the shock
is null. If @, = a,=0 (Alfvén shock), the direction of
the tangential magnetic field after the shock is unde-
termined, but determines the direction of the tangential
velocity.

Moreover, it is possible to prove the following
result’: A shock wave such that a,a, =0 is compatible
with usual Alfvén waves if and only if it is an Alfvén
shock (@, = @,=0). The case a,=0, x,=0, a,#0 and,
symmetrically, o,=0, x,=0, «,#0 (singular shocks)
are physically forbidden as unstable.

In the following part, we consider shocks which are
not Alfvén shocks.

4. HUGONIOT FUNCTION AND MAIN FORMULAS

(a) It is possible to deduce? from the five invariants
(3.3)—(3.7) the following relation concerning the states
Y, and Y, corresponding to a shock:
(i - 1) = (7o + 1)(py = py)

+ (7T~ 7o) 3 ulXo + Xy — 2Xp@p/Ay) = 0. 4.1

Equation (4, 1) will be called here the Hugoniot velation
and can be substituted for (3.4), if we assume that
(hEL)(he1,)= 0.

{b) An initial state ¥, of the system (fluid + field)
being given at x € Z, we consider in the following the
set & of all possible states satisfying the conditions
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HY)=H(Y))=H, L(Y)=L(Y =L,
and
(h*1,)(h21,)= 0
so that, for 7# uH/c?, we have
X=L/(c*T —-uHY = x,a%/(c®T — uH)".

We have, between the variables 7, S, and g the function-
al relation

g=p(7,8)+ uL/2(c*1 - pH)?, (4.4)

where p(7,5)= 0 is defined by inversion of the equation
of state,

We denote as II the half-plane (7,4) defined by 72> 0.
Under the conditions (4.2) and (4. 3), a thermodynamical
state of the fluid, defined for example by (7,p), deter-
mines a point Z=(7,q) of Il such that

> uL/2(c®7 - uH)?. (4.5)

Equation (4. 5) defines in II one or two connected and
convex regions R, according to H< 0 or H>0, Con-
versely a point Z=(7,q) in R defines a thermodynami-
cal state of the fluid (that is 7, p, S) and values for «
and X.

We denote as ¢ the natural map from ¢ into [I. We
are led to introduce the Hugoniot function /#(Z,, Z) for
relativistic MHD, considered as a function of Zc R, for
a given initial point Z,c R,

H(Zoy 2)= (7 = f3) = (T+ 7o)(p = po)
+ (T - T()) .%U'(X + XO - 2X0ao/a)'

It is clear that //(Z,,Z,)=0 and that (4.1) can be
written #(Z,,Z,)=0 for o(Y,)=Z,. A detailed study of
the behavior of the Hugoniot function will give a great
part of the sought after results.

We obtain by differentiation of (4.6), from (4.2) and
(1.2),2

(4.6)

dH =2p0dS+ (1 -71,)dg - (g -q,)dT

=2/0dS+ (T -7 )Vdm, (4.7)

where m is the slope of the straight line (Z,,2) of R.

(c) Study the differential of S along the part in R of
a straight line A of II of slope m. We have

TdS=dT - T, dp
and
dp+sudx=dg=mdr
so that
T5dS=(1 ~mm))d7+ suT)dX,
but we obtain by differentiation of xa®= const,
adx: —Zc?‘xd’f.
It follows that
T§dS=T)(7}™! - cfuxa-t - m)dr. (4. 8)

Consider, for a point Z of R, the isentropic curve § of
Z corresponding to the value S of the specific entropy
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and defined by (4.4). The slope of § at Z is given by

dq
(42), 7t - crina
s

We set, for § and for a straightline A of slope m
issued from Z

Q('m):(d(]/d'r)_g -m=T"—ctuxet - m. (4.9)
Formula (4. 8) gives
T dS=T,Q(m)dT. (4.10)
(d) For a state Y, P(l) can be written
P) = cPrfly = Dl ) + {cPrf+ u|h|3(y - 1)}
X1, V1%, - waPHIL,. (4.11)

We obtain, for 1%+ 0

P =cPrfly = D)®1,)* + {cPrf+ wlx - (@%/1%1 ) H) (v - 1}

X (@l V1Pl - na®HIl, (4.12)
and for [¢],=0,
PQ)=crfly - D(u®1 )t (4.13)

We have seen that a point Z of R defines values for the
thermodynamical variables of the fluid and for ¢ and y.
Now, we consider also that Z defines a value of (x®l,)
by the condition

rusly =ragl,=a. (4.14)

If such is the case, the right-hand side of (4.12)
[respectively (4.13)] defines, for each point Zc R, a
number denoted also as P(1)(Z).

Consider, according to (3.7), the points Z of the
straight line &, of slope m, =c%a?/1%l, issued from Z,.
It is easy to verify that, for these points and for %],
#0, P(1) has for its value

P(l):(lzTI’,lala"aQ(ma). (4.15)
1t follows from (4. 10) that along A,
a'Ta dS= P()dg. (4.186)

This formula is also valid for (%], =0.

5. ORIENTATION OF THE SHOCK WAVEFRONTS

(a) Consider at x& T a nonvanishing shock Y, =Y,
which is not an Alfvén shock. We will study, under the
assumption 7, < 0, the orientation of the wavefront .
We set Z,=0(Y,) and Z, = o(Y,).

Consider the points Z of the segment (Z,, Z,) of slope
m, and the corresponding values of u*f,, according to
(4.14). Suppose 1°1,= 0. It follows (see the lemma in
Sec. 3) that H< 0, o> 0 and the segment (Z,, Z,)
belongs to one determined region R. If [%l, >0, we have
Xx<0. For the points Z, and Z,, we have

Xo = (@/1%1)H = |h,|?>0,

X, — (/1% )H= |k, |?= 0. {5.1)

Along the segment (Z,,Z,), we have for example 7,< 7
(respectively 7, < 7), that is a?< a? (respectively o}

< a® and 1x! < 1y} (respectively |y! <ix,!). We deduce
from (5.1)
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x - (@®/1*1,)H= 0,

and it follows from (4.12) that P(1)>0. If (*[, =0, we
have also P(1) > 0, according to (4.13). We see that,

if 17, > 0, it follows from (4.16) that dS/dg+0 along
(Z,,2,). Along this segment, we have according to (4. 17),

dH =2fe ds. (5.2)

But #(Z,,Z,)=#(Z,,Z,)=0 and the function /(Z,, Z)

is stationary at at least one point of the segment (Z_,Z,)
and the same is true for S according to (5.2). We ob-
tain a contradiction. Therefore [*, < 0.

Theovem: Under the assumption 7/ < 0, each magneto-
hydrodynamic wavefront  is necessarily timelike. If
vE and of are the speeds of = with respect to the fluid
before and after the shock, we have »F <¢ and »¥ <,

(b) We know that xy=¥? is positive; (3.6) can be
written ¥, a; =¥ a,. We can substitute for the second
condition (4.2),

Ya=VY,q,. (5.3)
We have then
X+ Xo = 2Xp0p/ =T+ W2 _ 200 — (¥ — & ),
The Hugoniot function can be written
H(Zo, Z) = c?(f? - f2) = (T+ 1) p = p,)
(T = 1) o (W W), (5.4)

6. THERMODYNAMIC INEQUALITIES

According to (1.2), in terms of the variables p and S,
we have

cfl=V>0, c¥y=0>0. (6.1)
1t follows that
cA(f2) =27, (6.2)

Consider a shock Y~ Y,: Z,=0(Y,) and Z,=0(Y,) are
connected by the Hugoniot relation which is symmetri-
cal in 0 and 1. We assume now Assumption A and that
S,2S,, accovding to (3.2).

(a) Suppose S, =S,. If p,#p,, we can suppose for
example p,~ p,. We then have 7, < 7, since 7/<0. We
deduce from (8. 2)

P F2(p1y So) = 2 poy S} =2 fp:‘ 7(p,S,)dp-

It follows from the convexity condition Tp”2 >0 that
(£ = 1) <{7(por So) + T(py, S} 1 = po)
= {1+ T)(pr = bo)-

We deduce from the Hugoniot relation 7, > 7,, namely
a contradiction. We thus have p,=p, and our shock is
null or is an Alfvén shock.

(b) Consider a shock with S,> S, and suppose p, = p,.
We have

AL F2(p1, SOt = £ po, S =2 [ "1 7(p,S) dp > 27,(p, — po)
F
and thus ’
Cz(flz -fA =27 (p,—py) > 0.

It follows from the Hugoniot relation that
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(Tl - To){(pl ‘po) + %“(‘Pl - ‘1’0)2}< 0.
Let 7, < 7,. We see that p,> p, implies 7, < 7.

(¢) Suppose T%< 0. I shall show that, in this case, p,
<p, also implies 7, < 7,. In fact

2 po,S)) — 2y, S =2 fp"o ™(p,S,) dp.
It follows from the convexity colndition that
AUfE =B < (T(pgy S + T(p1, SINpo = p ) < (To + T pg — p1).
That is,
CfE—fBY {7, + T p—p) > 0.
We deduce from the Hugoniot relation that 7,< 7,.

(d) Suppose 1> 0. We have in this case p, > p,. In
fact if p, < p,, we deduce from

PPy So) =3 I,So)}=2fp’° (p,So) dp,
1
by an argument similar to the argument of ¢, that 7,
< T,. We obtain a contradiction with 7/<0, 75> 0.
We have proved the following theorem.

Theorem: For a nonvanishing shock which is not an
Alfvén shock, we have under Assumption (A)

$.>8, Ti<Tg, (6.3)
and the following:
Proposition: 1f, moreover 75> 0, we have
b1>bpoy Fiofes Vi<V, (6.4)

It follows from the theorem that we have «, < a,. It is
possible to prove?® that a shock wave, which is not an
Alfvén shock wave, is compatible with usual Alfvén
waves if and only if o, ¢,> 0. We obtain two types of
shocks: the slow shocks for which @, < a,< 0 and the
fast shocks for which 0< o, < .

7. HUGONIOT CURVE AND SPEEDS OF THE SHOCK
WAVES

(a) Straightforward calculus shows the following
results?:

(a) We have for each isentropic curve § of <,
(@q/ar®), = - 1-°M,
where
M=1}2-3c* ugfa~®11*> 0.
Therefore each isentropic curve is strictly concave.

{B) Let A be a straight line in . We have the follow-
ing lemma.

Lemma: Under Assumption (A), we have at each point
Z of A where S is stationary,

{ri(@s/am) Wz ) = - {2mHz,) < 0.

(b) An initial state Y, being given, we consider, ac-
cording to Sec. 6, the set 7 of the states Y satisfying

H(Y):H(YO):H, \pd:\llnao’
(he1 )he1,) > 0.

(da,>0)
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If H> 0, the straight line 7= pH/c? is forbidden.

In (I, we consider only the region defined by 7< 7,
in the region . We call Hugoniot curve /{ the set of the
points Z in this region satisfying //(Z,, Z)=0.

Let Z,+ Z, be an arbitrary point in /#/ and A the ray
(z,,Z,) of slope m; H(Z,,Z) is stationary at one point
Z at least of the segment (Z,, Z)): S is stationary at Z_
according to (4.7) and it follows from the lemma of {a)
that Z_ is unique and corresponds, according to the sign
of 7%, to a strict maximum or a strict minimum of S
on A,

Therefore, we have at Z,
{r(ds/an HZz,)>0
and according to (4.10)
Qm,Z)<0.

In particular @(m, Z,) is nol vanishing onto #A. On the
other hand

{75lds/dn,Hz,) < 0,
that is,
Qim,Z,)>0.

(7.2)

If m, is the slope at Z, of the isentropic curve §, of
this point, we have

(7.3)

(¢) Suppose that there exists Z, € // such that (dS/
d7), (Z,)=0. The isentropic curve of Z, is tangent at
Z, to /. It follows from (4.7) that the ray A=(Z,,Z,)
of slope m is also tangent at Z, to these curves and
Q(m, Z,)=0; but that is impossible. Therefore S is «
strictly monotonic function of T on each connected com-

ponent of H.

m < m,.

We have
(as/dp) y=dS/aryylr + T(dS/dp) 41}

and (dS/dp) y cannot be null; S is also a strictly mono-
fonic fundtion of p on each conneted component of #.

(d) Let Y, Y, be a shock, A, the ray (Z,,Z,) of slope
m,. We have, according to b, (7.1) and (7.2) and it
follows from (4.10) and (4. 15) that

a,P(1)y> 0, aP{);<0. (7.4)
Geometrically, (7.4) expresses that

my=(dg/d7)s (Z,)> m,,

my=(dg/d7) (Z)<m,. (7.5)

Equation (7.4) can be interpreted in terms of speeds of
the shock wave and of the magnetosonic and Alfvén
speeds, before and after the shock, We obtain the fol-
lowing theorem.

Theorem: Under Assumption (A), the speeds v> and
vE of a shock wavefront = satisfy the inequalities:

(1) for a fast shock;
M3 A MF e Ms A L MF
Vo 05 <wvg Sy, v <wvr<er<vl,

(2) for a slow shock:
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vg® <vg <o <vgt, vf<ovl® <opp<oft

8. ISENTROPIC CURVES AND WEAK SHOCKS

(a) We consider, in the region 7< 7, of R (aa,>0),
the isentropic curve §, corresponding to §=5,. We have
along §,

(d/{/d‘r) = (T - To)(dg/dT) - (6;—50)
So So

and

(dZH/(]TZ)S =T~ TO)(dZ‘;/de)SO: - (T - 7'0)7;-3M< 0.
We see that we have on the considered arc of §,

(af/dmy g >0, H(Z,,2)<0 for Z& §,,.

0

The intersection of S, and / is empty.

8.1

(b) We shall prove in the sequel that #/ is connected,
Study #/, for the moment, in the neighborhood of Z,. A
straightforward calculus gives

(dS/dm) y(Z,)=0, (d°S/d7) #(Z5)=0.

Thus // and §, have a second order contact at Z, and
(@) dm)y(2) = (&g /ar) 5 (Z,)= = (77" MN(Z,).

Moreover
(@s/ar) y(z,)={2f1*) MHZ,).

It follows that in the neighborhood of Z,, we have along

A,
S - Sy = {1207 MU Z )T - 7,)°
={(12/0) ' MUZ ) p - p,)°.

We see that, in a weak shock, the entropy increase
(S, - S,) is of third order with respect to the shock
strength (p, — p,).

(8.2)

9. THE CASE 7} >0

We have studied this case in Ref. 2 and we recall
briefly the methods and results.

(a) We assume that the equation of state is such that
p=p(7,S,) —+ = when T 0. We denote as m, the slope
at Z,of §, (< 7,). Let A be a straight line issued
from Z, with slope m with

m < m,. (9.1)

S, being strictly concave, A meets 5, at a unique point
Z,+Z,and, for this point, we have, according to (8.1),

H(z,,2,)<0. (9.2)

But §(Z,)=S(Z,) =S, and S is necessarily stationary on
the segment (Z,,Z,} for one and only one point Z, which
is a strict maximum for S along A, We have (dS/d7),(Z,)
<0 and so (dA4/d7),(Z,)< 0. When Z goes from Z, to

Z,, H(Z,,2) is first positive and it follows from (9.2)
that there exists, between Z, and Z,, a point Z, of A,
necessarily unigue such that #(Z,, Z,)=0.

We see that # is connecled. According to (8. 2), we
have for Zc #, in the neighborhood of Z,,

(dS/dmyy<0, (dS/dp)y = 0.
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It follows from Sec. 7(c) that these inequalities are true
on all the Hugoniot curves,

Proposition: If 7;;> 0 and under the assumptions on the
equation of state, the Hugoniot curve #/ is connected.
More precisely to m <m, corresponds a unique point Z,
#Z, of H (with a,a,> 0), such that m = (g, —g,) (7, ~ 7,)"\.
We have on // the inequalities

(dS/dm)y< 0, (dS/dp)y> 0.

(b) Consider an initial state Y, and, for a=a(Y,), the
straight line A  of slope m, issued from Z,. We assume

(9.3)

that is, a,P{l}),> 0 [see Sec. 7{¢)]. To each shock Y,
— Y, corresponds a point Z,, the intersection of /# and
A,. Conversely, let Z,be the point # Z, where A  inter-
sects //; Z, being known, 7,<7,, p,> p,, and ¥, are
known: f, is given by the Hugoniot relation; »,=7,/f,
being known, we deduce from (3. 3) the value of «%7,
and from (3. 4) the value of %21 : 14,1 can be given by

[hy |21 = 1)/ 1%0,) = W2 - (h21,)?%/1°1,,. (9.4)

m, < Mg,

We can verify that these quantities satisfy the five in-
variance relations (3.3)—(3.7). We see that each point
Z, belonging to // and A, [with (9.3)] and different from
Z, defines an unique nontrivial solution of the shock
equations such that a,a; > 0. We have the following
theorem.

Theorem: Suppose 7% > 0 and the general assumptions
on the equation of state. Let Y, be a state satisfying
ay P(1)y> 0 (that is v}¥ < of for a fast shock and ¥ < of
< 1/5‘ for a slow shock). Then there exists a correspond-
ing unique nontrivial solution of the shock equations such
that ¢4 <oF for a fast shock and, »F <v# for a slow
shock. The solution satisfies the thermodynamic in-
equalities (6.4) and the inequalities of the theorem in
Sec. 7.

We note that, for H> 0, there exists states Y, with
mqy > 0 which can give slow shocks, but not weak shocks.

10. THE CASE 75 <0

(a) Consider the isentropic curves g =¢(7,S) defined
by (4.4). For a fixed 7, g is decreasing when S is in-
creasing and we have the relative location of the strictly
concave isentropic curves. Let Z,# Z; be an arbitrary
point of #/ and A the ray (Z,,Z,) of slope m. According
to 4(z,,Z,)=H(Z,,Z,)=0, # is stationary at one point
Z between Z, and Z,. The same is true for S, and Z,
is a strict minimum for S and #(Z,, Z) along A.

Suppose Z, is in the upper region determined by §:
A intersects §, at one point Z, such that Z, is between
Zy,and Z,. When Z goes from Z, to Z,, #{Z,,Z) is
decreasing from Z, to Z_, has a minimum at Z_, and is
increasing thereafter up to the value /(Z,,Z,)<0. We
have then a contradiction. We see that each point Z,

+ Z, of H is in the lower vegion detevmined by .
Therefore the isentropic curve §, of Z, corresponds
to an entropy S, > S,.

Now, when Z goes from Z to Z,, S is decreasing
from Z,to Z_, has a minimum at Z,, and is increasing
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after this point up to the value S, >S,. Thus A inserts
S, at one point Z,, between Z, and Z,. We know that

necessarily
m< m,. (10.1)

Each point + Z, of H belongs to the open region defined by
by the isentropic cuvve S, of Z, and the tangent at Z, to
So.

If 4(Z,,2) is expressed in terms of the variable (7,q),
we have

H/og= =207 T + (T = T,).

Therefore, (34/28¢)(Z)<0 and ¢ is a regular function of
7, without singular points, along a connected component

H,of H.

{b) We consider only in the sequel the case m,<0
(existence of weak shocks). Let Z,# Z, be a point of
#H,. Tt follows from Sec. 7(b) that

Qm,Z,)=(dg/dT) s (Z,) —=m<0.

But we have m <m,=<0. Therefore
(dg/dm)¢(Z)<0.

If (dg/d7),(Z,)= 0, it follows from (4.7) that

(10.2)

2f0(as/dny(Z,) = = (1, - T )dq/dm)y(Z,} + (g, ~ q,) > 0,

since g, — g, =m(7, — 7,)> 0. But it is clear that (dS/
dn)4(Z,)> 0 is contradictory with the location of the
isentropic curves. It follows that (dE[/dT)HO is always
strictly negative and, according to ¢, when 7 is in-
creasing, HO ends necessarily at Z.

Therefore the Hugoniot curve H is connected and the
same argument as in Sec. 9 shows that we have on #/

the inequalities
(dS/dm) <0, (dS/dp)y>0. (10.3)

It follows that, for a shock, the therymodynamic
inequalities (6.4) are true again under the assumption
7, <0.

(c)_Compare, under the same assumptions, the values
of (dg/d7)# and (dq/d7)§. We deduce from (4. 7) that

2f0(dS/dT) y+ (1 - 7,)(dg/d)y ~ (g — qo) = 0.

But it follows from the equation of state and from the
definition of ¢ that

(ds/dm)y= 7t - Ty msH(dg/d )y + P u¥ o).

We obtain
{7 =79 — 2/07 775 dg/ dT) y+ 2fo T, TS (T - 2 art)
- (a - qho) =0 ’

where
(dg/dT)s= T;,‘l —cPuvlqrt.

We can write

{1 = (7 - )20 7t Hdg/ dm) y= (dg/ d7)s
NPEPACTORDEEN

Let
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(dg/dT) - dg/ dr)s = @fe) T 7y (1 ~ 7){(dg/dT)y
—(g—g )T —T)™ (10.4)

Let Z# Z, be an arbitrary point of #/, A the straight line
(Z,,2) of slope m=(g —q,)(T - 7,)"", where m <m,<0.
Suppose

(dg/d7)y(2) < (dg/ A7) (2).
We have, according to Sec. 7(b),

Qlm, Z)=(dg/dT)5(Z) ~m <0
and s0

(dgq/an)y(Z)<m.

It follows from (10.4) that we have (dg/d7)s(Z) < (dg/
d7);(Z) and we obtain a contradiction. Therefore we
have

(dg/dT)g(Z) < (dg/ar)y(Z)
for each point Z# Z, of /7.

(10.5)

(d) Let Z, and Z, (with T,< 7)) be two arbitrary points
of 4, where Z, is in the neighborhood of Z;; A is the
chord (Z,,Z,) of slope m. We have /(Z,,Z,)=H(Z,,Z,)
=0. Therefore, #/(Z,,Z) is stationary at one point Z,
of the chord (Z,,Z,). It follows from (4.7) that we have
along A

aH =2f6ds - K dr, (10.6)
where K is the constant

K=(q, - qo) - m(T, - Ty). (10.7)
We have at the point Z

{2/6(dS/dT) }Z,) =K. (10. 8)

Let m, be the slope of the ray (Z,, Z,). For m>m,,
we have K> 0: if (dS/d7),# 0 along the chord (Z,,Z,),
this derivative is positive according to (10. 8) and we
have at Z,

{r(as/an,Hz,)< 0. (10.9)

Foyr m <m,, we have K< 0; if (dS/d7),+0 along the
chord (Z,,Z,), this derivative is negative and we have
S,>S,. We obtain a contradiction with the relative loca-
tion of the isentropic curves. For m=m,, S is
stationary at Z_.

Therefore, we study the case where S is stationary
at one point Z of the chord (Z,, Z,), a point which is
a strict minimum, according to the lemma in Sec. 7(a).
If such is the case, we have again the inequality (10.9).

In all the cases, we have according to (4,10},
Qm, Z,)> 0.
Let
(dE/dT)_g (Z,)>m.
1t follows from (10.5) that
(dg/d7)y(Z,)> m = slope of the chord (Z,,Z,). (10.10)
We deduce from (10.10) that // is concave.

If Z, is an arbitrary point of # and m, the slope of
the ray (Z,,Z,), each ray A issued from Z, of slope m
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such that
Wy S m < m,
intersects // in one and only one point Z.
We have proved the following Proposition.

Proposition: If 73<0, m,< 0 and under the general
assumptions on the equation of state, the Hugoniot
curve is connected and concave. We have on ~ the
inequalities

({1.’8/{1".!’)/7/< 0, (dS/d/))ﬁ> 0.

The same argument as in Sec. 9 gives the following
theorem.

Theovem: Suppose 7, <0, m,< 0 (existence of weak
shocks) for a state Y, satisfying a, P(I),> 0 (that is
vy < oE for a fast shock and ¥ < yZ< 2 for a slow
shock). If Z, is a point of // and if (g, - g /{7, — 7))}
<c%?/1°1,,, there exists a corresponding unique non
trivial solution of the shock equations such that v* <
for a fast shock and v} < ¢# for a slow shock. That solu-
tion satisfies the thermodynamic inequalities (6. 4) and
the inequalities of the theorem of Sec. 7.

The case m,> 0 remains open,

11. CONCLUSION

Under the general Assumption (A) (Sec. 1), we have
obtained the following results: timelike character of the
shock wavefronts, thermodynamic inequalities (in par-
ticular each shock wave is a compression wave), and
location of the speeds of the wavefront with respect to
the magnetosonic and Alfvén waves.

We have proved also, by two different methods some
existence and uniqueness theorems for nontrivial solu-
tions of the shock equations: (1) if 7% >0, (2) if 7%<0,
and if the initial state admits weak shocks.

If 75> 0, there exist initial states giving slow shocks,
but not weak shocks. The same result is probably true
also for 7, <0,

APPENDIX: CLASSICAL APPROXIMATION OF THE
RELATIVISTIC SHOCK EQUATIONS

Study the Newtonian approximation of the main shock
equations (3.3)—(3.7). We put

uly=w/c, j=rw, 1°l,=-1,

so that @=j/c. We search the main parts of the shock
equations, with respect to ¢~>. We have first, according
to (3.3),

[1=Lrw]=0.

The invariance relation (3.4) gives

(A1)

U+ il = (1 +ic™hgl,,

so that
il ={1 = (i) - i)e g,

up to terms in ¢**. We obtain in the Newtonian limit

[r1,]=0. (A2)
It follows from (3. 7) that
[rw2+p+§,u{h'2]:0. (A3)

It follows from the expression of z{1, that the invariance
of H gives

o {1 =201y ~ i)Y g1 - |1y | *r7?

= P ngL, )" = | o |3

We obtain
1 | hl? 5
o e | =
[Z PRVEME w] 0- (Ad)
Let, according to [ hl%= k|2+ (k¥ )?,
1,1 et
{z+2w +2Ww =0, (A4')

Finally, consider the relation of invariance (3.6). The
quantity

cPa=(1+i/cPrt - p{(h®*1, %72 - | k| 227}
has for Newtonian limit
v = (R )%,
On the other hand,
W= |2+ 22 h |2 % le|2.
We obtain
[[Ra| 20t = u(r®1, P =0. (A5)

The five Eqs. (A1)—(A5) are the shock equations of the
classical MHD for a rest frame of the shock.
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We consider the two first order differential operators 4, = u(x)3/3 x +A(x), B, = —(3/3x)u(x)+A(x),
associate two kernels f, g satisfying both well-defined boundary conditions and A,f = B,g, A,f= B,g,
and construct the Fredholm determinants corresponding to these kernels. From these determinants we can
build up solutions of second order differential equations. These solutions have an interpretation in the
Schrodinger inversion formalism. For instance, for the inversion at fixed angular momentum [, these
solutions for k = 0 correspond to the classical Gel’fand-Levitan and Marchenko equations, whereas, for
k=0, they correspond to k dependent potentials. Similarly, for the inversion at fixed k, these solutions for
1 =0 correspond to the classical Regge-Newton equations, whereas, for I5£0, they correspond to I-
dependent potentials. More generally we show, in a generalized inversion formalism, how parameter

dependent potentials appear very naturally in the theory.

I. INTRODUCTION
In recent years, the same differential equation

<az 3 logB)(A) 0 (1)

for two Fredholm determinants A and B (defined on
some interval [»,a]), has appeared in different physical
contexts Eq. (1) which is still satisfied if A~ B can

be interpreted as a Schrodinger equation for angular
moment / =0 and momentum % =0, whereas the form of
the potential is suggestive of an inversion formalism.*
First it was found® that two opposite kernels of the S
wave Marchenko inversion equations lead to Fredholm
determinants (defined on [7, <)) satisfying Eq. (1).
Secondly, in connection with the theory of random
matrices, Gaudin® found that the Fredholm determinants
(defined on [0, 7]) correcponding to two kernels &(x —y)
+®(x +v) [®(/) even] also satisfy Eq. (1). Thirdly,*

the /#0, =0, Marchenko inversion formalism, Eq. (1)
was again found for a pair of functions linked to
Fredholm determinants. Finally in the random matrix
framework, Dyson in a recent paper® takes great advan-
tage of Eq. (1) and notes, for a particular case, that it
has an interpretation in the S wave, k=0, Gel’fand—
Levitan inversion formalism.

All these facts suggest that Eq. (1) could be deduced
from a general theorem which has an interpretation in
an inversion formalism at £#=0, in such a way that all
previous results appear as particular applications. This
is the first motivation of the paper. Furthermore, we
would like to generalize Eq. (1) in order to include the
#?#0 energy term. Investigating some simple examples
it is easy to realize that both A and B must be % depen-
dent, so the generalization of Eq. (1), if it exists, leads
certainly to 2 dependent potentials or to a nonclassical
inversion formalism, and this is the second motivation
of the paper. We recall that the classical inversion
formalism is built up in two successive steps. First,
from the data and some comparison potential V,, we
have to construct the scattering data kernel which is
the input in the inversion integral equation. Secondly,
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solving this equation, we obtain a kernel solution giving
the possibility of reconstructing both the potential to be
added to V° and the solution of the whole potential. In
this paper we consider mainly the second step which is
self contained in itself, because from any scattering
data kernel we can construct both the potential and the
solution, and so reproduce the data.

In this way we shall see in Sec. II that 2-dependent,®
/-dependent, ® or more generally parameter-dependent
potentials appear very naturally in the inversion frame-
work. Let us consider a second order differential
operator B, = u%(r)[3%/37* = V,(r)] and build a scattering
data kernel with the eigenfunction of A,. The generalized
inversion formalism consists of the reconstruction of
another second order differential operator A= ;12(3%2/34?
~ V), where V -V, depends on a Fredholm determi-
nant associated with the scattering data kernel. Two
cases occur depending upon whether or not V, contains
the potential §/u? (5 being a constant). If V, contains
6u"?, then the eigenvalues and the eigenfunctions of
2,, V, and A are b dependent, whereas if V,is 6u®
independent, then V and A are 6 independent. For in-
stance, if we take u =1 (inversion at fixed /) and V,
=I(l +1)r"%, then V is k independent, whereas if V,
==k®+1( +1)72, then V is k dependent. Similarly, if
u =7 (inversion at fixed k) and V,=#*, then Vis [
independent whereas if Vy=%k% +1(I +1)»2, then Vis !
dependent. Let us consider two comparison potentials
V, differing only by 6u %, Associated with the case
for which V, does not contain 6472 is the solution Au
=0u, whereas with the other V, containing 6y %, we
associate the solution Ax=0. It is clear that the two
solutions and the two formalisms coincide for 6 =0.
Conversely if we start from the solution corresponding
to =0 and try, via the inversion formalism, to extend
the solutions for 6# 0, we have two possibilities depend-
ing upon whether V; contains 6 or not. In this way, ex-
tending to &+ 0 the differential Eq. (1) satisfied by
coupled determinants in the inversion at fixed ! (or I+ 0
in the fixed % case) shall lead to % dependent {/ depen-
dent) potentials. The reason for this is that in the ex-
tension of Eq. (1), both determinants remain linked,
one of them being necessarily » dependent in order to
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describe a % dependent solution; then the other is also
k dependent and consequently the potential is %
dependent. In Secs. III and IV, independently of the in-
version formalism, we establish a general mathemati-~
cal theorem concerning second order differential equa-
tions satisfied by linked Fredholm determinants. Let
us consider two kernels f(x, y), g(x,y), their corre-
sponding determinants, D,=det[l +pf]?, D, =det[l +pg]°
{a and p being fixed constants), and two arbitrary func-
tions A(x), wp{x) (f, 2,1, 4 can depend on other
parameters).

Let us assume:

(i)A,f=B,gand A ,f=B, g, with A, = u3/ax +x,
B, = —(2/9x)u(x) +alx) (2a)

which can be written as

(850 - SN =0, F= (g, ag=u?(r - Ve).
(84 - SN0, F=wulsl, = (e - Vi),
B e e

(ii) either flx,a)=fla, v)=0 or g{x,a)=3(a,y) =0,
or flx,a)=g(x,a)=0 or fla,y)=gla,y)=0.

If (i) and (ii) hold, then D, and D, satisfy

a2 Dy A
s = VE L = =
(arz )(Dg expf m dx) 0,

2 3 (u 3D
e:Vg_______L
v o T L ar(Dg ar>’

A Gl )
(Mz - “D_,exP— udx =0,

2 90 fu 39D
f_yf _ 2.2 (& 977},
Vi=TYs uar(Df ar)

If V£ (or V}) contains a term 6u7%, then V'is & depen-
dent. This theorem depends on two arbitrary functions
among the four functions X, u, V§, V§; and if we specify
two of them, then the other two can be determined by
differentiation or integration. There exists a general
method to build kernels (f, g) satisfying (2b), and this
is also explained in Sec. IV.

3)

In Sec. V we study the inversion at fixed / corre-
sponding to w=1. If X is k independent, then Eqgs. 2)
and (3) correspond to the classical inversion formalism
at fixed [ and k =0: The Gel’fand —Levitan equation when
a =0, and the Marchenko equation when a =, If rA=0
we come back to Eq. (1) with with an S wave, whereas
if A=1/x we get the [#0 case. Furthermore, if A (or
V§ or VI) is k dependent, then the reconstructed poten-
tials V are % dependent. Thus the solutions satisfying
our general theorem, Egs. (2) and (3), correspond to
the classical inversion equations for k=0, and to ener-
gy dependent potentials for 2# 0.

In Sec. VI we study the case u =7 corresponding to
the inversion at fixed k. If X is / independent, then
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Egs. {2) and (3) correspond to the solution /=0 of the

classical inversion formalism.” Further, if V£ (or V)
including the centrifugal potential is / dependent, then
the reconstructed potentials given by Eq. (3) are also

! dependent.

By investigating, in the /-dependent case, some sim-
ple degenerate scattering data kernels, we show how
they are linked to (8,), the set of phase shifts. However
they are only partly restricted by the set (§,) and have
less constraints than in the /-independent case. Once
the set (§,) is given, there is still much arbitrariness
in these scattering data kernels. If p is different from
both 1 and 7, then Egs. (2) and (3) correspond to
generalized inversion equations. Some simple examples
are quoted in Sec. VII.

Our general result, Egs. (2) and (3), can also be
interpreted in another way. If (V}, V§) are given as
input (or the second order differential operators 3%/
-V, 22/3v% =V, one may construct coupled first
order linear operators (4,, B,) and corresponding ker-
nels (7,g). In this way and due to the fact that (A, u) are
solutions of differential equations, many different
coupled (A, u) solutions can be obtained, and this is
illustrated in Sec. VII.

il. GENERALIZED INVERSION FORMALISM FOR
PARAMETER DEPENDENT POTENTIALS
(k DEPENDENT, / DEPENDENT, . . .)

We establish some general results (see Appendix A)
of a generalized inversion formalism which emphasize
the fact that parameter dependent reconstructed poten-
tials appear naturally in the theory.

(i) Define a second order differential operator

aZ
By=u®(¥) (W - V() ) (4)
where p and V, are arbitrary v functions. Further, V,
can depend on different parameters &,/, - -- and V,, the

comparison potential, can be written
&} .
Volr, 0, ay, a5y ey @) :W +§ Vilr, @)

with 6 and a, being fixed constants which can vanish.

We associate a kernel gr(x, y) satisfying both differen-
tial relations and boundary conditions at some fixed
value a,

(A,(x) - 8,(»)E(x,¥) =0, (5)

limg(x, y) = limg{(x, ) =0, (6)
x=a y=a

There exists a general method of constructing such
kernels. Let us consider the eigenfunctions A®, =03,
and associate the kernel

E(?C, y) = ; ég(x) (I)(r’l(y)cn’

the c, being constants. If lim, ®3(x)=0, then both con-
ditions (5) and (6) are satisfied. (In the classical inver-
sion formalism, g is called scattering data kernel be-
cause the ¢, have to be linked to the observables: phase
shifts, bound states, - ).
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Of course 6_ and &0 are linked to the potential u™2,
The eigenvalues &9 and consequently g depend on the
parameters o; and 8. Two different cases occur.

Firstly, 0 is different from zevo, V, contains a term

512, and the eigenfunctions can be written (32/8+°
iy, @ N®=(6 +6,)u?®0. Then &, and 7 are 6

dependent and correspond lo fixed &; values. In this
case we shall say that we have a d-dependent inversion
formalism at fixed «; values. Secondly, if 6 is zero,
V, does not contain 6u™2, and ®2 and g are b independent
but correspond to o, fixed values. We shall say that the
inversion is 6 independent at fixed «; values. This
second case is the restriction on the limit 6— 0 of the
first case, The justification of this nomenclature will
appear later when we shall see that the reconstructed
potential is entirely determined by g and u. As an illus-
tration of these different possibilities we consider V,
=~k?+/(l +1)r% in which u is equal to one or 7.

-
2

If w =1, which corresponds to inversion at fixed /, g
can be written

gk x, V)= [7 (V70 [,(V7vC, (R, k) dR’,

y=4k®+k'%, j,(p) being p times the spherical Bessel
functions® and C,(k,%’) an arbitrary function such that
lim,,C,(k, k") exists. g, corresponds to a fixed [ value
and is k dependent if 2+ 0. The case k=0 can be ob-
tained as lim, , g,. If p =7, which corresponds to inver-
sion at fixed k#, g can be written

L%, )= [ 1o BX) J o (RCL(L, v dv,
x(x+1)=plv +1) +I(I +1), x=0,

C,ll, v) is also an arbitrary function. g, corresponds to
a fixed % value and is in general ! dependent, the case
! =0 being a particular case.

(ii) We define a kernel K(x, y) such that the integral
equation

K(r,0) +g(r,0) + [ "K(r,0)5(t,0)u*(t)dt =0 ™

has one and only one solution. Of course K corresponds
also to fixed «; values and is 0 dependent if V, contains
a term 6u"%. For instance, for Vy=—k% +I(I +1)»2 and
w=1, then / is fixed but X is dependent.

(iii) We consider the boundary condition
. — 3 - g =
lim (K(r, x) 37 &, v) - glx, ,v)-a—x— K(7, x))z 0. (8)
Applying the boundary condition (6) to the integral equa-
tion (7), we get lim,_,K(7, x) =lim,_ K(r,x) =0, It fol-
lows that in general (8) is satisfied. In the following we

always assume that this is the case.

(iv) We define a reconstructed second order differen-
tial operator

a= s (So) -z ),

_ 2 d K(r,7)
V=Y~ um dr( u(r) >’

9)

where V is the reconstructed potential and V, is the
comparison potential.
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Property I If (i) Egs. (4)—(6), (i) Eq. (7), (iii)
Eq. (8), (iv) Eq. (9) are satisfied, then, with some
algebra, we get for the kernel K(»,0)

(A(r) - a0 K(7,0) =0. (10)

[One key property used is the fact that the homogeneous
integral equation corresponding to Eq. (7) has only the
trivial, identically zero solution. |

(v) We consider an eigenfunction U? of &, such that
AUy =707 (11)
We write for these eigenfunctions (y,, U?), a different
notation from that of the eigenfunctions (5,, ®2) with

which we build our kernel g, because U? is not neces-
sarily a function of the set {@2} entering into g.

(vi) We define a function U, such that

U(r)=U2) + [ *UAOK(r, Hu*(t) dt. (12)
(vii) We consider the boundary condition

. P _?__ 0 0 _a_ 5 —

1}‘131(1((7’, x)ax Uf (x)-—Un(x)ax (K(r,x)))_O. (13)

We recall that lim, ,K(r, x)=0. If either lim,.(3/
2x)(K(7, x)) =0 or lim, , U%(x) =0, then in general (13) is
satisfied,

Property II: If the assumptions leading to Property
I are satisfied and further, if (v) Eq. (11), (vi) Eq.
(12), and (vii) Eq. (13) are verified, then U, is an eigen-
value of the differential operator A,

A(r) U, (7) =y, U ().

2 (14)
2f 9 -
u ( P V(r)) Ufr)=v,Ufr).
As an application, let us compare both cases where V,
difiers by a 6u"? term.

1f V, contajns a 5™ term, we associate A,U°=0 and
the solution U defined in Eq. (12), where U? is replaced
by U°, Property II says that AU=0 or

9* Vi -2 ad
W—Z{: o(r,ai)—éu +2/..L d—’;'-

_ (14a)
X (K4(7, r)u"))U(r, 8)=0,

where we have written 1?5 in order to emphasize that K
is & dependent.

If V, does not contain the terms 6.2 while the other
Vi{r, @) are the same, let us consider in Eq. (11} the
solution A,U°=06U°, and in Eq. (12) the function 7,
where U is replaced by U°. Property II tells us that
AU=06U or

G " Vi 502 a d

5,7 =D Vilr, @) = 6u 42 2

- . (14b)
X(Ko=o(7’;7’)ﬂ-l))U(7, 6)=0,

where now Kis 6 independent. It is clear that both U
and U coincide at 6 =0, whereas for 6# 0 they corre-
spond to two different extensions of the solutions at
8=0, one for 6 dependent potentials and the other for &
independent potentials.
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Pyoperty III: If g is the kernel u(x)p(y)g(x,y) =g(x,»),
then the solution K{(»,7) of Eq. (7) with kernel pg (p
being a constant) and D, =det[1 +pg]® are linked in such
a way that

8D

K(V 7) D,. (15)

For the proof, in Eq. (7) let us define K(x, y)u(x)u(y)
=K(x,y), then Eq. (7) with g— pZ becomes an integral
equation where only K and g appear in

K(7, x) +pg(r,x) +pf:K("}’,[)g(t, x)dt =0, (7

In Ref. 9 it has been shown that such integral equations
have the property

dD
K(T,V):W/D,

where D is the Fredholm determinant corresponding to
the kernel pg. The result (15) follows immediately.

(157)

Substituting the result (15) in the definition of A and
V we get

0 D;
4

20 (D
u or D

91
V=V, -
4

Propevty IV: 1 g=3 ¢%x)p 2Av)C,, A,¢%=0,0%, and if
¢, is the solution U, defined in Eq. (12}, where U? is
replaced by ¢°, then we have

~B(, )= 6,00 630)C,,  86,=5,8,,
0,1 = 30 + T €, 0,7) J7 %) %) w2ty at.

If Property IV holds, then ¢, and E(x,y) can be written
in terms of {C,} and known functions. Let us substitute
this expression of K in Eq. (12) and assume that the
behavior of U (r), for a well-defined # value, is linked
to physical quantities. If this happens to be possible,
this means that there is a link between the {C,} and the
observables. We shall illustrate this point in Sec. VI
for =7 and a particular class of degenerate g kernels.

1ll. RELATIONS BETWEEN THE FIRST AND THE
SECOND DERIVATIVE OF FREDHOLM
DETERMINANTS

The results presented in this section are entirely
independent of those of the previous one. Let us consid-
er a kernel f{x,y) and its Fredholm determinant on
some interval [v,a], D,=Det[l +pf|?, p and a being
constants. D, can be written

— = nA

Af:Zp "

o (16)
Ar{: f: dxl e jradxn f(xu xz) f(xZ! xs) . °f(xn-1y xn)-

The first and the second derivative with respect to + are
easily calculated (we assume, of course, that the
Fredholm theory can be applied, for instance that the
kernels are square integrable, differentiable, and that
all the traces exist):

!
r

D,=exp -4,

Jd - has a
é“;Af:-—;p"Bi, B{,: f:dxl---f’ dx,,_l
X flry %) flxy, %5) * o+ flx,,7),
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A
R
art 77 (ar

)’vf,: f,adx1° v

5f> —Ed;f('r 7) Zp"(7f+ﬁ
(1
'f(Xn_z, xn-l)

f:dxn-l Ay ) flxy, 25) « «
2
X E; f(xn-n ’V)’

= f,adxl e f:dxnd(é%_f(?’: x1)> f(xu Xz) et f(xn-u 7’)-

Let us introduce another kernel g{x, v) and D,
=Det[l +pg]’. We get from (17)

L]

-—%(z,wg) (2 3, - 5=, (182)

H=—" (7‘(1’ v) +glr,r)) — 2<——A>(58— Zg)

+2Z Wyl +v5+ 8] +BE). (18b)

We note that if X is identically zero, then D, and D;
satisfy Eq. (1). However, we want to generalize Eq. (1)
and so H, given by Eq. (18b), must be expressed in
terms of (D;,D,) or in terms of the derivatives of these
determinants. However, 3//3» and dg/37 appear in the
terms v, and B,. If we want to eliminate these terms,
there must exist relations between af/ax,. and a,r;/ﬂ,xj
(i,j=1,2, x,=x, x,=1v). Such relations are given in
the next section.

{V. COUPLED FIRST ORDER DIFFERENTIAL
OPERATORS APPLIED TO KERNELS GENERATING
FREDHOLM DETERMINANTS, AND SECOND
ORDER DIFFERENTIAL EQUATIONS SATISFIED
BY THESE FREDHOLM DETERMINANTS

A. General results
Theorem I If two kernels f(x, y) and g(x, y) satisfy:
(1)Axf:Byg5 Ayf:Bxg;
A=) 2= ), By=(-=— u(0) )
X ax 2 X ax »

A, u being arbitrary functions, then Eq. (2a) can be
written:

(Ag(x) - Ag(y))é’_:(), %7: “(X) I»i(y)»‘,’",

Af(x) = u"'(x){a—f;— - Vrf(x)}: p(x)A, B, u x),

(A4x) = AL F=0, F=pu) s, (2.p)

Af(x) = 2(96){
o) ) )

(ii) If either Hx,a)=Fla,v)=0 or glx,a) =gla, v) =0,
or flx,a)=g(x,a)=0, or fla,y)=gla,v)=0, then D,
=det[1 +pf];, and D, =1 +pg], satisfy:

32 Dy ¢ 2 2 3 8D
(572“”)[]3:0’ Ue= UOKD’ V:V°“uar<“ar ’

-V (x)} u(x) B A, u(x),

=
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2 2 apf>
uaruar ’

(3)

Vf)U_o U_U’-—, V=V~
(af ! T 7D,

ASUE= AgUg:O, Uj:exp(f')\/u dx),

Ul = uexp(- f)\/udx)

Let us note that if we define the second order differen-
tial operators by A= u*(3%/8v% = V), A% =u%2%/3+®

-~ V#), then Eq. (3) could equivalently be written

AfU, =0, A'U,;=0. On the other hand, from Eq. (3) we
get u=UFUL, A= Ul(3/97 Uf). For the proof, we first
consider the first relation given by (2a),

p00 L (3, ) = =00 13, 3) +30) 8, 9) -

(2a2)

In the expression of H given by Eq. (18b) we substitute
for (3f/97)(v, x,) in B/ the above relation (2a’). We inte-
grate by part, take into account the boundary condition,
(ii), and then (3f/8x,)(x,, x,) appears:

:((:)) B; +f f s g, ) uie) g - f

B'f':— (xl, xz)

fee-f+B{B!_ +fadx1---f dx,. ,A(( ;g(r X )f e

Applying once more Eq. (2a’) and (ii), the last term is
cancelled and (3f/9x,)(x,, x,) appears, and soon ---,
Finally one gets

_ M) Alw)
Bl +yE= el Bl + B(“(T)

ms=n-1
logu> +E B: B!,

(19a)

Similarly the second relation (2a) can be written
(x,y) - M) Ax, y)

(2a”)

——(u(x)g(x ) = A(x)g(x,y)—u(y)

and applying both (ii) and (2a2") to 8%, we get

R M) AP B men-l .
Bitn=-1) BB (u(r) 1°g“) tZ BnB

(19b)

From (2a) we get also

WOV () 45ty ) = B2 (Bt ) - Bt

(19¢)

Finally in the rhs of Eq. (18b) if we substitute the re-
sults (19) we get

2x(7)
u(r)

1t follows that (i) and (ii) imply the differential equation

(&_ B_&)Z_Lz(zf+g)_ﬂ’i(§&_a_§>

H=

’ N ZIJ','_
(a;-2a)) +T a;

ar  ar 27 u(r) r
2 19_5_%)_
- u(dv )= (20)
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% (u(y) glx, ).

or equivalently

22D ,) 2D, (BD ) ( ,) 2Ar) (, 3D; 3D, )
9Dy - D
(672 D 4Dy 3 2 3 u) \ear 04, 27
Z}J, BDg ’
- 20
D= (207)

With some elementary algebra it can be shown that

Eq. (20) is equivalent to Eq. (3). Let us remark that for
u=1and =0, Eq. (3) reduces to Eq. (1), and hence
we have obtained a generalization of Eq. (1).

B. The second order differential operators
Al AT, AY, and A? depend on two arbitrary functions

In other words, among the four functions A, u, V§, and
Vi, if we give two of them, the other two can be obtained
by differentiation or by solving integral equations.

Case 1: x and u are given, then V§ and VJ are ob—
tained from (2b). We remark that only one pair (V§, V)
of functions is obtained when we differentiate (A, u). On
the contrary in all other cases, we always have to
integrate some differential equation and there exist dif-
ferent pairs (A, u) depending upon our choices of the
solutions of these differential equations. We put A=Ay

=y [9f]" = = 9" [¢’]"". Equation (2b) can be written:
VE=A2 +X/, (20a)
V=R =X —2Xp T+, (20b)
W= VEYE=0, (20c)
297 ot (= Ve = (20d)

Case 2: Vi and V£ are given; we get #* and A from
(20c), p from (20b), and A =Xxu. The general solution
is given in Sec. VII, Eq. (75).

Case 3: u and V£ are given; we get $%, X, and A=2xp
from (20c), V! from (20b).

Case 4: X and V§ are given; we get ¥, A, and p=x""
from (20c), VI from (20b).

Case 5: u and V} are given; we get ¢ f, X, and A
from (20d), V¢ from (20a).

Case 6: where A and V{ are given is the most difficult
one because we have first to solve yu”u — p'A - g’
- VIu® +22=0. Once u is obtained, from A =2au™ and
(20a) we get V. Here also u is not uniquely determined
from its differential equation, hence V§ is not uniquely
determined, either,

C. General method for the explicit construction of
coupled kernels (7, g) satisfying the conditions of
Theorem |

We consider the eigenvalues and eigenfunctions of
ag, Al

A3do =200, A§(x)=pA, B ™

- _ 21
ALVO=T 8, Blx)=pB,A " 1)

We want to show that for each eigenvalue A, of A% (or
X,, of A!) we can associate an eigenfunction of Af with
the same eigenvalue A, (or an eigenfunction of Af with
the same eigenvalue X). In other words, we want to
show that A, and X, are the same. Let us define

Henri Cornille 2147



RB . on=T0, wAu 0= 00,
so that we get

A3 = uB A u B, pTl¢d = uB AP0 = A, T,

(22)

A5G0 =LA B LA 0= p A, AL =X, 0.

It follows that If (or ¢°) is an eigenfunction of &/ (or Af)
with eigenvalue A, {or X,), however we must specify the
boundary conditions of 2 and ¢J. If A, =2x, and if,
modulo a constant, 2 and {° correspond to the same
boundary conditions (or ¢) and 53), then § ¢ = 0,1 and
by =€,¢4,, 0, and €, being constants. In order to con-
struct the kernels (f,g), let us define

HA LT =60, wBu 0=, (23a)
and substituting into Eqs. (21)—(22) we get
Fo= 300 =108, 0= AL =140, (23b)

We can build the symmetric kernels (£, g) in two
different manners depending upon whether we start with
(65, 2,) or (7, 1,),

F=22 ) ()C, B (),
" (24a)
g:; S x)D, by ),

=2 W ()C 0 (),
" (24b)

=2 G () DydRy) w7 0).

They obviously satisfy the second order differential
conditions written down in Eq. (2b). We would like to
link the constants C, and D, (or C, and D,) in order that
they satisfy the first order conditions A, /=B, ¢ and

A, f=B.g. With the help of Egs. (22)—(23), in both
cases of Eq. (24) it is easy to verify that Eq. (2a) is
satisfied if

\,C,=D, or C,=A,D,. (25)
A sufficient condition in order that the boundary condi-
tion (ii) of Theorem I be satisfied is either

¢2(x);ao or ¥%x)— 0.

x=a

D. Connection with the inversion formalism for
parameter dependent potentials studied in Sec. i{

Let us assume that V§ and A§ correspond to V, and
A, defined in Eq. (4). (We could equivalently choose V7
and Af). Applying the formalism developed in Sec. 11
we know that from the kernel g (or ) and from the
integral equation (7) we can obtain the Fredholm type
solution of K(7,1) (or K) whose Fredholm determinant
is D,, and reconstruct the whole potential V¥ (which is
the same as that given by Theorem I).

Substituting this type of K solution in Eq. {12) we see
that U can be written as the ratio of two terms such that
the denominator is D, but nothing is known for the
numerator. Our general result means that if theve
exists coupled kevnels (f, g) satisfying the conditions of
Theorem I, then there exists a solution U such that
U(U,)™ can be written as the ratio of two Fredholm
determinants.

Now concerning the solutions given by Theorem I in
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Eq. (3), what are the corresponding solutions when 7
goes to the limit o ? If we recall that when » — ¢, D,—-1
and D,~ 1, we see that in Eq. (3), lim,_,U=U, and then
the solutions of Theorem I can be written when » — 4

. Dy r A
)

v (31
. 1Y A
lima’ (U{,—Ef):Angg:O, Ug:uexp(-/ E—dx)-

rea

Let us compare the solution of Theorem I written down
in Eq. {3’) and those corresponding to Property 11
studied in Sec. II. From Eq. (12), U=U, +[*U,Kp2dl,
We note that here also lim,_ U= U,. It follows that the
solutions (3) correspond to y, =0 in Egs. (11) and (14).
The solutions of Theorem I correspond to A,U°=0 and
AU =0, where U could also be obtained from Eq. (12).

Concerning the interpretation of Theorem I, two dif-
ferent cases occur. Firstly, V, does not contain a 6u®
term; the eigenfunctions ¢J and ¢° building 7 and g as
well as V and the solution U are 6 independent. In this
case, Eq. (3) corresponds to the solution 6=0. Second-
ly, V, contains a du”® term. Then 62, 42, 7, o, K, V,
and U are d~dependent functions. The solution given by
Theorem I is 0 dependent but cannol corvespond io the
classical inversion because V is & dependent.

All this discussion means that not every inversion
formalism solution can be written as in Theorem 1. For
instance, if we consider the fixed / case u =1 and the
potential V* for the classical inversion formalism where
(8%/27*)1ogD, is k independent, only for k=0, the solu-
tion could be written in the manner of Theorem I.
Otherwise, for ¥#0, both f and g kernels must be %
dependent in order to satisfy Theorem I. Thus for 2+ 0
the solutions of the classical inversion formalism with
energy independent potentials do not reduce to the form
given by Theorem I. Similarly for the inversion at fixed
k, the solutions which reduce to that of Theorem I
correspond for /+#0 to / dependent potentials and for
/=0 to the classical inversion formalism, "

E. Application to the very simple example
corresponding to Eq. (1)

Although this case is a particular application of a
more general result which is established in the next
section, due to its importance (it includes Gel’fand—
Levitan and Marchenko equations for =0, k£ =0) and
its simplicity, we present here another independent
derivation.

In order that the result of Theorem I reduce to Eq.
(1), we necessarily have A =0 and p = const. We discuss
now the conditions of an application of Theorem I.

1. Discussion of condition (i) of Theorem |

Condition (i) of Theorem I gives 9f/2x= —3dg/?y and
3f/av=—3g/3x and consequently 2%//3x +2%f/0y"
=0%g/0x% +0%g/3v?=0. Putting x +v=v, x—-y=u, we
get (37/0u)(2f/ov)=(3g/Pu)(dg/?»)=0. It follows that
the coupled kernels (/, g) are of the type
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F=u(x —v +const) +¢(x +y +const),
(26)
g=1{x -y +const) - ¢(x +y +const),

where at this stage ¢ and ¢ are arbitrary functions
(subject of course to conditions warranting the existence
of the Fredholm theory).

2. Discussion of condition (ii) of Theorem |,
when a is finite

It is easy to verify that among the four boundary con-
ditions, there is only one possibility f(x,a)= fla,y)=0
requiring (/) = ¢(/) = p(~1) and s0 f=d(x — )
— ¢(x +y ~2a). Thus, if
o(t) = o(-1),

a finite,
@7

f=¢lr-9)~¢lx +y ~2a),
g=dlx—9y) +dlx +y-2a),

then
(D;=Det[1 +pf]?, D,=Det[1 +pg]’)

satisfy Eq. (1). For a=0 we recover Gaudin’s
Theorem.® A representation of kernels satisfying Eq.
(27) can be written down. If

flx, vY= [ sink(x - a) sink(y — a) G(k) dk,
(28)
glx,v)= [ cosk(x - a) cosk(y —a) G(k)dk,

then the corresponding coupled determinants (Dy, D s,)
satisfy Eq. (1).

For a=0, f can be identified with the Gel’fand—
Levitan scattering data kernel.! G is linked as usual to
the Jost function. For a particular G(k) function, Eq.
(28) has an interpretation in the theory of random
matrices.*™®

3. Discussion of the boundary condition (1) of
Theorem | when a is infinite

In order that the Fredholm theory exists we must put
#=0in Eq. (26) and the remaining possibility is f= ¢
and g= - ¢. The boundary condition (ii) of Theorem I
is automatically satisfied because the existence of the
Fredholm theory requires at least lim,__¢(f) =0. Thus

F=olx+y),
if then (Det[l +po]*, Det[l-po[’)
g=—o(x +y), satisfies Eq. (1).

(29)

The Marchenko inversion formalism for an S wave is
an application of this result,

f= f explik(x +v)| M(k) dk,
if
! then (D, D,) satisfies

g=-/x +3’); Eq. (1).

(30)

We recall that in Eq. (28) for the a=0 case and in Eq.
(30) we can have a discrete spectrum (imaginary k val-
ues corresponding to the existence of bound states) as
well as a continuum spectrum (% real). The connection
between G(k), M(k), and the S matrix or the Jost func-
tion as well as the conditions on G(%) and M(k) such that
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the Fredholm theory exists, are given in the
literature.’

This simple example studied here corresponds to the
inversion at fixed / =0 and has solutions of the Theorem
I type for =0, In the next section, for fixed /#0 or
=0, we study more generally the solutions of Theorem
I corresponding to ## 0 as well as £=0.

V. APPLICATION OF THEOREM | TO THE
INVERSION FORMALISM AT / FIXED {u = 1)
IN BOTH k£ # 0 AND & = 0 CASES

For p =1, besides the simple case A=V§=V{=0,
k=0, and /=0, which was studied in Sec. IV and which
belongs tothe classical inversion formalism,! there
exists the possibility of extending the formalism of
Theorem I to the case where V; contains a 2# 0 term.
We develop a general formalism, explicitly obtaining
the coupled kernels (f, g) for £#0, 1+ 0 and investigate
the connection with the classical formalism when 2 —0.
The extension of the Gel’fand—Levitan formalism
(determinants defined on [0, 7]} is done in detail where-
as the extension of the Marchenko case (determinants
on [, »]) is only briefly sketched.

A. Extension of the Gel’fand-Levitan formalism
for & # 0 leading to k¥ dependent potentials

In the formulation of Theorem I we put a=0 and as~
sume p=1and V{i=-k +1(l+1)r-*. As was explained
in Sec. IV, Part B, X can be deduced as a solution of
AL+ =V{. We choose for A two different solutions

9
o

@, k,v)= (— fzf(kr)> (i (er))?, 1)
31

X1 =0, k, ) =7 ik,

where fzf(p) are p times the Ith spherical Hankel func-
tions, 8 For integer I, k; can be written

. B . i Z-n-l (l + n) !
Rip) =explip) i o T

for real p. (32)

75 (0) = (3 (o))*

Applying the general method developed in Sec. IVC, to
build the kernels (f,g), we get for the eigenvalues

@0, &9,
Po =5,y ), y=R+r? @+ yL=0,
Ut = A7 (VY 7) = ¢t

1. Kernels (f, g; ) satisfying Theorem I, | being an
integer = 0

Let us define:

filk;x, )= [ 5,007 £)7,6/7 9)C, (&, k') * dr’
&k %, 9) = fbi(k, k', x) ¢3(k, k', 9) C, (R, k') R’

B0, k1,0 =42 5,07 )= (L +3) J07 0, vk +h7

(33)

with A* given in Eq. (31). We easily verify that these
kernels satisfy condition (i) of Theorem I, taking into
account
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0 < -
By ¢, = (— 3y +7\*> ¢t =k"25,(Vy y) and ALj, = ¢
On the other hand, f,(O): 0 and the boundary conditions
(ii) of Theorem I, are automatically satisfied.

2. Irregular solution when r - O; k'v; (k, r) =
rri2r-1)1
If we apply the results of Theorem I to the kernels
(f,,g7) defined in Eq. (33), we see that the functions V},
Det g}

VE =it (k) Dety, %0

y 20 - 1)1, (34)
are two complex solutions irregular when » — 0, of the
Schrédinger equation

9 2
(8872 + R L(Z.PJ“L) + g_i"’ log Detf,) (Vi) =0.

If we assume that C, is real, then V7 is real and V§ are
complex conjugate. Since f, is k dependent, it follows
that Detf, and V* are k& dependent. From p =1 and Eqgs.
(34) and (35) we see that U{ =F: with A3 U{ =0 and

UE =[h:]1 with A5 UE =0.

(35)

3. Regular solution u, when r - 0, u; =r'*7

[21+1)1]1
We always consider k£ +0. Let us define

V- V; Im[(Detg;)h;(kr)]
R M L
"= g &' Detf,
u, is a real solution (C, being real) of the Schrodinger

equation (35). Taking into account Det(gy) =, 1,
Det(f;) /¢ 1, we get

(36)

u, = 712,"];_%{1 = Jy(kr) R a1 + 1)L
r=0 12

B. Classical Gel'fand-Levitan solution for k = 0
deduced from the application of Theorem |

In order to test the consistency of the theory we must
consider the k# 0 solutions obtained in Sec V, Part A,
take the limit &k — 0, and compare them with the direct
application of Theorem I to the case 2=0. This com-
parison is very easy for the irregular solutions V7 B
but more delicate for the regular solution %,, We as-
sume lim,.,C,{k, %) =C (0, %’). We shall find that finally
no real difficulty occurs when 2— 0, and so the above
results presented in Sec. V A, are an extension of those
for k=0,

1. Irregular solution when r >0

(a) We first take the limit £ — 0 of different quantities
defined above in Sec. VA,
Lim (L, k,7v)=1/7,

k-0 37)

. d I\ » -
lklfr(l) o3k, R, x) = (a_x + ;) Fi(k'x) = R'j, 4 k'),

lim f, (k; 2, 9) =£1(0;x,9) = [ J,(R'x) 7,(k'y) R"*C (0, k') di’,
1#0, 1ki£rég,*(k; x,3) =g,(0,x,)
= [Tkt [ G00kx)j, (k) RPC (0, k) dR,
1=0, g4(0;x,y)= [ cos(k’x)cos(k’y) Cy(0, k') k"™ dk’,
(38)
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lim BV, 7) _ Det(g(0;x,y))
B0 (21— 1)1 Det(f,(0; x, »))

For I=0in Eq. (38), both the kernels (f,(0;x, v),
20(0; x, y)) and the solution Dzo/Dfo are identical with
the results established in Sec. IV, Part E, Eq. (28)
giving the application of the Theorem I to the Gel’fand—
Levitan S wave at k=0, In Eq. (39) we note that U{
=7"" and, because p=1, U§=7"?, leading to A=UgU{
=Ir\.

(39)

(b) For 1#0 and k=0 we directly construct the
kernels (f;, g,) and the solutions given by Theorem I
using the general method developed in Sec. IV. We
consider p =1 and V{=1{l+1)»™*. Among the different
solutions of the differential equation A% — X’ = V£ we
choose A =1/7. It follows that V§=x2+ X/ =[(l - 1)+,
Y =7, (k"%), OY =4;.4(k'x). Finally the direct construc-
tion of the kernels (f;, g;) in the [#0, k=0 case leads
exactly to the same kernels as those obtained from k#0
on taking the limit 2~ 0 as in Eq. (38). Similarly the
solution written down in Eq. (39) can be derived direct-
ly from Theorem I when g =1 and A =1/7. Because our
formalism, when %2 —0, is identical to the classical
Gel’fand—Levitan formalism, it follows that C,(0, %)
is directly connected to the Jost function 7,(%’) for
energy independent potentials. We recall that the
Gel’fand—Levitan scattering data kernel! can be written
H0;x, ) =27 57,71 =1/1 7 (k)1?) dk’ and we have only
to identify with the expression written down in Eq. (38).

-f1+1)

2. Regular solution when r —> 0, u,r —const

(a) First, for k=0 we directly apply Theorem I and
the method of Sec, IV in order to construct the kernels
f; and g, (which we call k;). We again consider p =1,
v{=1( +1) - but now we choose A=~ (I +1) 71 as the
solution of the differential equation V§=x?-)’. We
thus apply Theorem I to the pair (p =1, A=- ((+1) 7).
We get VE=({I+1)(I+2)r2, % =j,(k'7), dp%=7F.4(k"7)
and our coupled kernels (f;, k;) are

f1(0;2,9) = [ k™5, (k"y) §,(k'Y) C,(0, k)R,
B, y) = [ B2 3,4(k"%) 1. (') C,(0, k) dR’.

We note that the kernel f; is the same as the one given
in Eq. (38). This means that the irregular solution Eq.
(39) and the solution obtained by the application of Theo-
rem I to the coupled kernels (f,,%;) are solutions of the
same Schrodinger equation with V=V, +23%/0+*

xlog Det(f,). We can verify, using the recurrence rela-
tions satisfied by spherical Bessel functions, that
A.f,=B,h,, A, f,=B,k,;, and the boundary conditions of
Theorem I are automatically satisfied. Applying the
result of Theorem I, we get

(40)

2 32
(88‘1’2 —l(l + 1)’}’-2 +2 a—yg 10gDetfl> Uy =0,

Deth
e 25 1
=7 (Detf,) :

We note that U({:'rl*l, Ug:fr"'i, and K:U(’)"U()f
=-(+1)rL

(41)

(b) Secondly, for k+0 we consider the regular solu-
tion u,(k, v) defined in Eq. (36). On the one hand, we
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want to show that the lim,_ 42, (k, r) exists, and on the
other hand that the limit function behaves as the con-
stant »'*1, when 7 is small.

Taking into account ﬁ;‘:ﬁ, +if,, where #; is p times
the sperhical Neumann function, and the conditions

h,(p) o .00 ~
(711-—'1—)'—'9 0 Bl’—*r(z”l)”,,,ol,
1,}{’%"1(’?, 7) =[Det(f, (£ = 0))]"

<(2l— 1)!! lim Im(Detg,) 7
yi RT0 TTRTA @I+t

x%in(} Re(Detg,”)) , (42)

where g;'= [ ¢;¢;C,dF’ is defined in Eq. (33). In
Appendix B we show

Reg/ )io f k%jz.A(k, x)iz-1(k, ) C,(0, k1)dk1:
k2ld
Img,‘ ~[RI<1) 1)—Tz fklfz(klx)]z 1Ry )
X C,(0, ky) dly +iidemx —y]. (43)

With the results (43) at hand, one can show (with some
algebra), from Detg,* (which means det[1 +g;'I7) that
both lim, . % ***Y Im(Detg,) and lim, . ;Re(Det g;") exist
and that the limit in Eq. (42) behaves like »'*! when
r—0. In Sec VC we shall exhibit a very simple example
where we shall see that lim, _ u,(k, 7) in Eq. (42) and
u,(¥) defined in Eqs. (40) and (41) coincide.

3. Integral relations between the two solutions
corresponding to k = 0

The irregular solution Eq. (39) and the regular one
Eq. (41) are two different solutions of the same
Schrodinger equation. Consequently there must exist
relations between them. Let us define in the classical
Gel’fand—Levitan formalism the kernels

2 - -~ ~ 1
fv,l(x’y):;'/[; ]u(klx)]u(kly) (I_W> dkly

where 7, is the Ith Jost function. From our above
results it follows that

are solutions of same Schriidinger equation

92 I{I+1)
7 T+2710gDetf, ,) y,—O 2—1 2.

It follows that we have the following integral relations:
v dx - s
i =9; (consty +consty | —-= ), i,j=1,2, i#j
yi(x)

C. A very simple example

We consider a trivial example where the kernels
(f1,&) in BEq. (33) and (f;,%,) in Eq. (40) are degen-
erate. Although it corresponds to a pathological poten-
tial even when %2 — 0 where it reduces to a well-known
case, it has the advantage of easily checking the theory.
One can verify very easily that the solutions satisfy
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the corresponding Schridinger equation and one can
follow what happens when 2 —0,

(a) Let us consider for £#0,
Fo=EisinVy x sinVyy, y=k +&,
gt =7 cosVy xFiksinVy x)(idemx —~y).
We get

iy (‘y+k2
Detgi=1- 2 [—Z2
E{) 4\/—7

The two irregular solutions are Vi =exp(x ik7») Det gg
X (Detf,)™ and the regular solution is

) sin2Vy 7= 32—]3 (cos2Vy »—1).

(Detf,) u,(k, 7)
_ sinkr Er  (y+F) >
== (1— ) ————4‘/7 sin2Vy »
- 3(cos2Vy - 1) coskr. (44)

Having the explicit dependence of Detf,, it is easy to
calculate the corresponding dependence of the potential.
Taking the limit £ — 0 of the solution we get

lim [y Detf,]
( - 2 %1 sm2k11'> slcos2k, 7 -1].
(b) Let us consider for £=0 the corresponding
kernels of Eq. (40),
fo="F} sinkx sink,y,
hy=HF (%x— - cosk,x) (idemx — y),
1

Deth, is easily calculated. We find that uy(r) Detf,
=vDeth, is equal to the rhs of Eq. (44) and so is equal
to lim,  o{(Detf,) uo(k, 7)), where Detf; and wuyk, ) are
the & dependent Fredholm determinant and solution
corresponding to 2+ 0,

D. Inclusion of a Coulombic potential in the
extension of the Gel‘fand-Levitan formalism for
k dependent potentials

We always consider a=0, p =1, but now V{
=—B+I0+1) v +nrt=22=X'. From this differential
equation we choose the solution

A=~ (a% g (e, y)) (e e, Y,

where hAjr*

.
Cy + ~
hy™ =,

is the Coulomb solution such that

expli(kr — nklog(22y) - 17/2)).

In order to construct the kernels (f;, g,) we consider
(as explained in Sec. IV) the eigenfunctions A} zp,, A0,
We choose the regular Coulomb solutions zl)k. =7 (f— 7),
y=k*+k", (3%/2p* +1 +n7'p "-l(l +1)p7) f5(p) =
p=vry, ¥ oyt const#!*!, and for ¢, we apply the opera-
tor A, wh1ch is well defined once A and u are given,
¢l = ,,], We get for the coupled kernels:

f x)]z

Y CiR, R R AR, y=k+R",
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g = [ 5k, k', x) d%(k, k', y) CS(R?, R) AR,

4 d -
ik, k!, x)=A, 5= (67 +x°) Y ). (45)
We check easily that A ff=B gf=[ oS5 k*CSdR' and
that the boundary condition (ii) of Theorem I is satis-
fied because j;(0) = 0.

Finally the solution given by Theorem I is an irregu-
lar solution when » —0,

a* 1+ a2
(é? + R - “(%2-1‘) - ZZ; +2 5*(;7 logDetff)

2o Detgf\

< (s Berkk) =0

We note that in Eq. (46), U{:fzf"’ and consequently
U =[he*]1. We could also obtain the other irregular
solution when » — 0 of Eq. (46) by choosing another A.
For this it is sufficient to replace /{** by the Coulomb
solution k$'", behaving when » —« as exp[— i(kr — nk~
Xlog2ky - In/2)]. We could also extend to the Coulombic
case all that has been done above for the non-Coulombic
one.

(46)

E. Marchenko type inversion formalism

In this case p=1 and a=., We do not give a detailed
analysis as in the preceding Gel’fand—Levitan case,
We only consider some aspects of the theory, the miss~
ing points presented in Sec. V. A—D can easily be
reconstructed. We always assume that our coupled
kernels (f, g) satisfy the conditions of Fredholm theory.
It follows that the boundary conditions (ii) of Theorem
I are always satisfied,

lim f(x,y)zlim f(x,y):iim g(x,y):lim glx,y)=0.
g e e e

For the explicit constructions of the coupled kernels
(f,,g,) we only discuss the coupled differential condi-
tions (i) of Theorem I.

1. S wave: k + 0 {extension of Marchenko equations)
and k = 0 (classical Marchenko equations)

We consider p=1, M*=zik, V§=V{=-Fk" In this
case the kernels (fy, g,) are functions of only one varia-
ble ¢ =x +4 and we assume (as for the classical
Marchenko casel!) that f and g are absolutely integrable.
Let us consider the functions
filks)= [ (Vv = k) Mk, kD[exp(@Vy )]dk’, y=F +E",
gitkt)=— [ (Vy= k) Mk, k") expG Yy 1)]dr’,

(47)

and associate the kernels (fi{k;x+9), gi(k;x +v)). We
easily verify

At fr= (53; + ik) fé=1 /;e’zM(k, k') lexp(i Vy(x + )] dk’
o .
=Bigi= (—- " j:lk) g5,

and so the Fredholm determinants associated with (47)
satisfy the result of Theorem I,
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2k 3,2 log etfy ) \exp(xikr Detf@‘) =0. (48)

For 2=0 we recover the usual Marchenko case for [ =0,
k=0 discussed previously in Sec. IVE.3, Eq. (30). In
Eg. (48), we check that Uf = exp(F ikv), Uf = exp(ziky),
and consequently X =+ ik,

However, the f§ kernels in Eq. (47) are complex, and
we want, as in the Gel’fand—Levitan case, to have a
real reconstructed potential, so we consider

Follst) = [ k" dR'[M(k, k') exp(iVy 1)

+ M*(k, k') exp(~ iVy D),
golk;t) == fow dr'[(e+V Y)Y MexpiVy ) + (Vy - k) M*
xexp(-ivy #)], (49)

leading to the kernels (fy(k;x +y), golk;x+9)). It is
easy to verify

Afy= (51- +ik)fo:i/ R dk My +k)

0
X exp(iVy(x +9)) + M* (= Vy + k)

Xexp(-iVy(r+y)]=B,g,
it follows that Detf; and Det g, satisfy

2
(aa—rg -R+2 56;5 log Detfo) (exp(- ikr)Det go(Detfy)™) = 0.

When & —0, f, and g, reduce to fy(f) =~ g,({) and we
recover the classical Marchenko case studied in Sec.
IVE. 3.

For the extension to the [#0, k+# 0 case we must re-
place ﬁo by ﬁ, and construct the corresponding A, as was
done for the extension of the Gel’fand—Levitan case
where fo was replaced by f, and the corresponding X in
the [ #0 case was explicitly constructed.

2.1 #+ 0 and k = O: classical Marchenko inversion
equations for k =0

We consider p =1 and V{=I({+1)»%. From the dif-
ferential equation V{ =x* - X' =[({I +1) 7~ we choose the
two solutions 171 and - (I +1) » -1,

a. =1 and x=1r"1: We have the coupled kernels
(f1: €0,
file,y) = [ k') i (kY)Y M (R ak’,
g0, 9) = [ By g (B2 oy (R'y) M, (R AR

Taking into account the recurrence relations (0/0x
+1x7Y) hy(kx) = Rly_y and (= 2/0x + Lx™) by 4 (Rx) = kh, we
can verify that the relations A, f, =B, g; are satisfied.

(50)

b. p=1and A=~ ([ +1)»1: We get the coupled
kernels (f,, 2%,
ZD e, 9= [l (o7 x) Iy, g (T y) M(RT) AR,

and can also verify that (f;, g/?") satisfy the conditions
of Theorem I.

(61)

c. a, b, and Theorem I: From a, b, and the applica-
tion of Theorem I, it follows that the differential
equation
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—87-—72—+2710gDetf,>y,_-0 (52)

(az w+1) @
has two solutions y{¥ =" Detg;?/Detf, and y{?’
=7 Detg,?’/Detf,. Here also we have the integral
relations y{¥? =y{[const, + const, ["dx/(v](x))*].

We recall® that these relations as well as the sig-
nificance of these solutions y{*’ ({=1, 2) were previous-
ly established in the N/D formalism where the
Marchenko inversion formalism was restricted to gen-
eralized Yukawa potentials. We recall also that these
integral relations were useful in order to understand
the physical validity of the inversion (an N/D) formal-
ism: right threshold behavior for the S; matrix, ap-
pearance of ghosts in the theory, *+-. Finally we recall
that if we identify the f; kernel in Eq. (50) with the

classical Marchenko kernel, then M,(k)=const(S, (k) - 1).

VI. INVERSION FORMALISM AT FIXED & (u=r)
FOR / DEPENDENT POTENTIALS IN BOTH/+#0
AND /=0 CASES

For the application of Theorem I we do not give a de-
tailed analysis as in the fixed ! case. Instead we present
only some partial results; the missing ones could be
easily reconstructed because the method is the same in
both cases. For instance, we consider only the Regge—
Newton’ case a=0 (the equivalent of the Gel’fand—
Levitan case for fixed I) where the inversion formalism
is defined on [0, 7]. As in the previous section we en-
counter an extension of the classical inversion formal-
ism, For 1#0, the solutions obtained from the applica-
tion of Theorem I lead to ! dependent potentials, where-
as for I =0 we mainly recover the Regge—Newton in-
version formalism with / independent potentials.

Independently of Theorem I we apply the formalism
defined in Sec. II, for parameter dependent potentials,
to I dependent potentials. Although in this paper the
problem of the construction of the scattering data kernel
from the data is not considered, we give, in this fixed
k case, some insight in this direction for a particular
class of degenerate scattering data kernels.

A. Application of Theorem 1

1. Construction of the kernels (fi, g« ) for | dependent
potentials

We start with =7 and V§=-k*+1({ +1)r%, From the
differential equation V&= (A/u)*+(r/1)’ we choose two
solutions A*,

x*:r(air’;?(kr)> )T, A =0,k 7)=2irk, (53)

For each of these choices A\* we shall associate the
kernels f; and obtain the solutions Vi, In order to build
up the kernels (f$,g,) from the eigenfunctions ¢2, ¢
we apply the general method developed in Sec. ITI, For
¢% we apply Af¢’=2,0° given in Eq. (21) and we find

2
Tz{aiﬂ+k2 44 +1)}¢x(v)(k7f)__u(v +1) %, (B7),

XX+ =vE+1)+1@+1),
xz1,
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l 1nteger 12 0. We choose ¢? *Jx where ]x(p)
Jor constp**!, For 2 we apply the operator uB,u-1¢%=7
given in Eq, (22) and obtain

yB;(ij-i) = #’

where we write y as y*(v, 7, ky).
coupled kernels (f;,g,):

f:(l;x,y):—f Z,D*(V,l,kx)d)t(l/,
26032, 9) = [ Fxen #x) Gy o (B3I (v + 1O, DYyt av,

Let us consider the
1,ky)C(v, )x~tytdv

(54)

0 4
(v, 1, kx) = (— Xt x*) Tt (BX),

x(xt1)=vp+1)+I1€+1), x=0,

where A\* is given in Eq, (53) and C(v,l) is a real
function.

The potentials reconstructed from Detg,, are real.
Takmg mto account xAi(y*x1) = - »(r +1)j, and
(ny =¢* we easily verify that condition (i) of The-
orem I is satisfied. Moreover, j,(0)=0 for x> -1, The
boundary condition (ii) of Theorem I is satisfied because
Ek(l, O,y):(?k(l,x’ 0):0,

2. Irregular solutions when r — 0, k' V.= 20-1)1
r—>0

Applying the results of Theorem I to the coupled
kernels defined in Eq. (54) we see that the functions

Vill,7) :ﬁ?(kr)(ﬁg’i) e (20 - 1)1}

are two complex, irregular solutions, when » — 0, of
the Schrodinger equation

(3 L 01, 20 (y(a[ar egg,,) =0,

or? 72 7’ or Detg,
(55)

Because g,, defined in Eq. (54), is ! dependent, it fol-
lows that Detg, and V¥ are ! dependent., Let us not notice
that in the representation of the g, kernel written down
in Eq. (54), the term corresponding to ¥=0 is not
present; whereas in the general theory presented in Sec,
II, paragraph (i), the corresponding term does not
vanish, This means that there is a restriction for the
kernel g, (or the potentials) leading to solutions of the
type given by Theorem I, For the solution U, =V}, we
check that U§= hf, U= [h*] such that A* is given in
Eq. (53).

3. Regular solutions when r - 0, Uy (I, r} =" I+1

[(21+ 1)11] 1

From the kernels written in Eq. (54) and the corre-
sponding solutions V,(7,7) let us define:

=1-1

Uk(ly 7) = —2_ (V;(l’ 7’) - V;(l, T))

=k"![Detg, ]! Im(%;(k7) Detfy). (56)

Let us recall that in this section % is fzxed #0 and
lim, .y Detg, =1, lim, ., Detf,’=1, and Imh? (k) ],(kr)
1t follows from Eq. (56) that U, (z 7) % M[(2z +1)11]
A more careful analysis, taking into account

lim, .,(Im Detf,") Re; and lim, ,(Re Detf;) Imh" leads to
the same result,
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4. Application to | = 0 connection with the
classical inversion formalism’

For I =0, we recover the classical inversion formal-
ism at fixed k except that the spectral representation of
the kernel g, has no vy =0 term, Either we put/=0 in
both kernels of Eq. (54) or we apply directly the method
of Theorem I to u=v, A*=zxikr, In both cases we get
the same result,

2032, 9) = [ 7,(6x) 7, (ey)v(v + 1)C (v, 0)xy) 2 dv,
F0;x,v) =~ [ (v, 0,kx)¥*(v, 0, ky)C (v, 0)(xy)tdv, (57)

. .2 N
(v, 0, kx) = ( Xk ikx) j (kx).

Starting with the kernels written down in Eq
we define V3(0, af) = exp(+ ik¥) Detf [ Detg,]"! and U,(0,7)
= (V;~ V3)(2ik), it follows that Vi and U, are solutions
of the differential equation (55) with the centrifugal
potential equal to zero. In order to make explicit the
connection between our formalism in this case (( =0)
and Newton’s formalism we consider a very simply ex-
ample in Eq. (57), where the corresponding kernels
have only one eigenvalue. Let us put k=1 and consider
the kernels

(57), if

g= --3u(x)3,,(y)C;,(xy)'1 v a positive integer different of

zero, (58)
fr=——t— v+1 (-7 "(x) ], (x))(idem x — v).
We get
Detg=1+C j 2x"?dx,
. (59)
Doty 1= gy Ry ae i B0 DI,

The two irregular solutions are V*=exp(z ik¥)Detf*
x[Detg]™! and the regular one is

U, Detg = Im(exp(ikv) Detf ")
C

v(v+1)

></ (G2 —J,,)dx)

0

~ C
) + g _ v
1, cos” smr(l s +1)

which can be written, with some algebra, as
U, =sinr - C,j,[Detg] j sinxj v dx, (60)

this last expression coinciding exactly with a particular
solution written down in Newton’s paper. 1

5 1=0 k=0case

We consider =%, x=0, V{=V% =0 and apply the
results of Theorem I. Let us consider the coupled
kernels

f=f x"vG@)dv,

g=-/ x"v"( (61)

1) G(v)dv,

and the corresponding Fredholm determinants D,=Detf
=Det[1 + pf ] and D, = Detg =Det[1 + pg]j. For v>-1,
boundary condition (ii) of Theorem I is satisfied, how-
ever, in order that the Fredholm determinants exist it
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is at least necessary that v > —
and the determinants satisfy

2oL

(872 5w U, J\p,) =%

(e 35 (B0 "
S 0

e v or \ Dy D, :

Similarly the kernels
f: j x-(u*i)y-(wi)j”(y) (IV,

+
o= /1 (22) wvyenian an, (©3)

for v > 0 satisfy the conditions of Theorem I if we take
a==, Consequently the determinants D, =Detf
=Det[1 +pf];, D,=Detg=Det[1+pg]; also satisfy the
differential equatmn (62), In Eq. (62) we check that U}
=7, U§=1, leadint to p=7 and A=0.

1 .
z. We consider v> 0,

6. Inclusion of the Coulombic potential

We always consider a=0, p =7, but now V§=— k*
+1( + 12+l For the solutions v*(2%/37? - VE)pg
=vp(v+1)¢f we choose ¢§ =% ,,, the regular solution
which behaves like constr*'! when » ~ 0. From V%

=(/p)+ (A/u we choose A%* =»((3/av)he (k, 1, 7))

[h°' (k,m,7)], where f&"* has been defined in the pre-
vious section. For the kernel f;”¢ we consider the solu-
tion xB:(jox"1) = ¢ = ¢*(n, v, 1, k, %) and finally obtain for
the coupled kernels (ff'*,g,), satisfying Theorem I,

fermx,y) == [ @, vl
X Co(v, Dx~y~tdv, g5, m;x, v)

SR ), v, 1Lk, )

= J 7:(9) (ks n,x)j)f(u)(ky s y)V(V + 1)

x x-ytCe(v, ) dv, $*(n, v, 1, k,x)

0 -
= <— x-a';. + )\c'*> ]X(V)(k} s x)i

Y+ D) =v(p+1)+1E+1), x>0, v>0

>

l=0,1 bemg integer. We can check that U§ = h%* and
Uf—V[hc' ™ in order that g =7 and A** is the one given
above.

We can apply Theorem I because XA (grxl)

=-v(v+1)j¢, yB*(jxy'1)~;b* and j¢(,,(0) =0. We get
(L, LI+ g v (8/87) Detgg k)) ot
(61’2+k T ¥ ar Detg? ver=0,
Ve ~h°'*(k S Detfe” constr"

Detgi =

We could also extend to this case all the results obtained
above in the non-Coulombic one.

B. Some results concerning the determination of the
scattering data kernel

Forgetting the results of Theorem I we return to the
general formalism defined in Sec. II and try to make
explicit (always for p=7) the links between a particular
ansatz for the scattering data kernel and the phase
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shifts., There exists an arbitrariness in the determina-
tion of the spectral function C,(v,?) (k fixed) entering in-
to the scattering data kernel. We have a function of two
variables (v,?) to be linked to a set {6,(k)} depending on
one variable I, This arbitrariness can be reduced if we
require that the same C(v,?) occurs for different ener-
gies ky, ko, -+ -,

1. Inversion at one fixed energy k ,
Let us start with g =xyg of the type

E]x (NG, D, x(x+D=vE+1)+I@+1),
(64)

gl;x,y)=

x =z v, vinteger >0, [ integer > 0. From the definition
given in Eq. (64) it is easy to verify that x — 7 is never
an integer for 7#0. For I=0, x -1 is equal to v, so if
we want in the following that sin[(r/2)(x — 1)]# 0 it is suf-
ficient to take odd integer v values. For simplicity we
put 2, =1, otherwise we could say (as is usually done)
that kyx —~x, kyy —y. We want to find the link between
Cy(v,1) and the phase shift {8, (k;)}.

The solution of the Fredholm linear integral equation
(7) [where the kernel g is given by Eq, (64)] can be

written
Kr,x)= 2 CU() 5 ), (65)
X orv
where U, is the solution of Eq. (12) when U =jy,
U0 =5,0) - [, 5O @, )2 at, (66)

Thus the knowledge of U, determines K and conversely.
The elimination of K between Egs, (65)— (66) leads to
the system

Uy 1+ Cyly, ]+ x%i UgCyeLy xol7) :}x ),

x(x t D) =v(p+1)+1(+1), (67)

where we have put L, ,-(r) = [, 7,7yt dt. We bave in
Eq. (67) a linear system for the determination of the
set {U,}. Note that the determinant of the system [lhs
of Eq. (67)] is also the Fredholm determinant of the
integral equation (7) giving K from g, This determinant
is D (r)=Detg =Det[1 + g5 = Det[1 + (xy)-'g];. We recall
the following result gotten in Ref. 8: If Det[1 +pgly +0
for ip] <1, then Det[1 +pg];+#0. We assume that we are
in this case (otherwise Regge ghosts could occur in the
theory) and consequently D,(r)#0 and the set {Uy(»)}
solution of Eq. (67) exists for any 7 value, Further-
more, V® has no second order poles for » =0, For in-

teger I, the physical solution corresponding to kqg. (12)
can be written
U,(r)=7,() = 23 Uy(")Cy Ly, , (), (68)

where we replace {U, } by the solution of Eq. (67). It
follows that the rhs of Eq. (68) can be written in terms
of known functions L, ,{r), D (r)f,, Ly (¥}, Ly (¥),
Jx» and the unknown C,(v,7).

If we substitute the asymptotic behavior U, (r) =
Xsin( — In/2+ 8;), j, =sin@ - tn/2), Ly g(), Dy(= ) ,
then from both sides of Eq. (68) we get a set of rela-
tions between {6,} and {C, (v, 1)}.
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In order to see more clearly that happens, we con-
sider the case of one and two terms in Eq. (64) or one
and two eigenvalues for the kernel g.

Case of one eigenvalue:

20;x,9) =xyg = -1, @) 7y (3)Cy (v, 1),

x(x +D=vp+1)+IC+1), (69)

with x> v and v an odd integer such that sin{(r/2)(x - )]
+#0, The solutions for » fixed are

Ug=4x[D,]™, Dyr)=1+CyLy )
Uz :Ez = ijer. X[Dg]-l'

For I =0, we recover for Uy(¥) the result given by Eq.
(60b). Now we investigate the behavior when » — w,
taking into account

We get
D, ()A; exp(id;) = D () = CyLy, () explin( - x)/2].
It we define Cy = Cy (v,1) = C, L, ,() sin[(7/2)( —x)] we
finally have
Co=Cn D= T T 0
tand, = Cy[(cot((r/2)( - x))C - D, ()]

If we except the exceptional values for which the de-
nominators in Eq. (70) can vanish we see that the set
{5,} determines the set {C (v, 1)} where v is fixed and
conversely. There remains of course the arbitrariness
in the choice of v. In conclusion for the set {8,} and the
ansatz kernel Eq. (69) there exists a family (depending
of one parameter v) of potentials leading to the same
phase shifts,

Case of two eigennalues:

= & - “
B;x,¥)=xyg == 2 O Jx,0)jx, (¥),

Xl + 1) =v;(n; +1) +10 +1), (1)

v;, positive integers but not being necessarily both odd
integers. We get for the intermediate solutions Uy, (r),
UxiD::jx'. +ij(jxiij.xj_jijx X; ), i#j, i=1,2, j=1,2,
D,=[1 +cX1prx1][1 +Cyy Lyy xy] = Cx, Cx L,Z(MZ
For the physical solu%ions U, (), we obtain, when 7 — =,

D, ()4, sins, :—Z=) Cy 8 + Cy Oy, (a5 + ay), (72)
with a; = Ly, (=) sin[(r/2)( - x;)] tor i =1, 2, and ay
—Sln[(ﬂ'/z)(l - Xi)](inxz(w)sz,l( ) - szz( )Lx1,1(°°),
a,= (SID(W/z)(l - XZ))(in,xz( )‘LX1- x(°°) - LXI,XI(DO)LXI- I(w)).

Let us define b; =a; cot[(r/2)( - x;)] for i=1 and 3, and
let b; =a; cot[(n/2)( - x,)] for i =2 and 4. We get

Dy(*)A; cosd; = Dy() - Cxlbl = Cx2b2 - CX1CX2(b3 +by),
C tandy D, (=) — Cxq{a; — by tand;) (73)
X2~ b, tand, — ag + Cy,lag+a,— bytand, — by tang;) *
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First we consider the problem of transparent potentials
or {6,}={0} for all physical ! values. We can always
choose C(vy,2) and C(vy,1) in such a way that for any
integer I = 0, the rhs of Eq. (72) is zero. Secondly we
see that if the two sets {6,} and {C(v,,1)} are given, as
well as the v, value fixed,. then C(v,,I) is determined by
the rhs of Eq. (73). It follows that from any arbitrary
{C(w,,1)} and arbitrary v,, one can determine C(,,1).

If instead of two eigenvalues we take three terms in 7,
from {5,}, {C(v,,D)}, {C(v,,D)}, and v, arbitrary, we
shall find a relation which determines C(v,,1).

In conclusion, these I-dependent potentials given by
an ansatz of the type Eq. (64) are less constrained than
the corresponding ones for I-independent potentials (see
for comparison Newton’s paper).

2. Inversion at two fixed energies k, and k,, at three
fixed energies k|, k,, k5, . . .

This arbitrariness, which could appear at first glance
as a drawback of the parameter inversion formalism is
perhaps an advantage if we try to introduce more ob-
servables in the problem.

For instance, let us return to the ansatz of the type
written down in Eq. (71) with two terms. We introduce
two sets of phase shifts {5,(k;)}, =1, 2 corresponding
to two different energies %3 and 43, and ask if they can
lead to the same Cy (v;,1) in both cases. We reintroduce
the symbol %; in the kernels,

.
3
()

~

Cy, Wi, Vi, e )7y, (kyy), §=1,2, i=1,2.

3

I\

Ekj(l;x)y):" A

1

1)
—-

If we go on the formalism (like in the previous case) we
see that Eq. (73) is replaced by two similar equations of
the type

CX1a1 T Cyyapt szcxza3: 0y,
Cx131 + szﬁz + Cx1cx253 =By,

where the o; and $; are known once v;,1,k;, 5;(k;) are
given, the a; corresponding to 2, and the §; to k. Let
us assume that v, and v, are fixed (not necessarily both
odd integers), then from (73’) we could in general deter-
mine Cy (v1,1) and Cy, (vy,1) for any I value. We have
thus reduced the arbitrariness by requiring that the
potentials reproduce the phase shifts for all physical /
values and two different energies. Of course, from the
fact that C, (v;,1) are the same for k, and k,, does not
follow that the potentials are the same because the
weight functions, 7, (k,x) and jy,(k,¥) in the kernel g,
and gy, are different. If in ¢ we consider three terms,
we could in principle introduce three energies, - -+, and
S0 on.

(737

Vii. SOME EXAMPLES OF THE APPLICATION OF
THEOREM | TO CASES NOT CORRESPONDING
TOu=10Ru=r

Theorem I is not restricted to inversion at fixed ! or
at fixed £ (it has perhaps even a more general meaning
than inversion scattering). We give some other exam-
ples which must be considered only as mathematical
illustrations of the large domain of application of this
theorem.
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A. Determination of pairs (A, u) from pairs (V{, V)

The 1ink between these two pairs of functions is given in
Theorem I and can be written

ASUE=0, Ug:expfr)\/udx, (74a)

AR =0, Uy=pexp(- | "a/pdx), (74b)
J

UhUS =, U{;a—yngxn {74¢)

Let us consider Uf ; and Uf ;, two independent solutions
of (74a), and Uﬁ.l and Uﬁ,z, two independent solutions of
(74b). The general pair of solutions (A, 1) depend on four
arbitrary constants o, 8, v, 8 and can be written from
(74c) as

w(r)=(QU§ (7)) + BUS 2 () U, 1) + 8U%, 5 (1)),

dU§ 1 (v d
a0)= (022 4 5 T v Yoy, 001,

(75)

(a) As a first application we consider V§=V¢=0,
From Eq. (75) we get (u= (a7 +B)(y» +8), x=a(yr + §)).
For instance, as particular examples we get (1 =1,
A=0), (u=7, A=0), (p=7, x=0), {p :72’)\:7)’. ..

{b) As a second application we consider V}=2r"2
V8 =0. The general solution given by Eq. (75) is
(2= (ar + B)(y* + or ), x=0o(#? + &™), and as particu-
lar examples, we give: (u=1,x=7"1), (u=7° 1x=7%),
(w=73,1=0), (L=r"1,x=0),---. In all these cases we
could construct the corresponding kernels (f,g) and get
the solutions given by Theorem L

B. Examples: explicit kernels (7, g) in two cases where
uFland u#r

(a) (n=7%, A=0) which, as we have seen, is a particu-
lar solution of V=0, V}=2r"2, The coupled kernels

f=/ 1 +v/x)exp(- v/x)A +v/y) exp(- v/y)CW)dv, v 0,
(76)

g=- j exp(- v[x- +y-1])(Xy)'1V2C(v)du,

satisfy the conditions of Theorem I. It follows that
their determinants defined on (0,7] verify:

Dy o ( D,)
gL Y= — _ VY (e ) =
& ( 'D, =0 or (aaf2 ) °D, o

’
V‘:—Zr‘ziéﬂ%), A’(Uf—%):o, Uf=+2,

g —
Ug=1, 7 " B

oy _ o2 (2D}
Vi=2r—<_2r ay<'” D,)'

(b) (u=7"1 x=[(n+1)/2]»™) which is a pair of solu-
tions corresponding to V= V§= (n? - 1)»". The coupled
kernels

f=/ exp[- v+ vy wy) " 2DW)dv, v=>0, n>0,
(17)

g=- | exp[- v(x™+y™)]@y) " 2D W) dv,

satisfy the conditions of Theorem I, consequently their
determinants defined on [0, 7] verify

D, D "
&'(Ugﬁf):o, A’(U{)B‘\):O, U§ = Uf =y /2
€ !
!
VE=VE~ gpn-1 (r"”gf) , Vi=Vi_ 2yt 2 (r”“ 9—;>
o7

D, 7 D,
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VIII. CONCLUSION

Our main result is a mathematical theorem (Theorem
I) which connects two arbitrary second order differen-
tial operators (32/87% - VE(r)) and (82/27° — V§(r)) with
second order differential equations for two coupled
Fredholm determinants in the following way, First we
take two eigenfunctions (u§ and #{ with eigenvalues zero)
of these differential operators and with them associate a
pair of functions (1 =ufug, ) =ul(g/3+)uf). Secondly, we
construct a pair of symmetric kernels (f, g) satisfying
both coupled first order partial differential relations
associated with (¢, A} and well-defined boundary condi-
tions. Thirdly, we associate with these kernels their
corresponding Fredholm determinants D,, D;. The
final result is that #§D,D;' or ujD,D}' are solutions of a
Schrédinger-inversionlike equation for the potentials

VE=VE - 2;1'18

(DD, V! =V}~ 2ut L (uD} D),
We have focused our attention on the interpretation of
this theorem in the inversion formalism although it has
certainly a larger domain of application, In this way we
have seen that the classical inversion formalism at
fixed I, where the potential is k independent (or at fixed
k with I-independent potentials) can be generalized in
order to include k-dependent (or I dependent) potentials,

Let us remark that for an Ith partial wave, the prob-
lem of the determination of a unique, local, k-inde-
pendent potential, pioneered twenty-five years ago by
Gel’fand— Levitan although clearly a respectable
academic mathematical problem (which recently appears
as a useful tool in the problem of nonlinear partial dif-
ferential equations) nevertheless has had very few prac-
ticable applications in nuclear physics, However, it is
now phenomenologically and theoretically widely ac-
cepted that such two-body forces are either nonlocal or
# dependent, 1!

Parameter dependent potentials are in general less
constrained than the corresponding independent-param-
eter ones, however, we could perhaps take advantage of
this arbitrariness in order to introduce more observa-
bles into the problem, For instance, the scattering data
kernels g, (or g,) generating k-dependent (or I-depen-
dent) potentials are of the type

gi=[ 5 (TR G (VR TR E) C ke, ") db’

(or go= [ Fxw)®*X) iy (EY)Cy(v,2)dv]. The arbitrariness
comes from the fact that instead of obtaining at fixed !
a function of one variable C(0,k’) [or C,(v, 0) at fixed k]
to be linked to a function of one variable §,{k') [or a

set {6 (B)} at fixed k) as in the conventional inversion
formalism in Ref. 1 (or in Ref. 6), we have at our dis-
posal a function of two variables C,(k,k’) [or C,(v,1)].
A very rough counting argument would suggest that it is
perhaps more convenient to introduce as data a function
of two variables 8(/, 2) in order to try to determine a
function of two variables C(k,%’), / independent [or
C(v,l) k independent]. Practically we could try to see if
similar C; (I independent or weakly ! dependent) could
reproduce two or more phase shifts 8,(k). In the same
way, perhaps similar C, (¢ independent or weakly &
dependent) could reproduce the sets {6,} for two or more
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% values; for instance one small and another large, Let
us remark that even the same C,{k, k), | independent
[or the same C,(v,1), k independent] does not lead to
the same potential because, in the kernel generating the
potential, the weight function 7,{(&* +£'%'/%%) [or
Fvy(kx)] are different for different ! values (or k
values).

Let us add two final remarks. From the potential
theory point of view one may remark that outside the
local potential context, very few results have been
established, and thus this work could be the starting
point for future theoretical investigations of £-dependent
potentials, for instance, the general construction of the
scattering data kernel from the physical data. In a re-
cent paper?® it was emphasized that there exists a great
unity in the inversion framework, and that inversion at
fixed ! or at fixed % are two different investigations of
the same theory. The fact that our Theorem I can be
applied in both cases is also an illustration of this point
of view,
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APPENDIX A

For the reader not familiarized with inversion formal-
ism we give a brief sketch of the proofs of Properties
Iand II,

Pyoperty I: We apply Ay(r)— Ay(0) to both sides of Eq.
(7), with Ay given in Eq. (4), and take into account Eq.
(5),

(800) = 2gNK(r,0) + [ * w2 (t)g(t, 0)K (r, ) dt] =0,
(A1)
1t is easy to get by differentiation and integration,
80(r) [ *gKutdt= [ gt a, K (r, tydt + A, (A2)

A__u(,)dr(gim&,ﬁ) ) (7,0)(_6_ &_tz)

ui(r) )

From [ K(r, t)u-2(£)(8y(0) - Ay(1))g(t, 0)df =0 and the
boundary condition given by Eq. (8), we get

200) f,"gRudt= [ gutag K (r, dt + B,

B=-K(, r)(a%gr(t, o)) e 0)( Ko, z)) g )

It follows that (A1) can be written

(80) - 8 NEr, N + [ Zu(ag) = B (NK(r, ) at
=B-A,

B-A=2u00,0 £ (K07))

or using the definition of A given in Eq, (9),

(A(r) - o)KW, ) + [ g (t, )2 (E)A) - B r, ) dt

=0.
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Since homogeneous integral equation of Eq. (7) has only
the trivial solution, we get the result of Property I,

(a0) - ay(0)K ¥, 0)=0.
Property II: We apply A(r) to both sides of Eq. (12),

s B ] ()

o [ v

and we differentiate the last term of the rhs of (A5) and
get

(A4)

(A5)

AU, =D+ fr“ V) a0)K @, bdt,

pevnfyen i (Ke2) (3 (B

= dul = dud
YA
+K @, v)u d'r} Kor,v) 7 .

(A6)

From the identity 0= [." K(r, D 2(t)(A,(8) — v, )UC(t) dt
and the boundary condition (13) we get

0= f“U";rz(Ao(t)—yn)f?(nt)dHC,

< r, t)) o

1t follows that (A6) can be written as
aU,= [ O(Ar) - 80(t) + v )K(r, ydt + D - C,
with D - C =y,U% If we apply property I we get
AUn = ')’"{U?, + j;‘a U?l}l.-‘zl? dt} = 'VnUm
which is property II.

(A7)

C=

APPENDIX B

We want to investigate the behavior of the kernel g7
when & is small, so we consider

gik;x,v)= [ 010k, by, x)$;(k, ke, y)C,y (R, k) diy
with
$ith, k) = (& G) T, =i

(B1)

o (B2)
o -<‘§; h;(kx)) (h; (k).

Taking into account the recurrence relation (a/ax +1/x)
xhi(kx) =kh;_((kx) we get

o L oy (ex)
X =7 _k—ﬁ,(Tx)_ (B3)

Writing 7,(p) =n,(p) +ij,(p), and taking into account
Lim p'i (o) (2 -

o
(B4)
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D=1, Lm@+1)11],(p)p" =1,
p=0

ilz-l (fx Ty-q(kx)

T, (kx) N Ekx(2 - 1) +i(ex)P (20 - 1)11]7

(kx)~0

and substituting (B3) and (B4) in (B2), we get for small
k

Redi(k, ky, %) Skijig(kix)

N kl*l (B5)
Imc[),(k,kl,x)k’:)—[(y )”]2’5 ],(k1x)
Finally, for small &, the kernel g7 has the behavior
Regilk;x,») 3 f K511 (k1) 54 (k%) C, (0, ky) iy,
(B6)
. k2!+1
Irﬂgl(k;x’y) [(2l 1),[]

X XZI_/th (kix)}z-1(k1y) +idemx —~y .
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Uniqueness of perturbation of a Reissner-Nordstrom black

hole
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Coupled gravitational and electromagnetic perturbations of a Reissner-Nordstrom black hole are
analyzed using the Newman—Penrose formalism. It is shown that ¥¥(=3\y,$5 -2 V%) or

X2 ((=34,95 —2¢,U5) determines the perturbations except for those corresponding to an infinitesimal change in
the mass, charge, and angular momentum parameters of the black hole.

I. INTRODUCTION

Some time ago, Wald® analyzed gravitational pertur-
bations of a Kerr black hole using the Newman—Penrose
(NP) formalism and proved that either of the perturba-
tions y2 2 or y2 alone uniquely specifies the nontrivial
part of a gravitational perturbation of a Kerr black hole
and that with g2 (y2)=0 the only well-behaved solutions
of the perturbation equations are those corresponding
to a change in the mass and angular momentum
parameters,

Since it appears that a black hole can possess a net
charge, % it is of interest to extend the problem to the
charged case. In analyzing perturbations of a charged
black hole one cannot treat the gravitational and the
electromagnetic perturbations separately because one
gives rise to the other through a nonzero first order
perturbation of the stress-energy tensor. Hence one
has to solve for the tetrad components of the Weyl
tensor ({,,¥,, s, ¥s, ¢,) and of the electromagnetic field
tensor (¢,, ¢,, ¢,) simultaneously.

In Ref. 5 coupled gravitational and electromagnetic
perturbation equations connecting 2 (y2) to x? (x&) are
derived. The particular combinations x&=3y,$Z - 2¢1¢f
and x2 =3y,62 - 2¢,»8 occur in the equations as they
are invariant under infinitesimal tetrad transforma-
tions while ¢$3, ¢Z, 4, and g2 are not (see the
Appendix).

The ingoing electromagnetic and gravitational radia-
tions at infinity can be calculated immediately from
5 and x? alone and the outgoing radiations from y2 and
x5, alone.

When restricted to the nonrotating case (Reissner—
Nordstrém black hole) the coupled equations separate
and the problem reduces to solving ordinary differen-
tial equations, In this paper we restrict ourselves to
discussing perturbations of a nonrotating black hole. In
Sec. II, the coupled equations of Ref. 5 are written in
a slightly different form because of a different choice of
the coordinate system. We use these equations to show
that x? (x2) uniquely determines g2 (y2).

In Sec. III, it is shown that 2 =x® =0 implies x2,
—zp4 =0. Finally in Sec. IV, we show that with y& =2
=¢2=x5 =0 the only well-behaved solutions for ¥ and
¢8 are the ones corresponding to an infinitesimal
change in the mass and charge parameters and an addi-
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tion of small angular momentum to the black hole. This
result is discussed in Sec. V.

In the null coordinate the Reissner—Nordstrom
metric is

2
ds*= (1 - %;3——9—)01142 +2dudr - v*d6*® - v*sin?f do2.
1.1)
We use the tetrad whose components are
1*=5¢,
(v=1,2,3,4) (1.2)

,',2

( g )

where A=1+%%~-2Mr+ Q2.

The resulting tetrad components of the Weyl tensor
are®

- Mr+@?

Do=th =93 =9, =0 ¢2:*“,’,T"" (1.3)

and of the electromagnetic field tensor are

2

¢o:¢2:01 ¢1:2,’2 (1-4)
The spin coefficients are
K=0=x=v=e=T=7=0,
1 cotp cotd
P==5% Poarmy “T- 373 (1.5)
_ A . A +r—M
H=mo YT as T

i COUPLED EQUATIONS FOR ¢5 AND x 8
(V3 AND x&,)

Coupl.ed perturbatlon equations connecting y2 with
x? and p8 with x2 are derived in Ref, 5 for the Kerr—
Newman background metric. As is shown there, these
equations can be separated for the nonrotating case by
writing

¢ = exp(— iww) exp(im¢), YPO)IR{P (r),

X7 =exp(- iwu) exp(imo) , YTOIR{ (r), 2.1)

%= exp(- iwu) exp(ime) ., YT(0) 5z exp(= 2iwr)RED (),
$E =exp(- iwu)exp(ime)_,Y™8) %exp(- 2iwr )R (r),
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where the angular functions, (YP(g), are the spin
weighted harmonics and d»’ = (#?/A) dr. The equations
for the radial functions are

& . 4Q°A d
[AW +(121w1’2+6(1’—m) - m)—

; _ 8¢ 2Q°  4Q(rF +2Mr - 3¢?)
itw(lOr— 3 —4Q2)+ + - - Py =70
2
3—115—7:—;%(1_1)(”2)]3?”

_ = 2V2QVU-TT+2)7° (_d_ 4 4¢° )
dr

SMy — 22 r ~ r(3My - 4Q®)
XR;&U’

(2.2a)

N 27 d
[Adrz (ﬁ:Zzw’r‘z"‘T(’V M)+ == - m)d_r

. 1892 - 24Mr + 27 12@%A
+12iwr + po ~ PGy =30
2
_%%:—j%f (1- 1)(l+2)]R§*”
V2V -DT+2)a + %4 2 2
=T ABMr - 16 d R

Lo 2@ )R(m
A rBMr-2¢5 )7t

These equations are slightly different from the radial
equations in Ref. (5) due to different choice of the
coordinate system in this paper (X' =u=¢-7'). Notice
that 7> 2 for R*? and 1>1 for R®*Y, For I=1, R? ig
automatically zero so that Eq. (2.2a) gives 0=0 and
Eq. (2.2b) gives

(2.2b)

[A~——+(i2iw72+7(r—M)+67A— 2Q°a )d

art r(3Mr —2Q%) | dr
182 - 24Mr +2QF 12¢°a )
+12iwr + 2 - 72(3Mr-2Q2)]R
=0. 2.3)
When R{*" =0, Eq. (2.2a) can be rewritten as
d  2A 2Q%A PYATN )
A4 — -
[( dar * +2(r-a+ r(3Mr-2Q3) r(3Mr ~4Q?)
d .t 2 4(r-M) 2@?
X(@ S S N 1 P T )*A

XRED =0, 2.4)

]

1. PERTURBATIONS WITH ¢ 8 =x% =

In this section we prove that x5 =y2=0 if y2=
quantities (2,x?) is related to the other (yZ,

where
. 4Q%r 3Mr - 4¢?
A= —-_— )2 - %
izw<21r 3M7’—2Q2) 2 SMr —30F
4>
X(l—l)(l+2)+m.
Eq. (2.2b) becomes
d ¥ 2 4Ar-M) 2Q° )
2iw— - = - (x2) —
(d * A 1'+ A r(3Mr - 2@%) Ry 0.
(2.5)
From Egs. (2.4) and (2.5)
AR =0 (2.6)

which yields R‘*z’ =0 as A is not identically zero. This
concludes the proof that x& (x2) uniquely determines

$2 (@F). The converse of the above statement is not
true because with y& (y2)=0 there still exists a solution
for x? (2)

x2 =exp(- iwn) exp(ime) , YMOIRP (7),

X2, =exp(~ iwou) explim) ., Y7(6) 5z

xexp(- 2iwr )REV (v), 2.7m

with R&D satisfying Eq. (2.3).

This solution for R{*"’ with w nonzero and real cor-
responds to ingoing dipole electromagnetic radiation at
infinity with no ingoing gravitational radiation. It can
be shown from the connection relations of Ref. (5)
{Egs. (3.11) and (3.12)] that the resulting outgoing
radiation for this solution is pure electromagnetic.

For ! = 2, one can get a completely decoupled equa-
tion for R{* (R{*>’) by applying a first order differen-
tial operator on Eq. (2.2a) [Eq. (2.2b)] and a second
order differential operator on Eq. (2.2b) [Eq. (2.2a)]
and thus eliminating R#*? (R{*"’) by subtraction.® The
resulting equation is a fourth order differential equation
whose solution has four degrees of freedom. The
asymptotic solutions at infinity (» — «) with w #0 are

R ~ exp(F 2iwr’)  exp(¥2iwr’) l 1
! 7 ’ ¥3 TSt s
RGD ~ expls 2iwr’) exp(x2iwr’) 1 1
t 7 ’ 7° TS 48T

=0. First we start with the case where w #0. One group of
xB) through Bianchi identities. Since the equations connecting them

involve the complex conjugate of some quantities we take the following forms for 2, x¥, x5, and y2 for a given w:

yB =exp(— iwu) explime) ,YTR®

- expliw*u) exp(—ime) , V" P{?,
xP =exp(- iwu) exp(ime) , YTR{Y

- exp(iw*u) exp(- imo) , ¥;" PP,

x5 =exp(- iwu) ex‘p(imd))_IY;"Q%—2 exp(- 2iwr )R&Y
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— expliw*u) exp(- im¢) ., ;™ 272 exp(2iw*r’ ) P{,
48 =exp(- iwu) explim) YT —; 474 xp (- 2iwr' )RD

- expliw*u) exp(- im¢) 1™ 41,, exp(Zzw*r’)P"z’

where w is any complex constant and P#1* and P{#*»* satisfy the same equations as R{*" and R}**’ do.

Using the asymptotic solutions Eq. (2.8), one gets the following forms at infinity:

JB =exp(- iwu) explimo) 2Y;"[A‘z’ exp(- 2iwr’)<}/+ .- ) +B‘2’(;15— +e )]

— exp{+ iw*u) exp(— im) ,¥;™ [C‘z’ exp(Ziw*r')(} +

) +D‘2‘(;15—+

!

1
xB = exp(— iwn) exp(imd) IY;"[Af” exp(- 2iwv’{%+ x ) + B;”(F + o )]

- exp(iw*u) exp(- im¢) , ;™ [Cf” exp(2iw*y’ (14 +

1
. ) +D§”(;g+

2]

(3.2)

5 ym [AH) 1 +oo0) 22 B xp(- 2zw*r')( )]
x5, =exp(- iwu)exp(ime) _, 5 (? .- —5— exp =
— exp(iw*u) exp(~imo)_, ¥} [C(z-“ (%+ > + D;- exp(2iw*7’)(1—i;+ .- )],
( 2) -2)
=exp(- iwu) exp(im ¢)_2Y;"[ ( ) exp(- 2iwr’ )(75 )]

(= D2
- expliw*u) exp(- imo) L™ [C:I (%+ .. ) + 14

exp(Ziw*r’(%-l—

The connections between the coefficients for a real w are given in Ref. 5. They can be easily generalized to a

complex w case and the results are

i+1) @ 0 VZVU-T)T+2) AW BG-D
T 74T 3iwM 12w2M : !
Q? _ (1+1) V2T -T)T+2) 0 C* pL*
SiwM 107 120°M ! _ !
0 _VIQUUENUFE (-DIE+1E+2) 3M @E+1)(I+2) A By
6w?M 16w 4iw3 12iw3M !
_ 2= DUFY) 0 M @U-10+2)  (-1)IE+1)(+2) cx Dl
6wiM 4iw? 12{w3M 16w? 3 !
(3.3a)
{1+1) Q° V2V =-T)T+2) (=1) (1)
T 4w? ~ 3iwM 0 12w2M 4 B;
Q° 1+1) V2VIT -1+ =1)% (1) %
~ Siwhi - T4 — 1M 0 U T
6 _V2QUEDUFRT @-De+ne+2)  _3M_ @-00+2 | e B
BwiM 16w? 4w’ T 12iwdM : :
B VEQVI =D+ _ M _ Q¥ -1)(1+2) (I-1)(1+1)(1+2) Ce2% D+
6wiM 0 4w’ 12iw’M 16w? : !
(3.3b)

These connection equations are also good for {=1 with
Ai*Z) :Bitz) — C(*z’ D(*Z) =0. When 4’0 X1 ._0 A(l)
:A,(2)=B:1) B(2) C(l) C(2) D(l) D(?)_O and Eq
(3. 3a) yields
Bf'”:B;’z)=D§'”:D§'2)=00 (3.4)

For Ay, A;™®, C{™V and C{"® to have any nontrivial
solutions the determinant of the matrix in Eq. (3.3b)
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'has to be zero, The condition on w for the vanishing
2(1 _ /e
19°¢ 1)(”2)> 11] . (3.5)

determinant is
[(l MYV

3Ml(l +1)
8¢
To treat the case where w =0, instead of obtaining the
connection equations valid when w =0, we proceed in the
following simpler way. First we set ¢B ¢Z =0 without
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loss of generality (see Appendix). Then the following
perturbation equations of Bianchi identities”:

(6* +48)92 - (D — 4p)y® = (3y, — 20, kB,
(6 -4y + H)Z[)OB -5~ 28)1))? = (3¢, +2¢11)039

(3.6)
3.7

yields k?=0%=0 when 3% =y =0. Furthermore, by
performing appropriate infinitesimal tetrad and coor-
dinate transformations we set

I*2=0and €& =0, (3.8)

Imposing these conditions we obtain the following
perturbations of Maxwell’s equations, ® NP equations, ’
and Bianchi identities:

(D-2p)9p8=2¢ 5, (3.9a)
5B = §52+2¢>er, (3.9b)
6*¢f:§52*_2¢1n’3, (3.9¢)
(a+2m0r= L x*- Sy, (3. 94)
3(D - 3p)f ~4¢ (D +p) B + d*5)

=38y, +2¢,,)0% - 40, (p® + p*5), (3.10a)

30y; +40,5(¢7 +¢1P)

-9Mr +16g*
= TIMEIOF o538y, - 20,0)78 + 40,,(7° ),
(3. 10b)
36%yS - 3(D - 2p)yS +4¢,5%(¢7 + $FP)
- 9My + 162
= T,,,.s"—QEZ* - 3(3¢, — 2‘1’11)”}3 + 4¢’11(T*B - TTB),
(3.10¢)
(D - 2p)p® =0, (3.11)
where X* =n"f and £* =m"2.
Integration of Eq. (3.11) yields
0+iA0
o=ty (3.12)

where a° and A° are real and independent of ». Hence-
forth the superscript “0” represents real functions
which are independent of » and infinitesimal. We make
¢°=0 by an infinitesimal coordinate transformation
v—v+a(u, 8, ¢) which does not affect Eq. (3.8). Then,
integrate Egs. (3.9a) and (3.10a) to obtain

iQA° B+ iB°

B _
PP = (3.13)
5 3Myr-2@° . 4Qp° P +iC°
B = p= iA° + ol (3.14)

Subtracting the complex conjugate of Eq. (3.9b) from
Eq. (3.9¢), we obtain

0 i 9 Ab RB°

*xB B __ ; I . -
T _l‘F‘Z(as siné B¢)(72 y}'
The equation for y2, obtained by subtracting the com-

plex conjugate of Eq. (3.10b) from Eq. (3.10c¢), is

(3.15)
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(D - 2p)yp2 = 8*(5 - pF®) + (3, — 20 ) (%2 +7B). (3. 16)

Now integrate Eq. (3.16) with the use of Egs. (3.14)
and (3.15) to get

-7
ffff:'jQ”‘Xi
(@ i 9 \QB° (3M/2)B°+C“)
=2 (55 - s 7)o - S
+ dDJ;ZiDO . (3.17)

This result indicates that the radial part of 2
=exp(—iwu)exp(ime) ., YT(6)T,(r) has to be of the form

- A
T,(r)= T exp(-2iwr )RV (7)
=9, % O
=2+ 3+a

Notice that the restriction w =0 has not been made yet.

(3.18)

When /=1, T,(») has to satisfy the following equation
obtained from Eq. (2.3):

209Mv -8 Q2)>
p

[A(SMr— 2Q2)§ + (Zz'wrz(SMr— 2Q°%) + =
Xd—dy +12iwr(Mr - @) + 12Mr — (36 M +16¢7)

(3.19)

50MQ°  16Q*
+ =z ]TI_O
Putting 7,(7) in the form of Eq. (3.18) into Eq. (3.19)
one can see that unless w=2i(3M/2Q%), a,=a,=a,=0.
When w =#(3M/2Q%, T,=a,7? and when w=-i(3M/2¢?),
T, = ozl[w’z — (4Q%/3M)r % + (4Q*/9M?)»"*]. These condi-
tions on w are included in Eq. (3.5) obtained by a dif-
ferent procedure.

When [>2 and w =0, the decoupled equations for
T,(r), obtained by using the method mentioned in Ref. 5,
has the following asymptotic form at infinity (v — ):

(£+§£ 96—21(l+1)_di+156—14l(l+1_) a
art v dr’ ¥ ar* 7 dr
2 2
. 72_131(z+;1)iz__(lil)_) T,(r) =0 (3.20)

and hence the asymptotic solutions

T mytd, yi=s, goi=s i, (3.21)

T, in Eq. (3.18) does not have any of the above asymp-
totic forms so that

a1:a2:a3:0‘

Thus we see that if 2 =x5 =0, there can exist a non-
trivial solution for x5 and y# only for w satisfying Eq.
(3.5). For =1, we have seen only w= =i(3M/2@%) ob-
tains, The pair of solutions

i3Még2+ 1) [(1 + in(l;A/Ila)(l+zl>1/z_ 1]

agree with the time dependence of the algebraically spe-
cial perturbations of the Reissner—Nordstrém metric
noted by Couch and Newman,® The case yf =x2=0 is
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algebraically special. Thus it appears that for [=2
there exists no solution for the other set of w.

In any case, since these solutions have an imaginary
w, the cubic polynomial dependence as ¥ given by Eq.
(3.18) implies 3, will blow up exponentially either at the
horizon (u# — — «) or spacial infinity (u— «). Thus these
solutions are physically unacceptable.

IV. PERTURBATIONS WITH y2 = y% = y§ = =
$o =¢7 =

With 3 = 9f = ¢ = ¢f = ¢§ = ¢§ =0 and condition
(3. 8) one obtains the following perturbation of the NP
equations, Maxwell’s equation, and Bianchi identities:

3(A+3u)yf — 4¢,(A - u) (PP + $FP)

-9My +8¢Q°
= —_:5_9 X2 - 3(3y, +20,,)ud +40,, (w3 +u*?),

(4.1a)
vP=0, (4. 1b)
AB=0, (4. 1c)
(D - p)78 =pn*®, (4.2a)
(6 - 28)TF =pa*8, (4.2b)
(D~pla®=ap®+prE, (4.2¢)
(D - p)8® =Bp*®, 4.2
DyB=p(m*B+ 7B - 2 _g*B) +yP 1+ 20 (¢2 + 0}F),  (4.2e)
D=-pu®~ (6 +28m8 =pp*? +y8, (4.21)
%; =-5p® +p(a*? +88), 4. 2g)
cotd B34
V2re Ta & e 2V 27 sin2g

=(6*+28)8% - (6 +28)a® + up® +ppf +y(pB - p*?)
—Ba®+a*? - g8 p*B) _ yD +2¢ (4} +¢3?), (4.2h)
W;%}’_ﬂ 52:(5* +4B)7\*B" 5#*8 _#(Q*B +BB);

(4.21)

72 — 4My + 3¢*
A X
=@ +28)u% - (8 +2u +20)uP - uGB +y*B).  (4.2))

By applying the first order perturbations of the NP
commutators on «, 7, 8, and ¢, one obtains:

ox*

= =0, (4. 3a)
9.X?

T _._y _y*B (4, 3b)
2X3 1

7 = 73y (T AT ), (4. 3c)
ax 1

Br T VErlsina (w8 ~ 7*B = 18 4 7%B), (4. 3d)
- 37(1,51)_ (4.4a)
106 2 *B B *B

;5;(7’5)2—01 ~- g7 +a*5, (4.4b)
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19 .o 1 5
757, E)= 752 p*P, (4.4c)
19, o 1

;ﬁ(’rﬁ )——mp*a (4.4d)
X' —(A+p)Et=0, (4.5a)
ox - (a+pgr= M@ gay B gunpo o) (45m)

0X° — (B +u)E?= ‘/—:zlez’r Tlﬁ(u” ~yP AP *E),
(4. 5¢)

i

X2
GXq—(A+u)g4: m (__ 7 +LLB—’)/B +‘Y*B—X*B>,

(4. 5d)
(6* +28)¢* - (6 +2B)g " * =p*® - p5, (4. 6a)
(5% +26)87 — (6 +28)6™ = *¥ — u? + 525 (p - p**), (4. 6b)

(6% +28)E° - (6 + 28)£%* = 7%(@ — a*B 485 _ g*B) (4. 6c)

(6% +28)t* - (5 +2B)L**
- ‘ E? 2 3 g3k
" V27 sing ( 7 Teoto(E® + )
+aB+a*B—BB-B*B). (4. 6d)
From Eq. (3.17) with $2 =0 one obtains
0 0 0 0
oB° _aB° 9C° _acC 4.7

6~ 89 96 ap
Subtraction of the complex conjugate of Eq. (3.9d)
from Eq. (3.9d) yields
x5 OA°  218A° 2{9B°
-_ IJ, = 7’4 ———— - —
Similarly, subtraction of the complex conjugate of Eq.
(4.1a) from Eq. (4.12a) gives
B _ 8 _ VAA® 27 3A° 2
Ro=pT= ¥ au+3M'r—4Q2

B

m (4.8)

x(iﬁf e +ra_a%°>. 4.9)
Comparing Eqs. (4.8) and (4.9) one concludes
0 ] 0

This, together with Eq, (4.7), indicates

B°, C°=const. 4.11)
Integration of Eq. (4.2a) for 7® using Eqs. (3.15) and
(4.11) yields

#:7’7%(% i >A°+w + WP 4.12)

sing o¢

Put Eq. (4.12) into Eq. (4.2b) with A*2=0 to get

A°=A ~qgcost, (4.13)

where A and a are real constants. Since 78 is invariant
under any infinitesimal tetrad or coordinate transfor-
mation, the boundary condition that the space be
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asymptotically flat implies #®= W°=0. Hence

- ia sind ia sing
™= e \/—2—72 ’ TTB:W. (4.14)
Now integrate Egs. (4.2c)—(4.2f) successively using the

results obtained up to the previous step of each integra-
tion to obtain:

ob - Soto iasing _ e°+{E°

_T(zA—zacose) -W+ e (4.15)
BB = Eg-;-—e—(zA zacos@)+f +ZF0 (4.186)
O K¢} 5 D
yB:;F(M—iacose)—z?’s - ¢ +’z(‘fz+c)+g°+ic°,
(4.17)
s A 2Q0° P+ UA+CY) | O +iH°
I ~Z1/,(tA--zacosé))— ol 7z + el
(4.18)

From Eqs. (4.8) and (4.10) one can see that the
imaginary part of 5 is the first term of the right-hand
side of Eq. (4.18) so that

C°=~A, H°=0, (4.19)
Also, by a combined transformation [ —[ - #° and
X®—~ X2 4+ yi° one can make

w=0 (4. 20)

without affecting Egs. (3.8) and the condition ¢®°=0 in
Eq. (3.12).

Perturbations of the tetrad components can be ob-

tained by integrating Eqs. (4.3a)—(4.44d),
X'=k,
O 0
(4.21)
X3—‘1’l0, X4:£2_+p0’
,_ Y iR
=,
04 s
=171 * i (e°+7°) +i(E® - F9),
4 (4.22)
s_ tA—iacosf  1°+iT°
S T r
~-A+acost | P+ iV°

§h= V252 sinb Hiaaaat

We make use of a coordinate transformation
(X' X'~ ["ROdu, X2—X%=["n®du, X®— X* - [*p°du)

to set
Ko =n=p°=0. (4.23)
Another tetrad transformation, m — (1 - V2iT%)m, makes
7°=0. (4. 24)
Putting X' and £! into Eq. {4.5a) shows
'r‘) = —1; R°=0 (4. 25)

which enables us to set {(by X! — X' = VZ [?+° d6)
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=0 (4.26)
without affecting Eq. (4.23).
Now solve Eq. (4.6a) to obtain
:ﬁAcotQ%—%%l—gwtﬁg, 4.27)

where R is a real constant and can be removed by

X'~ X' - V2R,

Now solving Egs. (3.9b), (3.9d), (3.10b), (4.1a),

(4.2i) (4.2j), (4.5c), and (4.5d) simultaneously, using
the results obtained so far, one finds
oB° 3Bk ap®  ac® 9 ac®
w T a0 90 w96 " ag 4.28)
£=G"=1r=0, (4. 29)
60::—-f0, O = 1:0 (4. 30)
90 9v® 9 Ve
Fu ot on (#.31)

Equation (4., 31) guarantees that we can perform the
combined transformation [X® — X3 +93 X*— X* +9,

— (1 +iHym; m3/30 =- V2, H=-(1/sin8)(@n%/ 3 ¢),
MY/ 8¢ = - vZ sind V° — cotdn?] to remove (° and V° with-
out affecting any of the previous restrictions. With
these results, we solve Eqgs. (4.6c¢), (4.6d), and (4.2h)
simultaneously to obtain

0 Ut(g}) o =1 dur
~ sin“g T0,(0), = 2sin%0 3¢ °

Finally, v,(6) can be eliminated by X* — X*+n*(9) with
n*(6)/ 86 = —v2v,(0) and v,(6) also is eliminated by a
combined transformation

(4.32)

X2 —=x3+n3(¢), X'—X'+cotoni(ep), m— (1 +is£ir(1%)m’

with
nt=-H~V2v, n*=-n'
and

aH A
+H+V3 —1=0.
20 2¢
Notice that none of the transformations so far affect the
preceding restrictions.

A summary of the results follows:

W —_ 2 b() _ A
Zl)f:iilﬁlg‘(iA—lacose)—F&%— E__BZ_’
045
¢E———Q)§(3A‘1ac059)+2_2§§_ ,
(. 33)
luB____O’
B o
n*? = (‘ 2—?,2-—%)6%%6:,
A 6
mhE = (i@ sinb + 2iA cotd)sy + ’____%S@_ 5%

4 ~A+acost,,
¥ sind L)

where 4, a, b°, ¢, and B® are real constants,
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The perturbations generated by b° and ¢° correspond
to infinitesimal changes in the charge and mass pa-
rameters, respectively and the perturbation by a is ob-
tained by linearizing the Kerr—Newman solution about
the Reissner—Nordstrém solution, The perturbation
generated by B® represents a magnetic monopole of the
black hole which is physically unacceptable, The A
perturbation is the one obtained by linearizing the
Kerr—NUT solution!®!! (generalized to the charged
case) about the Reissner—Nordstrom solution keeping
the angular-momentum parameter zero. This solution
is singular along the negative z axis. Thus, excluding
the above two perturbations, we conclude that with
xf =0, the only well-behaved perturbations are pertur-
bations to other Reissner—Nordstrém solutions or to
Kerr—Newman solutions.

V. DISCUSSION

We have shown that the nontrivial part of a perturba-
tion of a Reissner—Nordstrom black hole is completely
determined by specifying xfo That is xf determines the
perturbation up to a change in the mass, charge, or
angular momentum of a black hole,

Of course the interesting problem of performing a
similar analysis for the Kerr—Newman black hole re-
mains. Though the coupled perturbation equations are
known® their apparent lack of separability is a barrier
to analysis.

It should also be noted that Moncrief!? has obtained
rather simpler perturbation equations for the Reissner—
Nordstrom black hole by use of a Hamiltonian varia-
tional principle. It appears that his variables are not
simply related to those used in this paper except in the
asymptotic region,

APPENDIX

The tetrad system is determined only up to the 6-
parameter group of the following infinitesimal
transformations!?:

(i)

I—1, n=n+dm*+d*m, m—m+dl, (A1)
(ii)
l~l+em*+e*m, n—n, m—m+en, (A2)
(iii)

I=Q+A), n~(1-A), m—(1+iH)m, (A3)
where d and ¢ are complex and A and H are real.

We also have the freedom of infinitesimal coordinate
transformations
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Xu. _,Xl-l+nu-. (A4)
Under the combined transformations of Eqs, (Al)—(A4),

%~ ¥, 9F U5

o —of +3edy, Y7 Y3 +3d* Yy, (A5)

¢F By + 206y, ¢F = o7 +2d* Py,

The above relations show that 32, #2, x2 €3 os
- 26.0P), and x5 (=305 - 26,9F) are invariant. In
addition, one can always eliminate ¢¢ and ¢2 by
choosing

e=—¢g/2¢; and d*=- ¢5/2¢,. (AB)

Under the remaining transformations [Eqs. (A3) and
(A4)], the various quantities transform as following:

13
B_, B4 29
et (A ~iH),
pB—pP-nt/r*~A/r,
2 2
5,5 T -4Mr+3@* , A
Bomui- g t o34,
In
128 —nBy 80 g (A7)
or
3 A g A Mr-@?
R R e L2
1 [on* i on* 1 (o
uB_, HB_,_—_U__;___.__H_ +_ﬂ_+‘ o
T (ae siné a¢ | Vor t4 105

2v
i

2
__t (n 3.4
+ \@,Sme(y +cotfn +2H)5f;°
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Zeros of the grand canonical partition function:
Generalization of a result of Lee and Yang

M. E. Baur and R. M. Sinder
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A simple sufficiency condition for the zeros of a polynomial of grand partition function form to lie

entirely on the unit circle in the complex fugacity (z) plane is rigorously proven. The condition has two
parts: the canonical partition function Q,(M) is symmetric, Q,(M) = Q,_,{M), and is bounded above by
the binomial coefficient (}). This represents a generalization of the condition given by Lee and Yang in the
context of the Ising model and the proof is independent of theirs. Necessity of the condition is trivially

proven.

The analysis of the grand canonical partition function
(GPF) in terms of the limiting distribution of zeros of
finite volume approximants by Yang and Lee!= is wide-
ly accepted as providing a rigorous and definitive
framework for the formal characterization of phase
transitions. Unfortunately, practical application of the
Yang—Lee methodology to realistic model systems has
proven very difficult; these authors themselves pro-
vided one of the few such applications in their treat-
ment of the Ising model,? showing rigorously that the
GPF zeros for this case must lie on the unit circle in
the complex z plane for an appropriately defined
fugacity z.

The Lee—Yang proof for the Ising model zeros dis-
tribution is not entirely transparent and admits of no
evident generalization or extension, By proceeding in
a different fashion, drawing upon “polynomial” meth-
ods, ® we have found it possible to advance somewhat
beyond their work in this regard. In particular we here
present a sufficiency proof for the zeros of a polynomial
of GPF type to lie entirely on the unit circle which in-
cludes the Lee—~Yang Ising model result as a special
case, but is somewhat more general and makes contact
with the properties of the familiar binomial expansion
in suggestive fashion. We state our result in the form
of a

Theovewm: Any GPF polynomial @, =%¥,@,(M) 2" for
which

(1) Q,(M) =Q (M) 1)

(2) @,(M) < (M), all n, where (¥) is the binomial co-
efficient, has all zeros on the unit circle, lzl=1.

The symmetry property (1) is, of course, also re-
quired for the Lee—Yang proof and appears to limit the
result to lattice models. Property (2) is a generalization
of the Lee— Yang requirement that @, be representable
as a product of (¥) and factors x,; with all x,, <1.

Proof: We use two lemmas from the literature®’:

Lemma 1; Any circle C which encloses all the zeros
of a polynomial f(z) of order M also encloses all the
zeros of all its derivatives f%*'(z), 1sk<sM-1.

Lemma 2: A necessary and sufficient condition that
all the zeros of f{z) =% @, 2" have modulus lz|=11is
that

QKQn = QM Q).I:l-n) (2)
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where (*) denotes complex conjugate, and that f1(z)
have all its zeros in lz| <1,

Evidently a GPF with @,=@,=1 which satisfies the
symmetry condition (1) then satisfies (2). It remains
to examine the circumstances under which the required
condition on the zeros of '’ is satisfied. We establish
a sufficient condition on ¢/ namely that all ¥,
1<k<M-1, have all zeros in lz| <1. Consider first

QU = (M~ 1)! Qq +M!2Qy
=M [(1/M) Q uq + 2] (3)
The condition that (' #-1 have its zeros in izl <1 is evi-
dently that
Qua=@QysM.

For QP we have

!
QUD = (1 2 2)1Q .y + (M= 1)1 Qg + - 2

M! 2 2
:T[W—l) QM_2+MQM_12+22]. (4)

It is easily verified that, with @4 <M, one must have
Qu.p <% M(M—-1) for ¢'¥#-2 to have all its zeros in

lz1 <1. This is an absolute bound on @,_,, independent
of any statement about J#-1); it is easily verified that
there is no choice of @y, &, such that the zero of
QU is in |z|>1 but both zeros of Y'*-¥ are in

Izl <1,

Proceeding in this way, one sees that the permissible
upper bounds for the @,,_; in order that 9* have no
zeros outside lz 1 <1 are just the binomial coefficients:

M
@ = (35)-

The general expression for ¢ is

M! . M-~ R)! M-1)! b1
Q(k):(_MA:k)! [ZMk+W(M—k—1)! Y s Qg2
M-k (M=) ke
+"'+mTQM-jZ 4
- b1
+~--+W—# @ , O<j<m-—rt.

(5)

Assume now that each (real, positive) @,_, in ¢'® is
bounded by the binomial coefficient (,f;) and that ¥
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has all zeros in |z| <1. Consider J*V. We find

1
Q- o k+1 [ZQ(k) +Z EM-j-DI(G+1) QM-j_izM-k-j]

=0 (M-k-!

1
=B [20'® + R(k;k-1)],

where R(k;k~ 1) can be written as

M! 1
(M k)'[ QMlZ

(M-k)!  (M-j)!
(M=Fk-j)! M!

j+1 e
(M ]) Q™

M=E+1)(k-1)!
+ M1

R(k;k—-1)=

+o.-+

QM] . )

Now, if we write Q® as $¥-*C{¥2z#"*=/, then we have

4% i+1 @
R(k;k-1 :2 o] <] d M-i-_i) prasy (8)
( A AR Ty Q@ jos
Therefore, if the condition
QM-i-1 M- ] <ji< _
Qu-; j+1 0sj=M-1 ®)

holds, and if further

Qo < M!
1T M-R+1D)I(k-1)1"

then R(k;k—1) is a polynomial of order M- 2 meeting
the same condition on its coefficients as does ¢*’; by
hypothesis, then, R(k;k~ 1) also has all its zeros in

lz| <1. Thus @* is the sum of two polynomials, both
of which have all zeros in this domain. If now all the
relations (9) are equalities, R(k;k—-1) and Q® are iden-
tical, and it is evident that Q**!? has all its zeros in

lzl 1. This merely implies that ¢ is the binomijal ex-
pansion, In the more general case, we make use of:

Lemwma 3: Rouche's theovem?®: If P(z) and S(z) are
functions analytic interior to a simple closed Jordan
curve C, are continuous on C, and

|P(z)|<|S(z)] onc,

then the function F(z) = P(z) + S(z) has the same number
of zeros interior to C as does S(z). The positions of the
zeros of F(z) interior to C are, of course, not in gen-
eral the same as those of S(z). Now con51der Qv
=(M-k+ 1)1 20" + R(k;k +1)] from the standpoint of
Rouche’s theorem. Evidently neither ¢® nor R(k;k+1)
has zeros for |zl=1+8, 6 arbitrarily small.
Moreover,

|09 <120 =[] 191, lel=1+5. @O

Hence it suffices to prove that [R(k;e+1)1<|¢® | in
order to apply Rouche’s theorem. Now, it is possible
that all coefficients

o ( i+l ;Q_M;J;t>
! A/[_] Qn-j
in R(k;k +1) are less than the coefficients C{® of Q¥
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If this is true, then

|O® | = |NE) | |R(Rsk+1)| > |R(k;R+1)],

with N(k) some real constant > 1 and application of
Rouche’s theorem immediately yields that '*¥ has
the same number of zeros in the domain Izl <1+3
as does ¢'®. Because of the condition

Qyogy < M—7

QM-j i+l ’
no coefficient of R(k;k+1) can be greater than the cor-
responding coefficient of *®. It is possible that a set
of coefficients of R(k;k+ 1) may be equal to those of (%
if for the first j indices the equality is realized in the
above condition. If any coefficient, say the (j+1)th,
of R(k;k +1) is less than that of ¢*®, then all succeed-
ing coefficients must also be less. At worst, then, a
finite set of coefficients of R(k;k+1) is equal to those
of ¥, But in such a case we can divide R(k;k +1):

ek i+1 @
— C® ¢ (] d M-i-]) o M=k
2 ( ) iS5 o

g+l QM.H) Mekei 1
+e) (M—j Q) (11)

where 0 <e<1, and then apply Rouche’s theorem suc-
cessively to ¥ + R, and U'® + R{ +R,. This then
proves that the zeros of each ¢**¥ are in the domain
lz| <1+ 8; hence in lz| <1, if ¢ has this property
and if the coefficients of ¢ are bounded above by those
of the binomial expansion. We have explicitly shown
that Q'#1 and D have all zeros in {z] <1. Hence
by induction, all (¢!® have all zeros in |z! 1. There-
fore, by Lemma 2 above, all zeros of Q have modulus
unity.

The necessity of conditions (1) and (2) is easily es-
tablished. A distribution of zeros confined to the unit
circle implies invariance of ¢ under the transforma-
tion z —1/z, which requires the symmetry condition
(1). With zeros confined to the unit circle, and assum-
ing ¢ real for real z, we have

¢ =11(z - exp(i6 ) (z - exp(~6,)Y'4, 25 jn,= M,
7
where n; is the multiplicity of the zero of argument 6.

Thus

¢= H(z -2z cosf, +1)" E]n,

and it is obvious by direct expansion that the coefficient
of an arbitrary term z* is less than or equal to that of
z* in the expansion of

(22 +2z +1)M/2,

REMARKS

The original proof of Lee and Yang?! applies to the
case of the Ising model-lattice gas with binary inter-
action of arbitrary range. The present proof removes
the binary interaction limitation, insofar as condition
(2) is still satisfied.
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The extreme limits correspond to the binomial ex-
pansion case, @,(M)= (%) for which there is a single
zero of multiplicity M at z=-1, and the constant co-
efficient case @,(M)=1, n<s M, Q,(M)=0, n> M, for
which =(1~-2"1)/(1 - z) and the zeros are spread
uniformly over the unit circle with every point a limit
point. One sees qualitatively therefore that the corre-
lation effect due to site—site interaction, in reducing
the variation in @, below that of the binomial series,
forces the zeros to spread along the unit circle away
from the negative real axis. It is possible that exten-
sion of the considerations presented here will prove
useful in giving this observation a more detailed form.
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We use the Frenet—Serret formalism to study the intrinsic geometry of Killing trajectories that are
admitted by an arbitrary n-dimensional Riemannian space. The intrinsic quantities associated with these
curves, i.e. their curvatures, are found to be constants of the motion that can be evaluated in terms of
Hankel determinants. The results are then applied to curves in real quantum mechanics.

. INTRODUCTION

The advantages of adopting a coordinate free geomet-
ric description of a curve instead of a parametric rep-
resentation has long been recognized by mathematicians
but only recently by physicists. Besides divorcing the
curve from a coordinate system, it also frees it from
the accident of where it starts and the initial direction
that it takes. Instead, the curve is completely charac-
terized by a unique set of invariants or scalars that
are intrinsic to it. The elegance of this formalism, as
well as its revealing aspects, argue for its greater
use in physics. This is especially true when the evolu-
tion of a physical system is described by a trajectory,
be it in ordinary 3-space, space—time, configuration
or phase space, ete.!

The general approach in analyzing an arbitrary but
sufficiently smooth curve in an arbitrary n-dimensional
Riemannian space is as follows. The classical Frenet—
Serret formalism?® (essentially a Gram—Schmidt
orthogonalization process) is used to generate an ortho-
normal n-leg or frame of vectors along the curve,
These vectors obey the Frenet—Serret equations and
they in turn define a set of (n—1) intrinsic scalars or
invariants of the curve that uniquely describe it.

In this paper we confine ourselves to an invariant
geometrical description of a special but important
family of curves, namely the Killing congruence, whose
very existence corresponds to special symmetries of
the Riemannian space. This problem has previously
been considered in four-dimensional curved space—
times. 1° There the analysis shed light on the physics
of rotating and nonrotating black holes. Here the dis-
cussion is generalized to Killing congruences admitted
by arbitrary n-dimensional Riemannian spaces with
positive definite metrics. The invariants or curvatures
associated with these curves are shown to be constants
of the motion that can be evaluated in terms of Hankel
determinants. ® The results are then applied to real
quantum mechanics,? Specifically, in the application
we consider nonrelativistic quantum systems having
time independent Hamiltonians and discrete energy
spectra. If such a system has an n-dimensional spec-
trum, its state vector is normalized to unity and is
confined to an n-dimensional subspace of Hilbert space.
We consider rather, the motion of the 2u-dimensional
real vector formed from the real and imaginary parts
of the state vector. This real vector traces out a path
on a (2n — 1)-dimensional hypersphere embedded in a
2n-dimensional Euclidean space. In particular this
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curve is a Killing trajectory of the hypersphere, or
equivalently a Killing trajectory corresponding to a
subgroup of the orthogonal transformations of the
Euclidean space.

Il. PRELIMINARY REMARKS

We preface our discussion with a few well-known
remarks that we shall need. Consider an arbitrary n-
dimensional Riemannian manifold that admits one or
more Killing vector fields; such a vector field £ satis~
fies the Killing equation

ga;ﬂ'*'ge;a:(), a,B=1,...,n, 1)

where the semicolon indicates covariant differentiation.
The maximal number of such fields that the space can
admit is n{n +1)/2, and this occurs only for spaces of
constant curvature. The converse is also true and, in
particular, if the space is Euclidean, the Killing equa-
tions are eguivalent to

‘Ea:Fanﬁ+ka: (2)
where F,g=— F;, =const and &k, = const.

The first term on the right corresponds to n{n-1)/2
independent orthogonal transformations while the sec-
ond term corresponds to # independent translations.

We shall concern ourselves here with an invariant
geometrical description of these trajectories. To this
end we first review briefly some of the intrinsic geomet-
rical properties agsociated with an arbitrary but suf-
ficiently smooth curve on an arbitrary Riemannian
manifold. In particular, let the curve I' be defined
through x* =x*(s), L=1,2,...,n where s is the arc
length and x*(s) is of class C™*1, The unit tangent vector
to T is efy;=dx*/ds=x"*. Superscripts flanked by
round brackets will indicate the order of differentiation;
subscripts flanked by square brackets will be used as
identification labels for a set of orthonormal vectors (to
be specified), the first of which is the tangent vector
epq; above. By repeatedly taking the absolute derivative
of 'V at any point along I, we can generate the se-
quence of vectors 'V, x®, ... x', where

(he _ Mdda (18 -
x =y 8x P, 1=2,3, . (3)

[When the order of differentiation is small, we will on
occasion indicate the order by means of dots. Thus
e =3 Me =3 11 the first n of these vectors are lin-
early independent, we can use the Gram—Schmidt
orthogonalization process to construct the orthonormal
frame efy; (i=1,2,...,n), where efj;e,1, =90;; and
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ed;=x"* =dx*/ds. Repeated indices sum from 1 to »
and 6;; is the Kronecker delta. These vectors obey the
Frenet—Serret equations:

el [o « 00 o -7 [e]
& =1 0 Kk 0 efn
- 0 -k, 0 - = . .
. 0 0 - - . O . ’
. 0 . . o 0 Kn-1 .
b3 . . . o
:[nJ_J L 0 -%,4 O 3§ ¢t |

where the scalar coefficients or curvatures ;(s)
=&f1€15.01, fOrm a complete set of invariants of the
curve in Riemannian space. The curvatures can be
expressed explicitly in terms of the Gramian determi-
nants G, of the vectors x*?%, viz.,?

K =VG; 161/ Gyy i=1,...,n-1, (5)
where
x“"‘xﬁ“ x‘“”xff) . x(nuan
xm”xﬁ“ xm“xff) xm”xff’
G:‘ = . " . . (6)
x(i)uxhn x(i)uxf}) oo x(i)uxzi)

All of the G;’s are positive for 1 € <x. Furthermore,
Gy=1. A knowledge of the curvatures as functions of arc
length together with the initial n-leg completely charac-
terizes the curve,

Il. GENERAL RELATIONS

Let £% be a Killing vector admitted by an n~dimension-
al Riemannian space, and let the corresponding Killing
trajectory be denoted by x* =x%(s), where s is the arc
length parameter. The unit tangent vector to the curve
can then be written as

et =xV%=e%t%, (1=e}yerq1, =€ *E%E,). ("

That ¢ is constant follows from differentiating e=*°
=£%E , along the curve and then making use of Eq. (1).
Again, by taking the absolute derivative of both sides
of Eq. (7), we obtain

AL :eoga;ﬁx(i)ﬁ‘ (8)
As in the restricted case of a four-dimensional space-
time, 1 we define

FaB':‘eoga;B:'—Fﬂce (9)

and note that

Fop=Fogx' P =ef,. o,
:e%RasmElgb:O, (10)

where R, g, is the Riemann tensor. Equation (8) can
then be written as

AV = Fe DB FY =gt =~ F*=const.  (11)
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The above relation, though first noted for spacetimes,
is in fact quite independent of the dimension of the
space or of the signature of the metric.

From Eq. (11) it follows that

x(i)a:Fan(i-i)B:(Fi-i)axxu)).’ i:Z,...,n, (12)
where
(Fi-l)a)\:FaBFﬁy . 'th (13)

F*", being repeated i =1 times in Eq. {13). We are now
in a position to evaluate all possible inner products be-
tween the vectors x9® and hence, via Eqs. (5) and (8),
all of the curvatures of the curve, In particular, by us-
ing Egs. (12) and (13) together with the antisymmetry
property of F,z we find that
x Doyl = (L q)il(pine) ey
= (= l)j-l(Fi'rj-Z) x(I)ux(‘l)u
224 M
Since (Fi%-%), = (- 1)i*-2(Fi¥-1) = we see from Eq.
(14) that x'"*x'? is nonzero or zero as i +j is an even
or odd integer. If we define
N = (FH2), Dy
14 >
then it follows that

(= 1)1, = (= 1),

(14)

(15)

for all ¢,j,k=1,...,m 3 2+j=2k

PROLIVE S

for all 4,j,k=1,2,...,n3 i+j=2k+1.

(18)

We shall return to Egs. (15) and (16) for the explicit
evaluation of the curvatures, but first we note that all
of these invariants are constants of the motion, i.e.,

k; = const, i=1,...,n-1 1mn

provided that «; 4 #0. [Once we encounter a vanishing
curvature, the Gram—Schmidt process ends and the
ensuing curvatures can no longer be defined via Eq. (5).
They are usually set equal to zero, } To verify Eq. (17),
we need only generalize Gluck’s observation® made in
reference to a specific curve in a four-dimensional
Euclidean space R!. For our case, i.e., for any Killing
trajectory in an arbitrary n-dimensional Riemannian
space V", it reads as follows: “Given any two points on
this curve, there is an isometry of V" 7 onto itself
which takes the curve onto itself and takes the one point
onto the other. Thus the various curvatures are the
same at all points of the curve.” [That the curvatures
are constant can also be seen if we differentiate 2,
along the trajectory. Equations (9) and (11) guarantee
that A, =0, and so it follows from Eq. (16) that
2Py is constant along the curve for all ¢,
=1,2,...,n. The defining equations, (5) and (6), then
yield Eq. (17).]

Finally we note that each of the Frenet vectors obeys
the same equation as the first. Again the proof is a gen-
eralization from curved spacetime. Remembering that
x™® =g, we can combine Egs. (4) and (11) as follows:

s __ L4 B
kel =efy1=F%geiqn - (18)
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By differentiating Eq. (18) and making use of Egs.
(17), (10), and (4), we find that for «;#0
é?ﬂ:Fo‘ee?z]- (19)

If this procedure is continued we find, in general, that

éfi1=F%gel,). (20)

IV. EXPLICIT EVALUATION OF THE CURVATURES

We are now in a position to evaluate the Gramian
determinants G; of the vectors x'/’*, It is particularly
useful to look at a specific case, say G;, as this will
give us insight into the general structure of G;. From
Egs. (6) and (16) we obtain
Ay 0 ox 0 A O
0 =2 0 =23 0 =2,
ANy 0 o 0N 0
0 -2 0 =2 0 =X
A 0o 0 A O
0 =2 0 =2 0 =X

(21)

By successively interchanging three rows and three
columns it is simple to verify that G; reduces to

MM 0O 00

MM 0 0 0
Go= Az Ay A5 O 0 0 (22)
0 0 0 —x, -2 —x
0 0 0 —a5 -2 =2
000 0 - =X -
or
Mo A A3 Ay
Ge=(=1) |2 A5 X A3 A A5 (23)

A3 Ay A Ay A5 A

The same operations applied to G; yield

AMoOX, A
Ay A
Gy=(=1)% [ny a5 A, |72 78, (24)
Ay Ay A As Ny
Now we define
T R
Ap Az ¢
Dy, = |2 , 3%1, (25)
Aj . . Y A’2j-1
2171 J. Math. Phys., Vol. 17, No. 12, December 1976

and
P R
Ay Aot
Dy = A o , J=2. (26)
A, vt Ny

We further stipulate that D, ;=D, ;=1 for j=1, Then
it is not hard to show that in general

Gy = (= 1)'Dy,; Dy, 14 (27)
while
Gyyu=(=1)""1Dy ; Dy ; . (28)

Note that Gy =Dy ;=X =xP*x{1’ =1 and that we have
already defined Gy=1. D, ; and D, ; as defined by Eqs.
(25) and (26) are Hankel determinants.?® They are par-
ticularly important in the theory of rational
polynomials,

It follows immediately from Eqs. (5), (27), and (28)
that

k33 == Dy, .1 Dz,3/D1,; Dy, 101 (29)
while
K354 == Dy, ;4 Do, 41/Dy,; Dy 5 - (30)

By explicitly expressing each of the k;’s in terms of
the previous ones we arrive, after some manipulation,
at

Dy .

2 i+

Kyg = ‘r_“ﬂ‘[“l"—‘jﬂ?—. =i+ (31)
T YT

and

i
2 (_ 1) D271+1
K4l = il SR i<gol) 30EaF - (32)
1 Hj:j K21:1j+i)x2j 1)

Simpler relationships can be obtained by noting that
Eq. (5) implies that

Ii[ 2 Ggq
jut K]_ Gi (33)

2 D
K2: + 34

=t 0 Dy (34)

2{-1 5 D2

n KS == = 114-] .

=1 i DZ,i (35)

Alternatively, we can also use the same equations to
show that

1 i, = (- 1)} Daeint (36)
P Dy’

i D, .

T k2, . =(—1) Z2ird

gy b -1) Dy, - (37

Equations (36) and (37) in turn imply Eqs. (34) and (35).
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V. APPLICATIONS TO REAL QUANTUM MECHANICS

One example of a Killing trajectory representing
the evolution of a physical system is the world line of
a charged particle in a homogeneous electromagnetic
field in flat spacetime.}® Here we shall consider another
example, which, interestingly enough, comes from
quantum theory.

In the standard formulation of quantum mechanics the
state vector corresponding to a physical system moves
in complex Hilbert space. However, it has been shown’
that the pure states of a general quantum system can
always be represented in a one-to-one manner by rays
of a Hilbert space that is defined over the fields of real,
complex or quaternion numbers. The relation between
real, complex and quaternion quantum mechanics has
been discussed in some detail in the literature.*

Here we consider an arbitrary nonrelativistic quan-
tum system having a time independent Hamiltonian and
a discrete energy spectrum. The time evolution of the
state vector describing this system in complex Hilbert
space is, of course, given by the Schrodinger equa-
tion, viz.,

.01
Hlpy=i—7". (38)
(We have set Z=1 for convenience.) If the system has
an n-dimensional spectrum, then we can, in the usual
manner, write

[0 =2 el (39)

n
i=1
where {12);2=1,...,n} consists of a fixed (i.e., time-
independent), orthonormal and complete set of basis
vectors while the ¢;’s are time dependent complex co-
efficients. The normalization condition on ) reduces
to 1= 1y) =35, cfe;. It follows from Eq. (39) that the
Schrddinger equation (38) can be recast as

- =—iHc, (40)

where ¢ is a column vector whose elements are ¢,
(j=1,...,n) while H is the matrix representation of
the Hermitian Hamiltonian operator. In particular its
elements are given by H;; = |H |j). Now we define

cza+ib, ¢*=a-ib, (41)

where a and b are real column vectors whose elements
correspond to the real and imaginary parts of ¢, i.e.,
¢;=a; +4b;. By adding and subtracting Eq. (40) and its
complex conjugate and then substituting the relations
{41) into the resulting equations, we obtain

%:—%(H—H*)a+§(H+H*)b, (42)
g%:—%(H+H*)a—§z(H—H*)b. (43)

If we further define the real 2r#X1 column vector x as

x:<2), (44)
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the real, constant, symmetric nX» matrix S as
=3(H +H*)=S", (45)

and the real, constant antisymmetric nXn matrix A as
AE—E‘(H—H*)z-AT, (46)

then Egs. (42) and {43) can be written in compact form,

viz.,

dx =

E :Fx, (47)
where

= A S .

FE[_S A]:—FT (48)

is a 2rnX2n real, constant, antisymmetric matrix.

The normalization condition on |¥) immediately
translates into

n n
xTx = § (a2 +b}) = § cfe;=1 (49)

so that the state of the system is now represented by a
real 2n-dimensional vector, one of whose ends is fixed,
while the other traces out a path on a (2n - 1)-dimen-
sional unit hypersphere embedded in a 2n-dimensional
Euclidean space. The motion is governed by Eq. (47),
i. e., by the real quantum mechanical equivalent of the
ordinary Schridinger equation.

We note at this point that dx/d¢ is a tangent vector to
the curve though it is not a unit vector. By comparing
Egs. (47) and (48) with Eq. (2) and keeping in mind the
discussion dealing with the latter, we see that the real
Schrddinger equation is, in effect, a Killing equation
corresponding to orthogonal transformations in a 2xn-
dimensional Euclidean space. In other words, the
curve that develops with time is a Killing trajectory
corresponding to orthogonal transformations of the
Euclidean space, or equivalently it is a Killing trajec-
tory of the hypersphere,

That the dynamics involved do not give rise to the
translations of flat space is to be expected. Rather, we
encounter an n* parameter subgroup of the rotation
group. In order to see this, we consider the following.
Orthogonal transformations in a 2z~dimensional
Euclidean space are generated via equations of the
form

dx

— =Gx (50)
dit g

where § =- (7 =const is a generator of the fuil

(2n(2n - 1)/2]-parameter rotation group. ‘Since we are

dealing with even-dimensional spaces, { can always

be expressed in matrix form as

A K
9 =1_ KT B’ (51)
where A=- AT and B=~ B” are constant, antisymmetric
nXn matrices and K is an arbifrary constant nX»n ma-
trix. [Note that A and B each contribute n{r - 1)/2 pa-
rameters while K accounts for »? parameters. | The
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generators satisfy a Lie algebra, and it is quite
straightforward to verify that

[G1,G202G1G2-G2G1=Gs, (52)

where each of the G,’s, i=1,2,3, is of the form given
by Eq. (51).

Now F as defined through Eq. (48) is certainly a gen-
erator of the full rotation group since it is a special ex~
ample of G. On the other hand, it is again a simple task
to show that

[Fy, Fy]=Fy; (53)

that is, the F generators satisfy their own Lie algebra.
It follows at once that the orthogonal transformations
corresponding to Eqgs. (47) and (48) form an #? param-
eter subgroup of the full 2»(2z - 1)/2 parameter rotation
group. [S=S7 and A=~ AT have respectively n(n +1)/2
and n(n — 1)/2 independent parameters so that F as well
as H=S+{A has n* independent elements. ]

The curvatures of the “quantum Killing trajectories™
can best be evaluated if we recast Eq. (47) in the form
of Eq. (11). To this end we first replace the time
parameter in Eq. (47) by an arc length parameter. Thus
the unit tangent vector to the curve, x™(s)=%
= (dx/dt) dt/ds, satisfies

*V =Fx, (54)
where
—aF=% %
F=aF= ds F (55)
and
1=xDTxD = xTF TPy = — 2% TF %x. (56)
Since F=— F T =const, it follows readily from Egs.

(54) and (55) that o =1/V—xT F ¢, is constant. Succes-
sive differentiation of both sides of Eq. (54) with re-
spect to s leads first to x> =Fx’ or Eq. (11) and then,
in general, to Eq. (12).

From Egs. (15), (54), (55), and (56) we obtain

A, =x DT Rt G2y T2k

T% 2)2
ret X F

W = const. (57)

Since A, is a ratio of scalars, it can be evaluated in any
frame and in particular in the representation where H
is diagonal. Then F simplifies to

=(-1)

"l
I

, (58)

where E; is the ith eigenvalue of H corresponding to an
eigenvector whose weight here is given by the coef-
ficient ¢; = a; +ib;. It is simple to see that F2, and
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hence F%  is a diagonal matrix and that
=1 @ s E [ [Z) (@ +5) E?] . (59)

where $7_; (a2 +b}) =1. We can replace the a;’s and b;’s
with their initial values abw and b;, because in the energy
representation ¢; :cioe'i i* and this in turn implies that
(@} + b2) = (a}y + bly).

A few observations are in order here. First A;=1 as
expected. Second, if our system is prepared in either
an energy eigenstate or a single set of degenerate ener-
gy eigenstates or if the system is completely degenerate,
then A, = (- 1)*!, Now, in general, we have from Egs.
(29) and (30) that k% =~ X;/A{ while k=2, — X A3/X,;. Thus
for any of the above cases ki =1 and ¥ =0. This corre-
sponds to a curve that not only lies on the unit hyper-
sphere, but whose radius of curvature is itself one.

The trajectory is then a geodesic or “great circle” of
the unit hypersphere. Again, the question as to whether
the general trajectories are closed or not is best
answered by considering the energy representation
where ¢; =c;,e"*¥i’. It is evident that ¢, and hence x,
returns to its original position if and only if the energy
eigenstates satisfy }7_yn; E; =m where {nyi= T
and m are integers.

Finally, if the system initially has equal probability
of being in any one of its energy eigenstates, i.e., if
cXcjo=aby+b%=1/nfor j=1,...,n, then it follows
directly that

n n k

Ae=(-n)*t 2 E¥ / [Z‘ E}] . (60)
i=1 i=1

A simple example of the foregoing is any two state sys-

tem for which ¢; =c e Fst=(1/V2) e B4 j=1,2,

where 6, is an arbitrary constant phase. The curve is

described by

xy cos(E t+6,)

e (25) = | _;: cos(Eyt+ 8,) 61)
X3 21 sin(Eq¢ +0,)
%, — sin(Eyt +0,)

A straightforward application of Eqs. (30), (29), and

(60) leads to
( 9 ) 1/2
E{+E} ’

[2(E4 +E4)]1/2
HE TR R 0 T
1 2
EE( 2 )1/2
Kq= .
ST ETH EL
(62)

Aside from a normalization factor of V2, Eq. (62) coin-
cides with the results that Gluck obtains in a particular
demonstration of his algorithm for computing curvatures
in a Euclidean space.® Note that if E,=E,, then k;=1
while k, = 0. However, the expression for k; is not valid
in this case.

EE, |E} -E%|
Ej+ 132
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Radial integrals with finite energy loss for Dirac-Coulomb

functions
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Analytic results for radial integrals over products of Dirac—Coulomb functions and the radial part of the

electromagnetic Green’s function are expressed in terms of a matrix generalization of the gamma function.
This matrix gamma function has many useful properties, including a recurrence relation similar to that of
the gamma function, and provides a compact easily manipulated method of evaluating the Dirac-Coulomb
radial integrals. These results can be used to calculate the virtual and real photon spectra associated with

electron scattering from the nucleus.

. INTRODUCTION

Exact radial integrals of Dirac—Coulomb functions for
the case of zero energy loss were given by Reynolds,
Onley, and Biedenharn' some years ago. These results
led to distorted wave calculations of inelastic electron
scattering from low-lying discrete levels in the nucleus
where the energy transfer to the nucleus could be ne-
glected in comparison with the incident electron ener-
gy.? These calculations were extended to include energy
loss by means of numerical integration, ® and this cal-
culation has been of major importance in the analysis of
inelastic electron scattering from discrete levels during
the past ten years. Numerical techniques for calculating
the radial integrals, however, are too time consuming
and not sufficiently precise for many purposes.

A number of investigators have also given analytic
results for the finite energy loss radial integrals,*™®
Rozics and Johnson® showed that the radial integrals can
be written in terms of a Lauricella hypergeometric func-
function, a triple infinite series, and gave analytic con-
tinuations of the Lauricella function which can be used
for low energy electrons. The authors of Refs. 5 and 6
write the integrals in terms of a finite series of Appell
F, functions which are doubly infinite series. They give
analytic continuations which allow one to calculate the
radial matrix elements at higher energies, but which
have difficulty in evaluating the matrix elements corre-
sponding to the emission of higher multipole photons.

In this paper we will make use of the Appell functions of
Ref. 6, but we will stress the recurrence relations
among the various radial integrals by use of matrix
techniques which will permit the evaluation of the higher
multipole matrix elements,

The Dirac—Coulomb radial functions obey coupled
first-order differential equations. Prewitt and Wright’
were able to make explicit use of the differential equa-
tions to evaluate the zero energy loss integrals for elec-
tron scattering from magnetic and electric nuclear
moments from some radius R to infinity in terms of an
asymptotic matrix series. This allows one to restrict
the numerical integration to the nuclear volume. Onley®
has generalized this concept and investigated the matrix
solutions of first-order differential equations, and inte-
grals over those solutions,

In this paper, we will make use of these techniques
to obtain compact expressions for the Dirac—Coulomb
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functions, products of Dirac—Coulomb functions, inte-
grals over products of Dirac—Coulomb functions, and
the radial part of the electromagnetic Green’s function
for finite energy transfer. By use of these compact
easily manipulated results, we can reduce the number
of basic integrals that are required to a minimum. The
basic integrals that are required will be evaluated by
various analytic continuation techniques, including the
ones given by Gargaro and Onley. ®

In Sec. I we will discuss the matrix form of the
power and asymptotic series expansions of the Dirac—
Coulomb functions. The results here correspond to
standard series expansions for Whittaker functions, but
the matrix techniques provide a compact method of
carrying out these expansions, and of transforming from
one expansion to another. Furthermore, we obtain a
single series (albeit with matrix coefficients) for prod-
ucts of Whittaker functions.

In Sec. III we will define and discuss the point inte-
grals over the Dirac—Coulomb functions. Point inte-
grals are radial integrals of products of Dirac—Coulomb
wavefunctions over the full range of the radial coordi-
nate with suitable subtractions being made for the inte-
grals of irregular functions. These can be related to
a generalized matrix gamma function whose elements
are in the form of the Appell function® F, for the power
series expansions, and the Appell function® F, for the
asymptotic series expansions. We also give an expan-
sion of the Appell F, function in terms of four of
Appell’s F, functions in addition to the analytic continua-
tions of the Appell F, function given by Gargaro and
Onley.® Either of these continuations permits the evalu-
ation of the matrix gamma function.

1l. DIRAC-COULOMB RADIAL FUNCTIONS

The Dirac equation with a spherically symmetric
Coulomb potential can be separated into radial and
angular functions in the standard way.'° The radial
Dirac—Coulomb functions for a lepton of energy E and
rest mass m satisfy the following coupled first-order
equation if we take the nucleus to be a point charge:

at(r) (A
dr _(?’

—B) Ulr), (1)

where the constant 2 X2 matrices A and B corresponding
to the standard form of this equation are given by,
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-k aZ 0 —(E +m)
A= and B= 3
—-aZ « (E —m) 0
where « is the eigenvalue of the Dirac operator K

=plo+L +1). The normalized solutions for this particu-
lar choice for A and B can be written as

) i)
U(V) = ’ (2)
wB(r)  ullr)
where the regular radial functions »¥ and «? are given
explicitly in terms of the Whittaker function by

vR(7) 1

= ~ (f)—m >”2 exp(m/2) 1T(y +in)l
ul(¥) E+m pV2pr {2y +1)
Re
X oly +in) exp[—ily +1/2)7/2)
Im

X EXp(inK)M—l/z-in,T(Zipr)'

The parameters are y=(x* - o#2*)'/%, n=0aZ E/p,
p=(E?-=m?)"? and n,, the Coulomb phase shift, given
explicitly by

7 1+S, 1
m(y)_—é— 5 =5 arctan

with 8= aZm/p and S, =«/l«!. A second pair of solu-
tions (irregular solutions labeled by /) are obtained by
changing the sign of y everywhere.

M., 2 _r=m _
U Ny) = -inra 2 2P7) 2y(2y -1)
: =
-y +in) ) )
‘W%M-in,nl/z(zwy) M—in,-?-l/z(zlpy)
where
Niy) = - EXelm)] 2 " exp(m/2)ly —in) 1T +an)l |

PVE +m (y +in) Ty +1)

The matrix power series solution to Eq. (1) is most
easily obtained in a representation when A is diagonal
which we distinguish here by the label (4). Thus,
U*r) = CU(r) with B =CBC™, A"’ =CBC"', where
the transformation matrix C is given by

- l—K_iB -1 1+K—i5
yoin [ETm\ v+in] VExm\" vyt
T 29(y +in) i +K—iB 1 /1_ K—1iB
VE+m Y —in \/E+m\ y—z’n)
(3)
The transformed A and B matrices are
0 . - v -1
PO e ib n 1
0~y \y+m in

The matrix solution to Eq. (1) with A diagonal has been
given by Onley® and is

Ui r) = ZO V, 74N,

{=BV, 1}
{Vn};;-:—m;v’ =1 (4)
where A =diag(a,,a,, ' -+ ). The notation »* means
diag(»®L, »°2 -+ ); more generally if A and B are diagonal
matrices, the notation B* means diag(s®', 557, - -). The
subscript 0 on a function is used to distinguish a power
series expansion from an asymptotic expansion which
carried a subscript «. The elements of U{*(7) can be
identified in terms of the well-known Whittaker function

as follows:

M—in,-7+1/2(2ip7) IN(y) 0

, (5)
N(-7)

The matrix power series corresponds to the standard power series solutions for point regular and irregular
Dirac—Coulomb functions, but here one calculates the four functions in one series simultaneously.

It is also easy to calculate products of Coulomb functions by increasing the dimensions of our matrix equations
and solutions. The solution given in Eq. (4) is not confined to the particular matrices A and B given here; it is valid
for any pair of finite matrices of the same size. This can be particularly useful in dealing with products of solutions
of the type denoted here by U(»). Suppose we have two such matrix equations distinguished by the suffix i =1,2,

<L 0,n) :<A7 - B,-) Uil),

The direct product of such solutions written W(r) = U,(»)® U,(») is a 4 X4 matrix, each element of which would be a
product of two Whittaker functions corresponding to different parameters, Furthermore, W is a solution of an equa-

tion of the same form as Eq. (1) with,

A=A, ®I+I®A,, B=B,®I+I®B,.
Another relation which we will find useful is

riexp(~by) WA, B;7)=W(A +al, B +bl;7),

(6)

(7

which is true for any solution with A and B nXn matrices and a, b scalars [the expression »*exp(- b7) is simply the
solution of Eq. (1) in the case where all the arguments are scalar|. Thus, the integrand of many integrals of physi-

cal interest can be generated by a single matrix series.
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To assist us in obtaining asymptotic series expansions for the Dirac—Coulomb functions, we examine the power
series expansion in a B-diagonal form. Firstly we consider, U;®1’=GUs*’, where
v =11 . .
=y +in meoyem ~ip 0
G = R A(Bl): , B(Bl): 3
1 1 y+im —in 0 i

and the normalized solutions are again in terms of Whittaker functions

. Y —in .
M—1/2-in,r(zlp7’) _<Y+i77 -1/2-in,-r(2lp7’) (» 0

(By)— 1
Uy V2ipr . (8)
Ml/z-m,y(zipr) M1/g-in,-y(2ip7’) 0 N(=v)
As before, the first column contains the regular Coulomb functions and the second column contains the irregular

Coulomb functions. For reference, we note that we could also obtain U®)’ from U(r) by the transformation Ug?P:’
=DU(r), where

i(y — in) y =in
-1 vE +m E-m 9)
(y +in) —i(k -iB) K—1ipB

VE+m E-m

There is an additional B-diagonal power series solution which is sometimes of interest. It is UlB2’=HU, where

i 1
VE +m -m in K~
H A(Bz): ,
-1 1 K+iB —in
E+m VvE-m

and B‘®2' = B‘31’ Since U is real, it follows from the form of #, that U22’ = K(U{?2")*, where K =(} ) interchanges
rows,

The asymptotic matrix series solution to Eq. (1) is most easily obtained in B-diagonal form. Onley® has shown
that it is

ULB):anD”’VA-"e-BT, (10)
where Z denotes the diagonal elements of A, and if A=A - A, then for i#j

D), = {X tn- l)Dn-l}ij -y _Aji){Dn-l}iJ'
nlij— bi—bj ’

and for i =j

1
{Dn}ii = ; %i Aik(Dn)ki,

where b, are the diagonal elements of B and D,=1. The elements of U1’ can be identified explicitly in terms of
Whittaker functions of the second kind by

oy CEETTET Wi (= 20p) — (i) 2y m W,y (207)
Ul =7»"

= (" zip)-l/z-m(?’ +in)W-1/2+in,7(_ 2Zp) (zip)-1/2+inwl/2-ln,7(2ipr)

Note that this solution has the interesting symmetry property that U2’ =KU'21*K, Just as in the power series
case, products of functions are given by the same asymptotic matrix series for higher dimensional A and B
matrices.

Since U{BY and ULPY’ both represent the general solution to the differential equation, we must have UBUN™!
=UB’T, where T is a constant matrix and we have removed the normalization matrix of Eq. (8) for convenience.
We can find T for the Dirac—Coulomb functions by using the relationships between the power series and asymptotic
series Whittaker functions.!' We find

T'(2y +1)(2ip)™" [(=2y +1)(2ip)*"
r-| T+1+in) (y +in) T(= ¥ +in) (11)
L2y +1)(=2ip) " ) D(=2y +1){=2ip)" ™ )
TT+y—im o™ TRy exel-im)
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This result provides a compact expression for obtaining the regular Whittaker functions in terms of the asymptotic

functions,

1. INTEGRALS OVER DIRAC-COULOMB FUNCTIONS

We now turn to the problem of integrals over products
of Dirac—Coulomb wavefunctions and the radial part of
the electromagnetic Green’s function, which is i (w¥) or
#(wr) corresponding to emission of real or virtual
photons, respectively.® We will discuss this in general
terms before turning to the explicit problem of electron
scattering.

Following Onley, ® we define an integral operator
S, B;R) by

SW, B;R) WA, B;R) = [ WA, B;7)dr, (12)

where W(A, B;v) is a solution of the first-order matrix
differential equation Eq. (1), and we confine ourselves to
to cases where the integral is convergent at the upper
limit. The operator S(A, B;7) satisfies the inhomoge-
neous equation

43 +s<§_3):_1, (13)
and has the particular power series solution
PA,B;v)= (A +1) = (A +1)1 BA +2)7 42
—(A +1)'B(A +2)"'BA +3)1 3.0 (14)

as long as A +n is not singular. The solution to the
homogeneous equation obtained from Eq. (13) by remov-
ing the term I is W(A, B;»)™, thus the general solution
for S is of the form

S(A,B;7)=TW(A,B;v)' +P{A,B;7), (15)

where T is a constant matrix. Combining Eqs. (12) and
(15), we can write

T= [ WA,B;7)dr -P@A, B;R)WA, B;R). (16)
In Eq. (16), the left-hand side does not depend on R
although this variable appears explicitly on the right. In
fact R can take any value for which the functions on the
right are defined. In particular we take the limit R~ 0
and define the subtracted integral as follows:

I W(A,B;y)drzggl[/R W(A, B; 7)dr

~P(A,B;R)W(A, B; R)]. %))
Clearly if W is a regular function of » at the origin, the
product PW on the right side of Eq. (17) vanishes in the
limit, and the integral is simply the conventional inte-
gral with lower limit zero. If W is irregular, however,
Eq. (17) still gives a finite result since the functions
on the right are defined for any nonzero R and the com-
bination is independent of R. This process is related to
the subtracted integral definitions used with scalar
functions —compare the definition of the conventional
gamma function for negative arguments given in Ref.

12 on p. 243. The choice of the letter I' for the defini-
tion of Eq. (16) is not entirely arbitrary. If we display
the matrix arguments A and B, on which the function
depends, as follows:
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r+1,B)= |

<L)

W(A, B; v)d, (18)

this function is related to the conventional gamma func-
tion with a matrix argument, In fact, when B is the unit
matrix ['(4,1)=T(A). The recurrence relation for the
gamma function also holds in a modified form, namely

AT(A,B)= BT'4 +1, B), (19)

and we will have occasion to use this later. Relation
(19) is readily obtained by integration by parts and use
of Eq. (7).

In the case of electron scattering from a finite nucle-
us we require integrals over products of solutions of the
the Dirac equation for an electron moving in the electric
potential of a distributed charge. Such solutions and
their integrals we suppose are necessarily found by
standard numerical methods of integration starting at
the origin (where the wavefunctions are regular) and
continued to an approximate radius R beyond which the
density of nuclear material is negligible. The integrals,
however, do not cut off at this point but rather assume
the standard form discussed here, the component wave-
functions being simply solutions in the field of a point
charge. In general we may expect to calculate an inte-
grating operator S, such as that defined in Eq. (12),
which when operating on the wavefunctions at the nu-
clear boundary radius R, produces the integral of the
operand from that point to infinity. In general the diffi-
culty in evaluating such an operator is in finding a
suitable expression for the function T'.

The radial integrals relevant to the electron scatter-
ing problem can be obtained from linear combinations
of the elements of

kY (or)
U(2)* o U(1) dr,
Jlwr)

x

)

RI= | (20)

where L is related to the photon multipolarity and the
spherical Hankel function corresponds to emission of a
virtual photon of energy » and the spherical Bessel
function corresponds to the emission of a real photon of
energy w. If we transform the electron wavefunction
U(1)(U(2)) corresponding to the initial (final) state to the
standard representation given in Eq. (2), then we can
obtain the Bessel integral from the Hankel integral by
taking the real part of R/, since in the standard repre-
sentation the wavefunctions are real. We further note
that the spherical Hankel function can be written as an
exponential times a finite series expansion in inverse
powers of the radial coordinate 7,

L+1

B P awr) = expiwr) Z}_ a,(L)yr™", (21)
where
2F(L + ;,L)Z-n-L¢2
a\L)= 5 TE L - e

This allows us to use the general properties of the solu-
tions to Eq. (1), given in Eq. (7), to write the integrals
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RI in terms of a finite series of matrix gamma functions
with the A matrix differing by integers. Furthermore,
use of the recurrence relation for the matrix gamma
function given in Eq. (19) allows us to write the integral
RI as

RI=XT(A,B -iw), (22)

where A and B are 4 X4 matrices arising from the
direct products of the initial and final electron wave-
functions, and X is a 4 X4 matrix which depends on A,
B, and L, the multipolarity of the photon emitted. The
matrix X is given explicity by

X=a,(L)I +LZ:;l an(L):’lill {(4 =m)™ B}, (23)

where the successive terms in the matrix product
multiply from the left.

Thus, radial integrals for all multipoles L can be
generated from one basic matrix gamma function,
T(A, B —iw). This result will allow considerable savings
in computation time, particularly for the case of
bremsstrahlung where many multipoles contribute.
Before discussing how we evaluate this basic matrix
gamma function, we note that we have checked the
recurrence scheme used above on the computer and
when recurring in the direction outlined above it works
extremely well.

We can obtain an expression for I'(4, B —iw) by using
the power series solution in A-diagonal form for the
wavefunctions. Explicitly, we require

FO(A(A),B(Al —iw) = f

(0)

oo

UM(2)* ® UAN1) exp£z1vr) dr.

Defining
1
W(A‘A) - l,B(A)) = UéA)(Z)*@) UéA)(l)—' 3

and integrating the power series solution for W given
in Eq. (4) term by term, we obtain

TAM B —jw)=3 V,T'(n +A)~iw) ", (24)

n=0 "

where w is considered to have a small positive imagi-
nary part to ensure convergence of the individual inte-
grals. The coefficients V, are given by Eq. (4) with
B=B'"", Unfortunately this matrix series is not con-
vergent for any set of values of physical interest and
we do not know any analytic continuation techniques for
matrix series.

If we consider I'y in the B-diagonal form,

rae, 5o )= [ uoer s eoq) SR,
0}

(25)

we can integrate each individual element of I';. Apart
from the normalization matrix N, these elements are
given by

Io:k{bl—l)/Zkébz-l)/2 o yoL exp(— Aar)

x 1F1(azs bys ks ) 1F1(au by T)d”’, (26)
where A=i(p, —p, —w), k, =2ip,, and k, = — 2ip,.
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The parameters @,b,, b, are constant for each column
of T',. They are given explicitly by the following:
column 1, a=y, +v,, b, =2y, +1, b,=2y, +1; column 2,
A==y, +y,, by==2y, +1, b,=2y, +1; column 3, «
=y, =¥y, by=2y, +1, by=-2y, +1; column 4, «
==Y, =V, by==2y, +1, by=—2y, +1. The parameters
a, and a, vary within the columns in a regular pattern.
For the elements, i, of the first column of Iy, they
(1) ay=y, +im +1, ay=v, —im, +1; (2) ay =y, +iny, ay
=y, —in, +1; (3) ay=vy,tin, +1, a;=vy, —in,; (4) a
=y, +in,, a,=Yy,—i,. The parameters a; and @, for the
elements of the remaining columns are given by the
same expressions with the signs of v, and y, changed as
in columns 2, 3, and 4 above. By giving A a small
positive real part € to insure convergence at infinity
(e.g., let p,=p, —ic), and using our subtracted defini-
tion of the integral when necessary, we can expand the
hypergeometric series and integrate term by term to
obtain

T'(a) ) }
lo: —-A(—a-— kfb’ !)/2kéb2 l)/zFZ(ai‘ 02) bZ}al, bl; x’ y)’ (27)
where x=Fk,/A, y=Fk,/A, and F, is the double hyper-
geometric series of Appell. Explicitly,

5 (@ OBy L,

Fol, B, 850y 5, ) = 2 Sy ¥

which is absolutely convergent for x| + |yl <1. For
the physical variables of interest this series does not
converge, but has been analytically continued by
Gargaro and Onley® to convergent series and used to
evaluate electron radial integrals for point charge wave-
functions which would correspond to the first column of
the matrix I'y. We note here that the same analytic con-
tinuations can be used for evaluating the integrals (in
the subtracted sense) in the second, third, and fourth
columns of I', which contain the irregular wavefunc-
tions. This analytic continuation is given explicitly by
Fy(a,B,B,v,7'; x,9)=Q, +@, +Q,, where the three
double series are

_TOIT(E-a)
S TETO - a)

(a)m(l -y + a)m(a +m)n(1 -y +o +m)n
an U =p +a), (1 =B +a+m),(y),min!

&)
_ L) T(a-g)T( (8= a+p) (x)B (=)

T T(a)T(y - BIT(AT - a+8) \y
XH’ (ﬂ,)n(l _yl +B,)n(a - ﬂl)m(a +1 —¥Y - B')m(B- @ +B, _m)n

@, 'y)-a

X

Q

mn (L—a+p' ~m)(y+8 —a-m)(l +a~B8-p),min!

()5 20
_TOITMI(@ =8 =f) (_ \vw(_ -
=TT —fTG-p V" =97

XFg(B,B,’l “7’+Byl_7’ +ﬂ’,1 +B+B’_a; l/x; l/y)9

Qs

where @, is written in terms of Appell’s hypergeometric
function F,; which is absolutely convergent for [1/xi <1
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and |1/y| <1. The series @, and @, are absolutely con-
vergent for |1/yl +{x/y]| <1, These convergence con-

ditions are met for the physical values of x and y in the
electron scattering problem.

An additional analytic continuation of Appell’s F,
function, and hence of T'j, can be obtained by use of the
asymptotic series expansions for the wavefunctions
given in Eq. (9). Defining

T (A, B-iw)= f

[{+3]

” exp(iwr)

UP(2)* @ ULP1(1) dr

(29)

and substituting the matrix series expansion given in
Eq. (10), we can integrate term by term if the integral
converges at infinity (i.e., the elements of B all con-
tain positive real parts) to obtain

T.(4,B-iw)=Y, D,T'(A -n)(B - iw) 4", (30)
where D, is given in terms of (A ~1) and (B —iw) follow-
ing Eq. {10). Since B and A are both diagonal B* is
defined [see note following Eq. (4)].

In order to investigate the convergence of this matrix
series, first given in Ref. (8), we examine the individ-
ual elements of I' .. A typical element is of the form

L= [7 exp(= &r) 7" "' JFy(@z, by, 1/ky) JFolay, by, 1/kyy) dy
(31)

where &, k,, and A are different for each column. The
values for the four columns are: A, = —i(p, =p, +uw),
(k1)1 =2ip,, (kz)l ==2ipy; By =i(p; +hy— w); (k1)z
==2ipy, (ky)o==2ipy; By=—ilp, +p, +w), (k))y=2ip,,
(kp)3=2ip,; and Ay =i(p, —p, —w), (k)y=—2ipy, (ky),
=2i{p,; where the subscript refers to the column of I"_.
The other parameters a,6,a,b,y’ in Eq. (31) vary with
the elements within a column in T",, but their magnitude
has no special significance for the present argument as
long as y’ is not a negative integer. In order to have the
integrals convergent at infinity, it is necessary to
choose p,=p, +i¢ for the first and third columns, and
p,=p, —i€ for the second and fourth columns. Doing so
we can integrate, in the subtracted sense, the asymp-
totic expansions of the wavefunctions in Eq. (31) term
by term to obtain

T'{y")

I”:K?—FS(al,az,bl,bz,l -5 X5y, (32)
t

where the Appell function F, is given explicitly by

BRCIRN .
F3(aua2;b1,b2,')’; X,y):';'(—-—-———al)?;a)z)"( nl?)minz‘) X7y (33)

and is absolutely convergent for {x|l <1, |yl <1, The
variables in Eq. (32) are x;=—28,/(k,);, v;=-2,/{k,);,
where / labels the column of T"'_. This 4 X4 collection
of F, functions corresponds exactly to the matrix series
for T, given in Eq. (30). Thus we have obtained a
single matrix series expansion which could be used to
calculate Appell’s F, function in lieu of Eq. (33). When
we examine the convergence of the individual elements
of ', we find that some columns are convergent, but
that one or two columns are not convergent depending
on the value of w, the energy lost by the electron.
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Fortunately, the matrix series, Eq. (30), can be used
to calculate any column of T', independently, while the
remaining columns can be evaluated by other means.
We have derived the required analytic continuations
for the F, functions which will permit the evaluation of
all the nonconvergent columns, ' but will not give them
here.

Given that we can calculate I' (A ‘30 BBt _j3), we
require the first column of I'y(A ‘21, B'B1) _j1) for the
point nucleus case. For the case of the wavefunctions
we gave a relation between the power series expansion
and the asymptotic series expansion in Eq. (11) which
can be used to relate direct products of wavefunctions
times scalar factors, This relation, however, cannol
be used to relate the integrands of I’y and T, given in
Eqs. (25) and (29) since it does not hold when the
necessary convergence factors, ¢, are introduced to
make the integrals convergent at infinity. We have,
however, been able to find an analogous transformation
relating I'; and T, by investigating the relationship
between Appell’s F, and F, functions. Appell’s F, func-
tion can be written in terms of four of Appell’s F,
functions, ¥*

1
r(bl) F(bz) F(O -a, "'572) Fz(l +a1 +az = asalaaz‘zblybz; X, V)

1 1
:AF3<(11,a2,a1 +1-b,a, +1-0,,a; < ,;>

+BF3<(IU by —ay,a; +1 =0y, 1 —a,,

1 -y \y.._l
—2q, ta;—=, -
b, —2a, +a; P

+CF3(b1‘a1;az>1 —a,a, T1=b,,
l—x)

v
+DF3<b1 ~ 130y ~a3,1 —a;,1 —ay,
x+y-1

b4
X

x =1
b1—2al+oz;———Y »

by by —2a, -2a, +a;

where

A:x-nlyWZ 1 s
r‘(bl - al) F(bz - az) F(Cz)

(1 _y)ot -2ag+bg-1
’
(b, —a,) T{a,) T(b, — 2a, + @)

B=(-y)tex®

(1 = x)*-201°0171
F(al)r(bz _az)r‘(bl _201 + Q) ’

C =y %(~ x)tmot

(1 X - y)a +b | +b2-2a)-20y

T(a,)T(a,) T(b, +b,—2a, —2a, +a)

D= (= x)r o= gyt

Each of the Appell F, functions which appear in I'; can
be expressed as a sum of four F, functions which appear
in the same row of I'_. This allows us to write

r,=T_T'N, (35)

where the normalization matrix N is given by the direct
product of the incident and final wavefunction normaliza-
tion matrix given in Eq. (5), and the transformation
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matrix 7’ can be written in terms of the electron vari-
ables in the following form:

T'=P,(M,® M,)P,, (36)
where the diagonal matrices P, and P, have elements
P, =diag[sinn(in, —in,), sinalin, +in,),
~sina(in, +iny), sinw(in, -iny)],

-T2y, +1)TQ2y, +1) T2y, +1)T(1 -2y,)

sinm(y, +v,) sinaly; —,)

r(1 —272) r{- 271)
Sin()/1 +-y2) ?

P = diag[

L(l -2y,) {2y, +1)
sinn{y, ~¥,)

and the 2 X2 matrices M, and M, are given by

exp(imy,)(2ip,) '
(-, —in)y, —in)

exp(-" imfz)(zipz)-mz
T(1 +y, ~n,)

{=2ip,)im

(=2ipy)i™
(1 +y, +in,)

T'(l-9, +i'r]2)
explimy (=2ip,) " \
T(-y, +in)ly, +in,)

exp(—imy, )(=2ip,) ™
(1 +% +in1)

(2ip,)" ™ (2ip,)" ™
rq ty —im) F(l -"1 —im)

This result permits an alternate method of calculating
the basic integral I',(4, B —iw).

The results given in Eqs. (25) and (35) permit the
evaluation of I'y in B-diagonal form. To obtain Iy in the
standard representation of the wavefunction, see Eq.
(2), we simply make use of the matrix D given in Eq.
(9) which transforms the wavefunctions from the stan-
dard representation to the B-diagonal representation
to write

T4, B —iw) = (D @ D) T(A B, BB _ i), (37)

where the labels 1 and 2 refer to initial and final states
of the electron, and the matrices A, B, A‘®1’ and, B‘®»’
and 4 X4 matrices generated from the 2 X2 matrices in
the standard or B-diagonal representation by means of
Eq. (6), and Ty(4 '8, BB’ _jw) is given explicitly in
terms of Appell’s F, function in Eqs. (25) and (27).

IV. CONCLUSIONS

The results presented in Sec. III allows one to calcu-
late the radial integrals required in the analysis of the
real and virtual photon spectrum associated with high
energy electron scattering from the nucleus in terms of
a single matrix function I'j(4, B —iw) for each value of
Y1» Y2, and w for any multipole L. The matrix function
T, can be evaluated in terms of analytic continuations
of Appell’s F, series, or in terms of a matrix series
coupled with analytic continuations of Appell’s F,
series. For the case of the point nucleus, Appell’s F,
series is simpler to use since all sixteen elements of
I".. are required to calculate just the first column of I',.
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b

For the case of finite nuclei where all sixteen elements
of ', are required, the use of I', may be preferable.

To summarize, the radial integrals from R to infinity
involving the standard form of the radial functions given
in Eq. (2), both regular and irregular, are given by the
following matrix:

[ vre v <RI 4

R
=T,4,B~iw)-PA -1,B~iw;R)

X U,(R)*® U,(R) fﬂ%@ ,
where expressions for T, and P are given in Egqs. (37)
and (14).

As a test of the practicality of the techniques given
above, we have evaluated the point radial integrals
needed for calculating the virtual photon spectra for
100 MeV electrons with multipole contributions up to
L =5, This requires only the evaluation of the first
column of I'y which we carried out by using the analytic
continuation of Appell’s F, series given in Eq. (28). Our
results agree with the previous results of Gargaro and
Onley® for the lower multipoles which they calculated
and, when the nuclear charge was put equal to unity,
reproduced the plane wave Born approximation results
to within 1%. Furthermore, the use of the matrix re-
cursion techniques reduced the calculation time, as
compared to Gargaro and Onley, by at least a factor of
2. We intend to extend these calculations to the problem
of calculating the radiation tail accompanying electron
scattering, where many multipoles contribute, and, to
include the finite nuclear size effects.
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The frequency dependent electrical conductivity for
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An abstract Hilbert space with a particularly convenient scalar product is introduced to permit a

generalization of Feenberg's rearrangement method of perturbation theory to be applied to thermal Green’s
function calculations. This method has the advantage of treating averages (either thermal or configuration)
rigorously from the start. Explicit calculations are done for the frequency dependent electrical conductivity
for alloys with diagonal disorder at zero temperature. Three practical approaches are discussed: (1) the
Gram-Schmidt orthogonalization procedure, (2) a trick which depends on the Hermitian character of the
polarization operator, and (3) a general procedure for using nonorthogonal basis vectors to expand the
Feenberg formulas. To second order in the scattering strength, a new expression for the conductivity is
found which is valid for all frequencies. This expression agrees with earlier perturbation theory results

when the frequency is very small or very large.

. INTRODUCTION

In an earlier paper’ (hereafter referred to as I), one
of the present authors generalized Feenberg’s perturba-
tion theory®™ by applying it to the calculation of thermal
Green’s functions and Kubo formulas. This abstract
Hilbert space generalized Feenberg {(AHGF) method
gives an immediate expression for a self-energy which
is tractable, possesses a satisfactory thermodynamic
limit, and has a rigorous foundation. Motivation for the
method was found in an analysis of the properties of the
moment expansion of the thermal Green’s functions. A
number of brief applications were discussed to demon-
strate the breadth and tractability of the method.

The present paper gives a more detailed account of
the application of AHGF to the calculation of the fre-
quency dependent conductivity for disordered alloys.
This work was first discussed in Ref. 5 which also in-
cludes numerical computations of the frequency depen-
dent conductivity using a different generalization of
Freenberg’s perturbation method. The latter computa-
tions will be published elsewhere,

Previous work on the frequency dependent conductiv-
ity has been done by several authors. The high frequen-
¢y conductivity has been studied by Yamada,® Lonke and
Ron,” Velicky and Levin, ® and Sen. ° Yamada® treats the
very low and very high frequency cases as a second-
order expansion in the impurity potential. Lonke and
Ron’ calculate the conductivity for a system of free
electrons with dilute impurities, Velicky and Levin®
and Sen? study the conductivity using the coherent poten-
tial approximation. !*!! Numerous authors have studied
the low frequency and dc conductivity. Much of the
earlier work is subsumed by the coherent potential ap-
proximation to the conductivity. 12 purther references to
the earlier literature may be found in Refs, 5, 12, and
13,

Section I introduces the disordered alloy Hamiltonian,
the Green’s functions, and conductivity. Section III dis-
cusses the alternative choices for scalar products to be
used in Sec. IV. The AHGF method is described and

2182 Journal of Mathematical Physics, Vol. 17, No. 12, December 1976

motivated in Sec, IV. The canonical form for the con-
ductivity is found and comparison with the classical
Drude formula is also included in Sec, IV. Section V
gives a very simple application of AHGF and the Gram—
Schmidt orthogonalization procedure to the conductivity
when the bandwidth is small compared to the scattering
strength, Section VI derives a new result valid for all
frequencies and correct to O(8%) in the scattering
strength. The possibility of expanding the Feenberg
formulas in terms of nonorthogonal basis vectors is
examined in Sec. VII, The resulting formalism is ap-
plied to give the general formulas for AHGF in the
Bloch representation in Sec, VIII. Evaluation of the in-
verse optical effective mass and of more general ex-
pectation values required in the analysis are given in
Appendices A and B.

1l. THE DISORDERED ALLOY CONDUCTIVITY

The disordered alloy Hamiltonian in second quantized
form is

H=H,+H 2.1)
with

H, :g;]w 8¢} 10C sng 2.2)
and

H= 1;: €17C} moCings (2.3)

where 7 is the band index, f{ is the transfer (or hop-

ping) matrix element from site ¢ to j—hopping between
bands (hybridization) is excluded, ¢;” is the energy of
an electron at site 7, and ¢, (c;n,) creates (annihilates)
an electron with spin ¢ and band index » at site i. The
fermion operators obey the anticommutation relations
{Cas Citmtort = Dy, 70n, n0q,o» Where 8, 5 is the Kronecker
delta. It is frequently assumed that the state created
at site i is the Wannier state associated with the Bloch
states of the pure crystal. Consideration can generally
be limited to a single band unless one is interested in
optical transitions between bands. Furthermore, the
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Hamiltonian does not alter the spin so one may ighore
the spin index by introducing a factor of 2 in the formu-
las for physically measurable quantities, The band and
spin indices will be suppressed in the future.

Analysis is simplified further if we restrict study to
the three-dimensional simple cubic lattice structure
with nearest neighbor (n, n.) distance @ and n.n. trans-
fer only, Thus, f;;=0unless i andj are n.n. (f;;=
also). In a pure crystal {;; and ¢; are each constant in-
dependent of the site index.

The most commonly studied model in the literature is
that of the binary disordered alloy with diagonal dis-
order. In this case ?;; takes on the same value as that
for a pure crystal of A or b (assumed same for both)
while ¢; equals either ¢, or e¢g depending on which type
of atom occupies site i, Concentrations of A and B are
x and y respectively (x +y=1), For simplicity we re-
strict discussion to this case in the work that follows,

When ¢{;; does not depend on the distribution of im-
purities, the Hamiltonian can be usefully transformed to
a wave-vector representation by making the definitions

ck=N122] explik - R,)cl. (2.4)
1
Upon inverting the Fourier transform we find
C;:LV-1/ZZ eXp(— ik R,-)C{ (2., 5)
k

and H becomes (suppressing the boldface roman vector
symbolism)

H:kZ €xChC, + kE U(q)ChChaqs (2.6)
4
where
Ulg) =N"120 ¢, expliq + Ry), @7
t
s(k)=z(coska + cosk,a + cosk a), (2.8)
€, = Ws(k) where W=61. 2.9)

Our studies will be centered around properties of
Zubarev-type retarded thermal Green’s functions for
general operators A and B!4:

G)=(A; By, = [__ G(t) explizt) at

=i f, dtexpliztX[A®), BO)), (2.10)
Imz >0,
Inverting the transform one finds
6O=(a0: B0 = [ L6 expiian
=~10(t)[A(t), B(0)],). (2.11)

The double bracket convention is defined by (2. 10) and
(2.11). The choice of Fourier transform convention and
multiplicative constants is uniquely determined by re-
quiring G(z) for single-particle operators to have the
same matrix elements as the resolvent operator

(z - H)™', G(z) also satisfies the equation of motion
(EOM)

z{A; B)  =([A(0), BO)L,) +([4, H]; BY,

=([4(0), B®),) - (4;[B, H}).. 2.12)
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In these equations (0) =Trp0, where p is the density
matrix p = Q"' exp[- 8(H - pN)] for the grand canonical
ensemble and Trp =1 determines the partition function
Q. A(t) is the Heisenberg operator

A(t) = exp(iHt)A(0) exp(— iHY), (2.13)

Tr is the trace operation, 8= (¢7)"! where T is absolute
temperature, and 6(f) is the Heaviside function. Units
are chosen so that #=1, And finally [ , ], is either the
commutator or anticommutator depending on whether
the operators A and B are bosonlike or fermionlike
operators. See Zubarev!! for a discussion of the proper
choice of sign.

Including the configuration average in the definition,
we have

(A;B") pin==1 [, dtexplizt ~nt)(Trp[A(1), B (0)],),.

(2.14)
If we define the operator L by
Lo=[0, H], (2.15)
then it is easy to show that
A(H) =exp(-iL1A, (2.16)

Putting (2. 16) into (2.14) we have

(A; B"),=-1 [," dt exp(izt)Trp[exp(- iLDA, B),),
= (Trp[(z - L)-IA; BT]i:>C

=(Trp(4, (z + L)1B],).. (2.17)

In order to express the conductivity as a Zubarev—
Green function we need to define appropriate operators
A and B, The relevant operators are the polarization
and current operators, The polarization operator is

P=ec2i Rot=¢ 2/ R, exp(iq - R)C]Chuq- (2.18)
1 tRkq

The current operator may be calculated from the polar-
ization operator as

Ju=~iLP,=ie 2] t,;(R;~ R)),clc;. (2.19)
L)

Given the operators (2.18) and (2.19), we can calculate
the frequency dependent conductivity per unit volume
according to the formula

ouu(w) = (1/9)<<Ju.; Pv>>w+ina

IIl. THE SCALAR PRODUCTS

(2. 20)

In this section we present the scalar products needed
for the AHGF discussed in Sec. IV, Two different sca-
lar products are needed: one for fermionlike operators
(when the anticommutator appears in the Green’s func-
tion) and one for bosonlike operators (when the com-
mutator appears). The fermion scalar product is easily
chosen. However, for the boson operators two choices
present themselves and one is free to choose the most
convenient.

A scalar product must satisfy three conditions:

(A, B) = (B, A)*, @.1)
{(4,4)>0 for A#Q, {3.2)
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(Z a1, B) =T aria,, 5, 6.3)
and
(A,Zi) ﬁiB;):; Bi(A, By). (3.4)

In addition we require the operator L to be Hermitian,
(A, LB)= (LA, B). 3.5)

(1) The fermion scalar product has been discussed by
Lonke, 1

(A, By=Trp{A", B}=({A", B}). (3. 6)

The single parenthesis notation will be used to denote
the fermion scalar product. That conditions (3.1) and
(3.3)— (3. 5) are satisfied is easily checked. Condition
(3. 2) follows from

1

@,4)=3

; [exp(- BE,) + exp(- BE,)][(m|A|)|*= 0.

3.7

In Eq. (3.7) and throughout this section E| is the Ith
eigenvalue of the operator H- pN and € is the grand
canonical partition function.

(2) One possible choice of boson scalar product has
been discussed by Mori'®:

(A,B), = % f dx {exp(\H)B exp(- A\H)A™), (3. 8)
0

The single parenthesis with M subscript notation will be

used to denote Mori’s boson scalar product, Again (3.1)

and (3.3)— (3. 5) are easily checked. (3. 2) follows

because

_ 1 5 exp(= BEm) = exp(= BE1) |, 1 atipy |25
(A;A)M - BQ lZ";l E, - Em |<m l |l> l 0-

(3.9)

(3) A second possible choice of boson scalar product
has been found,

((A,B)) :<[[B’ H]’ATD :<[LBaAf]>.

For reasons that should be apparent, we will call (3. 8)
the integral scalar product and (3. 10) the differential
scalar product. The double parenthesis notation will be
used to denote the differential scalar product. As be-
fore, (3.1) and (3.3)—(3.5) are easily proven. (3.2)
follows from

(3.10)

(A, A) = g T [exp(~ BE;) - exp(= BE,,)]

im

X(En— Ep)|[(m|A|Dy |22 0. (3.11)
The scalar products (3. 8) and (3. 10) are related in
general by

(A, By =TrplA", LB]=B(B", A", (3.12)
where 0= (d/dt)0. Notice that, whereas (3.6) and (3. 8)

give dimensionless scalars when A and B are dimen-
sionless, (3.10) has dimensions of energy (=1).

An important example of the use of these scalar prod-
ucts is in the evaluation of the optical effective mass
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(see Appendix A):

Trp[Pv,LPu]:((va Pu»:B(JuyJu)M~ (3'13)

Either of these scalar products may be used in a
particular application. We will find the differential sca-
lar product to be the most convenient choice in the
present work. This scalar product recommends itself
because a direct evaluation in terms of thermal expec-
tation values requires fewer operator transformations
than is required when using the integral scalar product.
The reason for this is that the exponential operators in
the integral scalar product must be transformed away
unless we are able to diagonalize the Hamiltonian ex-
actly. Since the differential scalar product is expressed
in terms of commutators of the Hamiltonian, these can
be evaluated directly in any convenient representation—
diagonal or nondiagonal. This fact proves to be a con-
siderable advantage in practical calculations.

Finally we note that the differential scalar product
gives zero norm to any operator that commutes with the
Hamiltonian, Hence, the norm of an operator as de-
fined by (3.11) is a quantitative measure of the deviation
of the operator from its invariant part (the part that
commutes with H). The integral scalar product does not
automatically have this property, However, Mori has
accomplished the same result by restricting the opera-
tors in the Hilbert space to have invariant parts set
equal to zero. We believe the present approach to be
somewhat simpler,

(4) In order to apply the scalar products to the dis-
order problem, we wish to include the configuration
average as well as the thermal average in the scalar
product. This generalization may be included with es-
sentially no additional work by defining

(A, By=(TrpiB, A", (3.14)
for fermion operaters and
(A, B)=(Trp[LB,A]), (3. 15)

for boson operators, Since the configuration average
does not cause any spurious interference between con-
figurations in calculating condition (3.2), we find that
(3.1)— (3. 5) are automatically satisfied for (3. 14) and
(3.15) since they are satisfied for (3.6) and (3. 10). The
definitions (3. 14) and (3. 15) are the ones used in Sec.
1v.

tV. AHGF FOR THE CONDUCTIVITY

The resolventlike form of (2.17) leads one to consider
the possibility that a thermal Green’s function may be
viewed in general as a matrix element of (zx L)1 in an
abstract Hilbert space whose scalar product is tempera-
ture dependent. Zwa.nzig17 has discussed the operator
(z - L) and Mori'® has introduced a Hilbert space simi-
lar to the ones to be discussed here. In Sec. III, we
discussed the possible choices of scalar product used in
fixing our Hilbert space. The scalar products we choose

are
(B, A)=(Trp{4, B'Y, 4.1)

for fermionlike operators!’ and
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(B,A)=(Trp[LA, B']), (4.2)

for bosonlike operators, !

Using these definitions we find the Green’s functions
can be written in convenient and illustrative form as

(A; B'),= (B, (z - L)A) (4.3)
for fermion operators and
<<'a7 BY»‘:—Z'((B’ (Z‘L)—iA)) (40 4)

for boson operators where 0 =d0/dt. The reader might
be concerned that not every Green’s function involving
bosonlike operators can be expressed in scalar product
form (4. 4) because of the required time derivative on
the left-hand side. However, this question is quickly
resolved by noting that a single application of the EOM
(2. 3) gives

(A; B o= LeTrola, B+ 2 @B, - 1) @.5)

Thus, by using Egs. (4.3) and (4.5), we can express any
Green’s function as a matrix element of a resolventlike
operator in the abstract Hilbert spaces determined by
the scalar products (4.1) and (4. 2).

As discussed in Sec. I, the operator L is Hermitian
in the Hilbert spaces defined by (4.1) and (4, 2), In fact
we used this condition to determine the proper choices
of scalar product. That L is Hermitian will be useful
to us in later work when we attempt to evaluate matrix
elements of L in these Hilbert spaces.

Once we establish a Hilbert space, an Hermitian
operator L, and a resolvent (z — L), I shows that
AHGF may be applied to the problem of calculating
matrix elements of the resolvent. Matrix elements be-
tween different operators A, B as in (4. 3) are known as
off-diagonal matrix elements of the resolvent; the
matrix element of A with itself is a diagonal element,

I shows how both diagonal and off-diagonal matrix ele-
ments may be expressed using the Feenberg formulas, 2

Although we only require the diagonal elements in
most of our later work, we include both expressions
here for completeness. We propose to form the vectors
of our Hilbert space from the set of operators A; so that
the A;’s are orthonormal and complete in the Hilbert
space of interest. (It is possible to remove the orthog-
onality requirement under conditions to be discussed in
Sec. VIL ) Under these conditions I shows that the
diagonal element of the resolvent becomes

(Am (Z - L)-lAn): (Z - ‘En(z))-ia (4- 6)
where
Enterepa =L+ E __Iﬂ_'.{‘_"‘l__
rEniseepg 2 5ni---pqr
+ Z; L«rLrsqu Foeee
rénieeepq (Z - Eni"'pqr)(z - &ni---pqrs)
stnieeepgr
4.7
and
Lmn: (Am, LAn)- (4. 8)

For the off-diagonal type of matrix elements, I shows
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that
4,,z- L)'lA") =(z - gm)-l (Lm" + Z‘I LoyyLyn
TEmy n Z= E,,,,,,
" '*%ﬂ (Z - gmnr)(z - §,,,,,,s) M
SEmy Ny 7
X (2 = Ema)s .9)

These formulas may be derived in a fashion similar to
that of Feshbach? who obtained the Feenberg formulas
directly from the eigenvalue problem using a method
of successive approximations.

Another argument using a matrix analogy may be
summarized as follows: If we were dealing with a finite
matrix, we would say that Feenberg perturbation theory
could be used to obtain an algebraic expression for the
Cramer’s rule formula for the elements of the inverse
of a matrix. The philosophy used then would be to as-
sume we have a finite matrix, obtain the Feenberg
formula, then allow the matrix to become arbitrarily
large. The formulas (4.6) and (4. 9) result, Similar
ideas have been used by Masson!® while establishing the
rigorous convergence properties of an approximation
scheme using finite dimensional subspaces of a Hilbert
space to approximate a general Hamiltonian,

To illustrate these ideas consider the electron crea-
tion (annihilation) operators af,,(am) for the states m
=1,...,N. We have in mind now a problem without the
additional complication of disorder. For example, an
alloy in a particular configuration could be discussed in
the following terms using the scalar products (3. 6) and
(3.10). Then for the fermion case we find

(arm a,)="5y,, (a:m a,)=0 4.10)

so that these operators are automatically orthonormal
and the AHGF may be applied straightforwardly to
single-particle Green’s functions. Suppose further that
these operators diagonalize the Hamiltonian

H=71] E,dla,. (4.11)

Then choosing our two-particle operators as 4,,=a}a,,
we find

«A!m’ qu)) = (El - Em)«nm> - <7’Z, >)5196mq' (4- 12)
A,;,’s which commute with H have zero norm and are

excluded from the Hilbert space. The remaining A;,’s
are mutually orthogonal and can all be normalized.

In order to apply AHGF to the conductivity, we need
to express the conductivity as a matrix element of a
resolvent operator. This is accomplished by first noting
that Eq. (2.20) may be rewritten as

0w (@) =5 (B, (@ +in-L)'P,), (4.13)
where we have used definition (4, 2). For a simple cubic
crystal we may restrict discussion to the case p=v, In
this case (4, 13) is the diagonal element of a resolvent
and we may apply (4. 6). Since P, is not a normalized
vector, we must be careful to account for its normaliza-
tion. Also note that  is the total crystal volume. We
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find that

o) & (P Pu)

Q w = Ep(w) - (40 14)

Equation (4. 14) is an exact result independent of the
precise definitions of either P or H, For example, the
Hamiltonian may be generalized to include many-body
effects (e.g., electron—electron interactions via a dis-
ordered Hubbard Hamiltonian!®) without changing (4, 14),
In a practical calculation, the AHGF formulas become
more difficult to evaluate, the more general the Hamil-
tonian. However, the principles remain unchanged. We
consider (4. 14) to be the canonical form for the con-
ductivity. £, serves the same role in the two-particle
theory that the self-energy serves in the single-parti-
cle theory, Equation (4.14) is as important to the the-
ory of the conductivity as

G(E)=[E - Z(E)]"

is to the theory of the one electron Green’s function. It
should be the starting point of most approximation
schemes.

Using the result of Appendix A to express the nu-
merator of (4.14) in terms of H;, we find

ia*e®  (TrpH,),
3 wHin~- fplw)’

olw)=- (4.15)
This formula is convenient in many cases. For example,
it is easy to see that the classical Drude formula is a
special case of (4. 15). To illustrate we assume a sim-
ple exponential decay for

(TrplJ,. (1), Pu(O)Dc:i%e—Z {TrpH,) exp(~ 2Tt} (4.16)

and obtain from (4,7)

ia’e? (TrpHy),

30w+l (¢.17)

glw)=~
which is formally equivalent to the classical Drude
formula. ® We see that (4. 15) reduces to this form when
the two-particle self-energy £ple +in)=~2iT" is inde-
pendent of w,

Depending on the particular limit of the conductivity
being studied, three different methods of using AHGF
may be employed. The necessity of using different
methods for different problems is imposed by require-
ments of orthogonality on the basis vectors in the ab-
stract Hilbert space. Three possibilities have been en-
countered in practice: (1) orthogonal basis vectors may
be found through Gram—Schmidt orthogonalization; (2)
nonorthogonality of the basis vectors is negligible to the
order of approximation being studied; (3) a set of non-
orthogonal basis vectors must be employed to obtain re-
sults correct to the desired approximation. Each of
these cases will be discussed further in the following
paragraphs and examples will be given in Secs. V—VIIL

It is always possible to obtain an orthonormal set of
vectors from an arbitrary set by using the Gram—
Schmidt orthogonalization procedure, In a finite time,
we can only obtain a finite number of vectors this way.
In the limit of small bandwidth, this restriction is ac-
ceptable because only three basis vectors are required
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to span the Hilbert space for the conductivity calcula-
tion. In more general problems, a technical difficulty
arises because expanding the Feenberg formulas in
terms of the Gram—Schmidt basis results in a continued
fraction. In order to obtain an imaginary part for £,, we
must be able to sum this continued fraction or obtain an
appropriate terminating function for it. Summing the
continued fraction requires knowledge of all the basis
vectors of the Hilbert space and this knowledge requires
considerable effort to obtain in most cases (if it is pos-
sible at all). A physically motivated terminating func-
tion may possibly be found but this is also a difficult
problem to solve in many cases.

Under certain special conditions, nonorthogonality of
the basis vectors may not be important so an alterna-
tive method may be used. Suppose we wish to calculate
§a,(w), where A,=A] is an Hermitian operator. Then
we notice that if we were to orthogonalize A,, with re-
spect to A, according to

A;n :Am - SmnAm (4o 18)

where S, is the overlap matrix element, then we would
find

(An, LAL) = (Ar, LAL) (4.19)

because (4,, LA,) =0 when A, is Hermitian, Thus, if
we are doing an approximate calculation and only retain
the first nonzero term of Eq. (4.7) for £, (w), we may
safely ignore the nonorthogonality. This fact saves us
much work in Sec. VI where A,=P,,

If our problem is such that the Gram—Schmidt proce-
dure is not satisfactory and the nonorthogonality is not
negligible, then we must either orthogonalize the vec-
tors by some clever trick or use the nonorthogonal
vectors themselves in our calculation. In general, the
rigorous application of Eq. (4.7) to two-particle Green’s
functions requires exactly the same amount of work in
choosing an orthonormal set of operators as is required
to diagonalize the Hamiltonian. This is obviously out of
the question. It would be most convenient if we could
apply AHGF to a set of nonorthogonal vectors, A pro-
cedure for doing this is discussed in Sec, VII. Having
established a procedure for using the nonorthogonal
basis vectors, a number of alternatives will still re-
main, We can expand P, in terms of Bloch functions or
Wannier functions, The Bloch representation is most
convenient in the weak scattering strength limit and the
Wannier representation is convenient for the small
bandwidth limit. We will derive the general formulas
for the Bloch representation in Sec. VIIL

V.SMALL BANDWIDTH LIMIT

The Feenberg formulas can be explicitly evaluated in
the limiting cases of small bandwidth or small scatter-
ing strength. This evaluation is convenient and useful
for two reasons: (1) The operator expectation values
can be evaluated approximately in these limits. This is
done in Appendix B. (2) Exact results are known for
both of these limiting cases (see Ref. 5).

Since the two-particle self-energy in the small band-
width limit has only a trivial imaginary part (propor-
tional to Imw), it is satisfactory to use the Gram—
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Schmidt orthogonalization procedure on the vectors of
our abstract Hilbert space.

Recalling expression (4. 13) for the conductivity it is
clear that the first vector of the sequence must be P,
Using the full Hamiltonian, we can generate a second
vector according to

LP,=iJ,. (5.1)

It is a trivial consequence of the scalar product (4. 2)
that P and J are orthogonal. Normalizing these vectors
according to

_ P, R
= —+f—- and = k- 5.2
Pu= 1B, Tu =T (6.2)
we can rewrite (5.1) as
Ml

Lp,=i .
Pu=% P17

Then by using the Hermitian character of L, we can
write

ATl

Lu==1yp 2

P,+d, (5.4)
which defines @,. (5.4) guarantees that @ is orthogonal

to P by Gram—Schmidt construction and to J because

«Ju’ LJu)) = ((Juy Qu)) =0. (5- 5)
Continuing the sequence one more step we have
LQu= (L2 = |11/ PR, (5. 6)

In the small bandwidth limit it is essential to use the
full Hamiltonian (2. 1) in evaluating (5.1). However, we
can use the truncated Hamiltonian

H:E €Ny (5- 7)
i

for calculating (5.4) and (5. 6). This simplifies the

analysis greatly. Using the notation from Sec. II and

defining 6 =€z - ¢,, we find

2 2
«Pu’ Pu»: - Z*e_tzg’—z_l\{(x%f'(f,q) +y2f'(68)
+ oy LEa) 2 1C5) ) : (5.9)
2 2
7)== LN o i) flea)) (5.9
(7., L2, ) = 8", ), (5.10)
(7.y LRU) = a8*(J,, J,), (5.11)
and
(LQu, LQ,) = o?0'(J,,J.). (5.12)
v and « are defined by
2y82 = |7, I3/ P, II? (5.13)
and a =1~ 2y. Combining (5. 11) and (5. 12) clearly
implies
LQ,/ILQ,ll =7, (5. 14)

so the series truncates at this order.

Given these results we can calculate the Feenberg
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formulas straightforwardly, They give

£p(w)=2v8"/[w - £p, s ()] (5. 15)
and

£p, s(w) =t/ (5.16)
Finally, we find that

£p(w) =290/ (0! - ad?) (5.17)

which is identical with the exact result obtained from a
straightforward perturbation calculation correct to

o).

Notice that £.(0)=0, £,(6)=3, and (- 8)=- 6, so
(5. 17) correctly determines the poles of the conduc-
tivity. These poles correspond to transitions from A to
A or B to B-type neighbors (w=0), from A to B-type
neighbors (w=29), and from B to A-type neighbors
(w=-5). The residues of the poles correctly account
for the fact that in order to have a transition from site
[ to site m, site ! must be occupied with probability
fe;) and site m unoccupied with probability [1 - fle,)].
The probability that both sites are either A type or
B type is x% or y%, respectively and the probability that
one is A type with the other B type is xy. These con-
figuration effects are properly accounted for by the
residues of the poles, See Ref, 5 for more details.

Thus the AHGF reproduces the exact result for the
small bandwidth 1imit, We could improve this result by
retaining the next higher order contributions in W to
£p. This will not be done here,

V1. SMALL SCATTERING STRENGTH LIMIT

We develop the AHGF formulas for o(w) in the small
scattering strength limit in this section., We find an
expression for o(w) correct to O(8%),

The conductivity is given by (4. 14), where

\Lp,,5, ..l
gpu(w):Z; — L TR k4diq (w) +.,.., (6.,1)
kra £PLI-’ By kvaia
Bl:.kw:a: U(q)clfzck'rv (6.2)

and B is B’ divided by the norm of B’,

Since P, is an Hermitian operator, we may ignore the
nonorthogonality of P, and the B’s according to the
argument giving Eq, (4.19). This procedure is valid in
the small scattering strength limit because we need
only keep the term in (6. 1) which is explicitly shown in
this limit,

The matrix elements are given by

_ (Bhgwiey LP,)

L - .
Pur By, prasa ”Pu” ||B£'k+q;q||

(6.3)

We can evaluate these vector norms and scalar products
using the results of Appendix B. We find

1Bt pegs oll® =2y 8N e, = s Fleraa) ~ Flew)] + O(8%) {6.4)
and
(B praior LP,)) =iexy N @F — 02, ) Flerae) = fler)) + O(8°).
(6. 5)
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Furthermore, we can write
(6.6)

Substituting all these expressions into (6. 1), our final
expression for the self-energy is

gPuv Bk, k;q;q(w) “€peg T € + 0(62)°

Ep(w) =~ 2y m*Aw), (6.7)
where

On)™ =20 @0p°[- /" e)] (6.8)
and

— yN-1 (v};)z[f(e,z,a) — fler) )/ (erre — €4)

Alw)=wN kz'i P — . 6.9)
We have used the time reversal symmetry

€p=cy and v¥=-20% (6.10)

in simplifying (6.7). The conductivity may be obtained
by substituting (6. 7) into (4. 14).

Checking (6.7) in the w — 0 limit we find

Im§, (0)=- 2mxy 6% (€ 2) (6.11)

when T=0, Thus the standard Boltzmann result is
recovered. {Here F stands for Fermi surface.)

Equation (6.'7) should also be valid for high frequen-
cies. Previous work on the high frequency conductivity
has been discussed in the Introduction., Yamada’s work®
corresponds closely with our own. It is not difficult to
show that when Yamada’s Eq. (30) is specialized to the
binary alloy and then configuration averaged, the re-
sult is in complete agreement with (6, 7) at high frequen-
cies. See Ref. 5 for more details.

Vil. NONORTHOGONAL BASIS VECTORS

Similar problems of expressing formulas in terms of
nonorthogonal basis vectors have been studied in other
contexts by Roth?® and by Halpern and Bergmann. M2

Let {A;} be any complete normalized but not neces-
sarily orthogonal set of vectors in the Hilbert space
defined by either (4, 1) or (4.2). I A is an eigenfunction
of L with eigenvalue z, then

A=2; ;4
is a representation (not necessarily unique) of A in

terms of {A,-}o The coefficients ¢; satisfy the system of
linear homogeneous equations

(7.1)

(z - Ri;)a; = 25 R0, (7.2)
F#
where
Rij(z)=L;j—25;;(1-8;)) (7.3)
and the overlap integral is defined by
(A; Aj)
S, — i (7' 4)
4 {((Ai)Aj))

for scalar products (4.1) and (4. 2), respectively. When
the A;’s are orthogonal, (7.2) reduces to

(e — Lo = 27 Lijo;.

J#i

(1.9)

If we specify an arbitrary coefficient # as a,=1 (thus
normalizing all other ®,;’s with respect to @), then
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the system (7, 5) is equivalent to the one solved in gen-
eral by Feenberg. The only difference between (7, 5)
and (7. 2) is that the off-diagonal elements with S; ;70
depend linearly on z. Feshbach’s derivation of the
Feenberg formulas is still valid for (7. 2). Hence, the
only alteration required in the formulas (4.7) and (4. 9)
is to replace L;; everywhere by R;;. This result fol-
lows immediately by applying the matrix analogy argu-
ment discussed following (4. 9).

We conclude that any Green’s function can be ex-
pressed as a Feenberg series by expanding the Feen-
berg formulas in terms of a complete set of nonorthog-
onal vectors, This fact is important for practical ap-
plications of the method.

Vill. THE BLOCH REPRESENTATION

If we wish to obtain a systematic approximation for
the conductivity correct to higher than second order in
the scattering strength, we must apply the full AHGF
method using nonorthogonal vectors., Such a calculation
is necessarily tedious but can be carried through in a
reasonable amount of time. For reasons of space, we
will not work such an example here. Instead we will ex-
hibit the general AHGF formulas in the Bloch represen-
tation. These formulas will then be the starting point
for a better calculation of the conductivity in the future.

We define

Alp=cley. (8.1)

The prime on A indicates the vector is unnormalized.
Then using the Hamiltonian in the form (2. 8) we find

LAé,k': (Gk'_ Ek)A):.k"'_ %,: (BI:,k‘w';q - Bl;-q',k’:q’)’ (8.2)
where we define
B} rgia = U@)CL Cry. (8. 3)

Similarly,
LB pior=ew — ex)Brwia % (Db, gva® oty 0 = Dhea® ity o®)s
(8.4)
where
Dl:pkziqqu = U(qi)U(qz)C;aiCkzo (8.5)
The pattern should be apparent,

The next step in the Feenberg procedure is to nor-
malize the vectors and determine their orthogonality
properties, To save writing throughout the remainder
of this section we understand (0) =(Trp0).. Then

(( l:i,kzs A£3,k4)) = (Ekg - €k4) (<nk4> - <nk3>)6k21 k46k1v kg
+ 6k2-k4,k1-k3[<U(k1 - k3)c;3Ck1>
+(Ulky - kz)0220k4>] ~ Ougry Orgey
x 2 (U@L Crpad + U@L Cxy)], (8.8)

where (8. 6) has been simplified using the expectation
values (B7)—(B9). Similarly,

((Blgi, Ryiaqr Bl::;, kyiay ))

= (€k3 - €k4)[<U(_ ql)U(qZ)C;26k4>6k1. kg
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-{U(~ %)U(‘Iz)c;gckl) Btgy )
+ ? KU(- 41)Ulgs)U(q) clsck_l)ﬁlzz,k‘iw

+{U(- 41)U(Q2)U(Q)C£2ck4> Onyyngma
-(U(- q1)U(Qz)U(q)CEZCk4+q> Oniieg
-(U(- 611)U(42)U(CI)CL3-qu1>5k2,k4] 8.7
and
(B ptgiags b))

= (€k3 - €k4)[<U(— ql)clzc,M) Oy g

~ (U= a0)chen ) nyur, ] + 20 (U= a)Ul@)chcn)

X 6k2,k4+q+ (U(= Q1)U(Q)C;20k4) 6k1,k3-q
-(U(- 41)U(Q)ngck4¢q> Opy, 2
—(U{-4qy) U(q)clchki)ﬁkz,kﬂv (8.8)

Although these general expressions are quite com-
plicated, the algorithm for calculating them is very
simple. For particular values of the subscripts, the ex-
pressions may be greatly simplified using (B7)—(B9).

If we define the norm of a vector A as

lA[*= (4,4, (8.9)
we can define the normalized vectors
A,, k':Aé,k'/ 'IAI:.k'l (8.10)

and similarly for the B’s, D’s, etc. Then we can re-
write (8.2) as

LAy p=(ep — €p)Ag,pr T ? [LAk,k,, Bk'k'_,q;qu. R'saiq

+ LAk, k' Bk-q, k';qu'q' k';q]’ (8. 11)

where
LAk.k"Bk,k'w;q = “Bé,k’w:a H/H A wlls (8.12)
LAk, &' *Breg, ki q = n Bllz-q, kq “/ HAAIZ, I’y “ . (8. 13)

The corresponding expression for LB, ,., may be ob-
tained by analogy.

IX. SUMMARY AND CONCLUSIONS

We introduce scalar products with associated Hilbert
spaces for single- and two-particle operators and show
how these may be used to generalize Feenberg pertur-
bation theory in thermal Green’s function applications.
Three methods of using the AHGF are demonstrated in
calculations of the disordered alloy conductivity.

First, the Gram—Schmidt orthogonalization proce-
dure is used in the small bandwidth (strong scattering)
limit. The Gram—Schmidt procedure results in a con-
tinued fraction which truncates in this example but may
not truncate in general. The real part of the conductivi-
ty is a finite sum of delta functions when the continued
fraction does truncate. In a typical physical application,
one is interested in finding a conductivity whose real
part is a continuous function of the frequency (not a sum
of delta functions). Therefore, general application of
the Gram —Schmidt procedure requires some physical-
ly motivated truncation of the continued fraction. In
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some cases, clever truncations (such as that of Onodera
and Toyozawa%) no doubt exist,

Second, under special circumstances one may obtain
a valid approximation for the conductivity without treat-
ing the nonorthogonality of the vectors in the Feenberg
series, The requirements are that (1) the starting vec-
tor (e,g., P, for the conductivity) must be Hermitian
and (2) only the first nontrivial term of the Feenberg
series for the self-energy is needed. This technique is
exploited to calculate a closed expression (6.7) for o(w)
correct to O(3%) for all values of w. The authors be-
lieve this to be a new result.

Third, under more general conditions it is shown
that nonorthogonal basis vectors may be used to expand
the Feenberg formulas. To demonstrate the type of
calculations required, the first few AHGF formulas are
written down in the Bloch representation. This tech-
nique can be used systematically to obtain expressions
for the conductivity valid to any order desired although
considerable effort may be required to do so.

In conclusion, we wish to point out that the AHGF
method is not the same as the usual Feenberg method in
the case of the one electron Green’s function with dis-
order. 24?5 The usual Feenberg—Watson a.pproach26 is
used strictly in the site representation and the argu-
ments suggesting the behavior of the most probable
Green’s function form the final step of the calculation,
The AHGF method treats the configuration averaged
Green’s function rigorously from the start and is not
restricted to any particular representation. In fact, one
important reason for studying the AHGF approach is
that it permits the configuration average and the ther-
mal average to be treated equally,

It has been shown elsewhere® that the AHGF method
can be used to derive the CPA for single-particle
Green’s functions. An outstanding problem at present is
to show that the method can also be used to derive the
CPA for the transport coefficients, ! This demonstration
must await further developments in the theory.

APPENDIX A

A quantity proportional to the inverse of the optical
effective mass of the conducting electrons is

({P.,H], P.)) =~ ezl_zf ti5(R; - Ry)icicy)
- CE D bl
3 &
2,2
= €3i (Hy). (A1)

The last two equalities come from averaging over the
three equivalent directions in the s. ¢, crystal, H is

defined in (2. 2). The formula so far assumes nothing
concerning the disorder. If we assume only diagonal

disorder, we find

([[Pu) H]y Pu]> :ezz szf_ <nk>
Rk
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(A2)

APPENDIX B

In this appendix we collect various results of ex-
pectation value calculations. To save space we make
the convention throughout this appendix that (0) =(Trp0),.

1. Expectation values of Ulg)

We assume the origin of the energy is chosen so that
the average alloy potential energy vanishes, In other
words, for

Ulg)=N" 25 ¢ expliq - Ry), (B1)
1
we have
1 -
U(O):Nzei:ezo. (B2)
i
Hence, we find immediately that
(U(q) =€d,,0=0. (B3)

Thus if any of the ¢ arguments vanish in the expressions
(B4)— (B6) which follow, then the expression vanishes
identically. For example, (U(0)U(0)) =0. In all other
cases we find

 [xy8°
C@UaD= (260 (B4)
" xy(x — y)0°
W@ e =220 b (B5)
and
(Ulg)UlgHUg"Ulg™»
_oxy(1-6x 5! x° 2(5_4
= —l—-i——Ns ) Basarsasa,0 +
x(bqw'.OGq”w"'.O + 5q+q".06a’*a". ot 6««1"',060'*0".0), (B6)

where ¢‘##0,

2. Expectation values in Bloch representation

Because of the translational invariance of the con-
figuration average crystal, we can also simplify cer-
tain expectation values involving electron annihilation
and creation operators:

(chew) ={1y) By, e (B7)
(Ulg)cher) = (U@)CiChie) Brpre  fOT 70, (B8)
<U(q1) e U(qn)c;(“k’> :<U(q1) e U(qn)czck«miw--+qﬂ>

x bk', k*ql*'“’qn' (BQ)

These results are proven very simply by expanding in
a Wannier basis and noting that the resulting expectation
values can only depend on the difference between the site
indices. This fact always causes one index to be free
to sum over. This gives rise to the Kronecker deltas in
(B7)—(B9).
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3. Expectation values in Wannier representation
In the Wannier basis we find

(€4CTCm) =€) By, By, n FE1C3CmY By 1 (1 = By, 1)

FemCiCm) Oy m( = 81, ) (B10)
and
(en€pClC ) =(€,) By y0r 16 m
+ <El€mcICm>(6h16mm + 5n,x5p,m)(1 =08,,)
+(en){CiCm) O p(1 = 6, )1 = 8y,,).  (BL1)

4. Expectation values for small bandwidth

When the transfer matrix element ¢;; is very small
compared to the scattering strength in Hamiltonian
(2.3), we can evaluate various operator expectation
values approximately to lowest order in f;;, If the ex-
pectation value has a zero order contribution indepen-
dent of , we will generally neglect O(f) in the formulas.
Note that f(E) =1+ expB(E — u)]™ is the Fermi distribu-
tion function and f' =df/dE,

<C;Cm> =[xf(ea) + vfes)0m + tim xzf’(GA) +}’2f'(65)

+ 2xy ——M:) — (fi)] »

B~ €a

(B12)
<€nC;Cm> = [xe 4 flea) +y€Bf(€B)]6lm61n

+ llm(xzeAf'(fA) +v%pf len) +xv(es Ten)

Lol LED) 5 1), (B13)
€Eg—€4
<€nepC;cm> z[xéif(GA) +y528f(68)]6n96n1 Gnm t.. 3 (B14)

and
(i =€)y = ) =[1 = (= 1)" ey ™[ fles) - fles)). (B15)
All other expectation values required in our work can
be obtained straightforwardly from those given in (B12)—
(B15).
5. Expectation values for small scattering strength

When the scattering strength 6 is much smaller than
the bandwidth, we can obtain all the operator expecta-
tion values we need from the formula

(Ul@)U(gy) - - - Ulgn)Ch,Ce,)
=(Ulg)U@@)- - - U(qn)>f(6k1)6k1,k2
+(Ulg,)Ulgy) + - - Ulg)Ulky — o))

x L(E_ki)_zﬁz_) (1= By, z,)-
€ry ~ €y

(B16)

We must use the results of (B3)—(B6) in evaluating the
expectation values of the scattering factors. Note that
when €y =Eny for k{+#ky we use the convention that

Slery) — flery)

€g, = €p

=f"eny)-

1 2
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On a solution of the Einstein-Maxwell equations
admitting a nonsingular electromagnetic field*

Raymond G. McLenaghan and Nessim Tariq

Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1

(Received 20 April 1976)

Solutions of the Einstein-Maxwell equations are investigated for which the electromagnetic field is
nonsingular and weakly parallelly propagated along its principal null congruences. It is shown that a
subclass of these solutions admits an invertible two-dimensional Abelian group of motions. A weaker

characterization of a recently found solution is thereby obtained.

1. INTRODUCTION

Recently investigations!™ of a special class of solu-
tions of the Einstein—Maxwell field equations admitting
a nonsingular electromagnetic field have been made. In
the present paper we consider space—times® V, satisfy-
ing the following conditions which are weaker than those
considered in the paper of McLenaghan and Tariq® (this
reference will be denoted by MT):

I. The Einstein—Maxwell equations are satisfied; that
is,
(1.1
(1.2)

Rab:FacFoc - %gachd‘FCd)
Fab;b:(); F[ab;c]:()'

II. The electromagnetic field tensor is nonsingular
which is equivalent to the existence of a null tetrad
({4, m,, m,, n,) such that

F o= (U gttyy = M gy (1.3

III. The field tensor I:‘a,, is “weakly” parallelly propa-
gated along its principal null congruences. By this we
mean that

ﬁab;clc :fiab; (1. 4)

I:‘a,,;cnczgf‘a,,. (1.%)
IV. The Weyl and Ricci tensors satisfy

2C ypoal (11 = mEm®) + Ryp(1%%° + m®m®) = 0. (1.6)

The following remarks may be made concerning the
above conditions:

(a) The null tetrad is defined by F,; up to the
transformation

1.m

7 i 14 -
I'=e%,, wm,=elm, nj=e"n,

where a and b are arbitrary scalar functions of the co-
ordinates. The conditions I—IV are invariant under
these transformations.

(b) It is shown in MT that conditions III and IV are
equivalent to the existence of a null tetrad, in the family
of tetrads defined by F,,, which is parallelly propagated
along the congruences defined by I* and n®, In fact, con-
dition IV is the integrability condition for the existence
of such a tetrad.

(¢) The condition III is satisfied, for example, by the
Coulomb field in Minkowski space.
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(d) Condition III but not condition IV is satisfied by
the Reisner—Nordstr&m solution.

In MT it is shown that the conditions I—IV together
with the condition

=0 (1.8)

imply the existence of a global system of coordinates
(¢, x, v, v) for which the metric and electromagnetic field
have the following form:
ds? = df? = dv? = 2kx dt dy + (k%% — €*¥) dv? — 2™ dx?,
(1.9)
F=1/V2)kexp(ikv)(dv A dt + kxdy A dv
+idxA dy), (1.10)
where % is any positive real number.

Some of the properties of the above solution are the
following:

(a) The space~time is locally homogeneous possessing
a simply transitive group of motions G,. The Killing
vectors are

9 9 0 9
X=e Xymee, Xy=ky— +os,
al oy at Tox (1.11)
_ 0, 2, 3
X4—a—v+2kxax—2k_\ay.

We note that X, is timelike and not hypersurface ortho-
gonal which implies that the space—time is stationary
and not static. The Killing vectors X; and X, define an
Abelian subgroup of G, and furthermore the transforma-
tiont' =~# and y' = -y is an isometry. Thus the solution
admits an invertible two-parameter Abelian group of
motions and is an example of a space—time of Petrov
type I possessing a Riemannian—Maxwellian invertible
structure.”

(b) The electric and magnetic fields for an observer
with 4-velocity u® are defined respectively by

b
Ea:Fabub, Ha:_ *Fa,,u .

For the solution under consideration these fields are
collinear for the stationary observer since

E,=vV2kcoskvs, H,=V2ksinkvd.
(1.12)
In this paper we study the conditions I—-IV without the

condition (1.8). The main results are given in the fol-
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lowing theorems:

Theovem 1: The conditions [-1IV imply that there ex-
ists in the family of null tetrads defined by F,, a null
tetrad (I,, m,, #,, n,) such that optical scalars of the
principal null congruences defined by the vectors I* and
n® satisfy either

p=A, g=2A (1.13)

or

= A, (1.14)

==,
Theorem 2:; In the case p=, o=2X of Theorem 1 there
exists a system of coordinates (¢, x, v, v) for which the
metric of space—time and the electromagnetic field are
given by the expressions (1.9) and (1. 10) respectively.

These results are proved using the Newman—
Penrose® (NP) spin coefficient formalism together with
the equivalent vectorial formalism of Debever®!® de-
scribed in MT.

2. PROOF OF THEOREM 1

If we insert the canonical form for-ﬁa,, into (1.4) and
contract successively with °#” and m%”, we obtain the
conditions

k=m=0. (2.1)
By a similar procedure we obtain from (1. 5) the
conditions

v=T7=0. (2. 2)

The only further consequences of contractions on (1.4)
and (1.5) are

F=Dng,
g=AIng¢.

(2.3
(2.9

It is easy to verify that the conditions (2.1) and (2. 2)
are invariant under the tetrad transformations (1.7).
These transformations induce the following transforma-
tions on the nonzero tetrad components of the Weyl
tensor:

Vo=, V=¥, ¥=e2vy,. (2.5)
where
w=a+1b (2.6)

is an arbitrary complex function of four real variables.
Thus we are able to set

¥o=1,. 2.7

In order to preserve (2.7) the remaining tetrad freedom
(1.7) is restricted as follows:

€4w:1. (2.8)

As a consequence of Egs. (2.1), (2.2), and (2.7) to-
gether with the hypotheses I—IV the commutation re-
lations!! are

(A, D]=(y+VD+ (e+€)4, (2.9)
[6,D]=(a+B)D-0cb— (p+e€—¢)8, (2.10)
[3,Al==(@a+B)a+ X5+ (= v+ 78, (2.11)
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(5,8]=(k-p) +(p-pa-(a-PT-(B-¥s (2.12)

the Ricci identities are

Dp=p*+00+(€+€p, (2.13)
Do={(p+plo+(3e-€)oc+T,, (2.14)
Da-3e=(p+¢€—2¢)a+ho - Be, (2.15)
DB - be=aa+(p-€)B~ ac, (2.16)
Dy—Ae=—(e+€)y—(v+ Ve, (2.17)
DA=pr+ o - (3€ =€), (2.18)
Du=pu+or=(€+u+T,, (2.19)
Ax==(p+ )= (By=r=1¥, (2.20)
6p— 6o =p(a+p) - o(3a=-p), (2.21)
Sa—0B=p— oA+ aa+ BB~ 2aP

+¥p—p) +e(p - ) - 2%, (2.22)
A=du=pla+p +Ma-38), (2.23)
Ap=—p2-XX=(y+ Dy, (2.24)
by — AB =~ (a+B)y=B(y=7= )+ ai, (2.25)
Ag=— o= 2p+{3v=-7g, (2.28)
Ap==pl—or+(Y+7p =¥, (2.27)
Aq—Oy=—Br+(y=- ) a+ By, (2.28)

the Bianchi identities are
DY =(p-4e)¥,~ M, AT, =(4y- u)¥, +o¥,,
(2.292)
80, =4pY,, OV, ,=4a¥, (2. 29b)
DY, =2(p+0)¥,, AV, =21+ p)T,,
5, =5, =0, (2.30)
(p+2p)0= (1 +2L)2, A == (p+20)¥,, (2.31)
and the Maxwell’s equations are

D¢ =2p¢, Ap=-2up, bp=0¢p=0. (2.32)

By applying the commutation relations (2.9)—(2.12)
to Maxwell’s equations (2. 32) we obtain

bp=p(a+p), dp=pla+h), (2.33)
Su=-p(a+p), bu=-ula+p), (2.34)
pU =Pu. (2.35)

Then with the help of equations (2. 33)—(2. 34) and the
Ricci identities (2.21) and (2. 23) we obtain

do=0(3a-p), 6x=Xa-3p). (2. 36)

To proceed further, we need expressions for 5o and GA.
These are obtained by applying the commutator [5, D]
to p and the commutator [5, o] to u:

bo0=0(38- a), Sx=x1E-30q). (2.37)

If we now operate with 6 and 6 on the relationship given
by Egq. (2.31) and use Egs. (2.33), (2.34), (2.36), and
(2.37), we find that

a=8=0. (2.38)
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By operating on (2. 35) with D and A and using (2. 13),
(2.19), (2.24), (2.27) and {2.31), we obtain respectively
the expressions

(2.39)
(2. 40)

When p is not real the equations (2. 39) and (2.40) im-
mediately yield the following tetrad invariant
expression:

(0 = PY(¥y + 201) + (1 — Lo+ POX— por =0,
(= W (¥, +201) + (p— P)XX+ oA = por=0.

P = u2oo. (2.41)
If p is real (2.22) and (2.31) yield

20, =py — oA, (2. 42a)

A+ 3pT, = 0, (2.42p)

PO — uA=0. (2.42¢)

By operating on (2.42b) with A and using (2. 20), (2.27),
(2.29a), (2.30), (2.42a), and (2.42c) we obtain

oX+ 3pu =0. (2.43)

By operating on (2.43) with D and using (2.13), (2.14),
(2.18), and (2.19) we obtain the expression

3p? =00, (2.44)

Similarly, operating on (2.43) with A and using the
pertinent Ricci identities we obtain

3u2:)5\, (2.45)

From (2.44) and (2. 45) it follows that the relationship
(2.41) is also true when p is real.

Next we observe that the three expressions (2. 31),
(2.35), and (2.41) relating the spin coefficients p, 1, o,
and A imply that if p is either complex or imaginary,
we obtain

pP=i, T=X (2.46)
or
p==, T=-A, (2.47)
For the case p real (2.42c¢) implies
P00 = u2Ax (2.48)

on comparing (2. 48) with (2.41) we find (2. 46) or (2.47).

This completes the proof of Theorem 1.

3. PROOF OF THEOREM 2

From Eq. (2.38) we have a=8=0. Thus it follows
that the result of operating on the quantities p, o, €, ¢,
¥, ¥,, with d or 0 is always zero. A further conse-
quence of this is that for p not real the commutator
(2.12) becomes

D+a=0. 3.1)
Applying (3.1) to ¥, and using (2. 29a), we obtain
Y=¢; (3.2)
similarly applying (3.1) to €, we have
De + Ae=0. (3.3)

Comparing (3. 3) with the Ricci identity (2.17) and using
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(3.2), we obtain the following equation:
(3.4)

We next show that (3. 2) also holds in the case p real.
To see this, we first note from Eq. (2.22) that

De=- (€ +€)e.

o= o2, (3.5)
By operating on (3. 5) with D and using (2. 18) we obtain
(3.6)

Similarly operating on (3.5) with A and using (2. 26), we
have

€:E.

(3.7

Finally we recall Eq. (2.44) and operate on it with D
and A to obtain the following expressions:

y="7.

?=9p%+12p€, o®=9p%+12p7. (3.8)
Hence (3. 8) immediately implies
y=¢€. (3.9

Consequently, for p real (3.1) and (3.4) also hold.

Before proceeding further with the proof of Theorem
2 we summarize the problem. The hypotheses of Theo-
rem 2 are equivalent to the following set of equations:

L=p, rA=0, Y=¢

K=v=T=T=a=08=0, (3.10)
Y, =¥, V,+&, =0,

¥ =¥, =%,=0 unless a=b=1, (3.11)
D+Aa=0, 6=06=0, (3.12)
De=-(€+€)¢, (3.13)
Dp=p*+ oo+ ple+e), (3.14)
Do=p(0+0) - 3€0 + €q, (3.15)
D¢ =po, (3.186)
DY, =(p - 4€)¥; - o¥,, DV, =2(p+p}¥,, (3.17)
oV, =-(p+20)¥,, 2¥,=p%-q%+2¢(p-p), (3.18)
p% = o + 200 = 20p + 2p€ + 2pe + 4p€e =0, (3.19)

02(12€ + 4p — 4€ + p) + 4€p? - p* — 2p00
- 2p%e ~ 2pp(e +p) =0. (3.20)

The proof of Theorem 2 splits into three cases: (i) p
real, (ii) p complex, (iii) p imaginary. In Secs. 4, 5,
and 6 we consider separately these three cases.

4. THE CASE p REAL
From Eqgs. (2.44), (3.8), and (3.19) we deduce
p+e=0. (4.1)

Since 0®=0? from (3.5) we must consider two possi-
bilities: (i) o= o0 and (ii) o=- 0. In the first case we find
from (2. 44) and (3. 8) that

p+2e=0. (4.2)
However, (4.1) and (4. 2) imply p=€ =0, which is
impossible.
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In the second case (3.19) yields

30® =8ep - p°. (4.3)
By eliminating o between (4. 3) and (3. 20} we obtain
4€2 4 3ep - p?=0. (4.4)

Operating with D on (4.4) and using (3.13), (3.14), and
(4. 3) yields

p? = 2€p® + 3€%p + 264 = 0. (4.5)
It follows from (4.4) and (4.5) that

€(p® + Tpe + 2€%) = 0. (4.86)
Thus either € =0, which is impossible, or

p%+Tpe +2€2=0 (4.7

However, Eqs. (4.4) and (4.7) also lead to an
impossibility.

5. THE CASE p COMPLEX
Recently Debever!? has proved the following theorem:

Theorem 3: Suppose there exists a null frame such
that

ds? =2(0°9 — 6'6%) (5.1)

and

F=g(6'A 6%~ 6t A 69). (5.2)

If the vacuum Maxwell’s equations
dF =0,

are satisfied and if the spin coefficients satisfy the
following conditions, '*

K=v, T=T, p=§, €=y, a=§, (5.3)

then the space—~time admits a two-dimensional Abelian
invertible isometry group with timelike two-dimensional
orbits. In other words, there exists a system of coordi-
nates (¢, z, x, y) in which the Killing vectors and the
metric have the form respectively

J 2
% 32 (5.4)

2 2
ds? = (Ldt + Mdz)? — (Ndi + Pdz)? ~ §2 (ﬂ- +-”§y—) (5.5)

X yz/’
where L, M, P, N, S are functions only of x and y. The
functions X =X(x) and ¥ =Y(y) are introduced here pure-
ly for mathematical convenience. The appropriate null
frame is'*

1 d

0__ a i

6°=1,dx =75 [Ldt+Mdz +8 Y] R (5.6)

- dx":\—/_lz_[Ndf +Pdz - 55%] , (5.7)

92:77q,adx°:§1, (5.8)

3 =n_ dx® = 1 [Ldt+Mdz_s@ (5.9
T =T Y}’ :

In view of (1.2), (1.3), (3.10), and (3. 11) it is clear
that the hypothesis of Debever’s theorem is satisfied
in the situation under consideration. Thus it remains
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only to solve the Einstein—Maxwell equations (1. 1) with
the metric (5.5) for the condition IV.

The spin coefficients are

1 |Y X Sx)]
ey z - = —nM,-22Y],
K=V=573 [S (mL,-1M,) +1S (pL,, nMy, =3

(5.10)
1 [y X )]
TT:T:‘Z—Z [E(pNy—nPy)+ S (pLx—nIWy-i—S 5
(5.11)
- L[ A2 S ]
g_hhz—\/,-z-[—s—(le-mNy S>+ 3 (nP,-pN,)|,
(5.12)
1 [y 5\, iX
= Ylip —m XM —mL,
p_u_m[s(le W'N”+S>+S (M, -m )],
(5.13)
1 Y
gt [Zpi
% (WP, = pN, +IM, — mL,)] , (5.14)
1 Y
a B_m[ﬁ(mLy—lmy‘kpNy—nPy)
+"_;€ (mN,-zp,)] , (5.15)

where m =M /(LP — MN) etc.

The vanishing of the spin coefficients k, 7, and «
produces the following simplification:

L=L(x,v), M=AL, N=C(B-A)L™,
P:BN’ S:S(y)’ Mx:BLm

(5.16)
(5.17)

where A and B are functions of x and C is a function of
y.

The differential operators are given by

D=Q/V2)(pd, -nd, - ¥YS13,), (5.18)
6=~ (1/¥V2)(m?d, - 13, +iXS'3,), (5.19)
a=(1/V2)(pd, - nd, + ¥YS1a,). (5. 20)

However, since all the functions occuring in (5. 5) in-
volve atmost only the variables x and y, they simplify to

D=-6=-(1/V2)YSts,, 6=-i(1/V2)XSs,. (5.21)

Furthermore, since S is only a function of vy, we there-
fore choose the free function Y such that

Y=_S. (5.22)
In view of (5.22), (5.21) becomes

D=-a=-(1/V2)3, b6=-i(1/V2)XSta,. {(5.23)
Using (3.12) and integrating (3. 13), we obtain

e=k(l+ie)(y +d)™, (5.24)

where £=-1/2V2 and ¢ and d are arbitrary constants.

Comparing (5. 14) and (5. 24), we find that the metric

function L must be of the form
L=F(y+d), (5.25)

where F is a function of x only.
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Next it is found expedient to choose the free function
X such that

X=B-A. (5.26)
Using (5.26) and the fact that by (3.12)

(Imp), =0, (5.27)
we have

(F?),,=0. (5.28)
Integration yields

Fi=qax+b, (5.29)

where a, b are arbitrary constants. Similarly we have
the condition

(Imo), =0, (5.30)
and consequently after integration we find that
B-A=(ax+b)(cx+ 172 (5.31)

where ¢, f are arbitrary constants. Finally the integra-
tion of the differential equation in (5.17) yields the fol-
lowing expression for A 1%

A=albc-aNax + b)) 2ex+ M2+ g, (5.32)
where g is an arbitrary constant.

It we denote the y-dependent part of N by N, we find

from (5.12), (5.13), (5.14) the equation
cN} -~ 4eN S~ aly + D*=0. (5.33)

The expressions for the spin coefficients p and ¢
read respectively

p=-k[(InN,S), +i(3)alv + ANF'S™), (5.34)
0 == k[(In(N,S)), - i(3)eN Sy + d) ). (5.35)

From Egs. (3.11), (3.12), it is found that N, satisfies
the following three ordinary differential equations:

aN@EY* - 2aN N{Y® + (cNEN(? - 4aN% — ae?N2) Y?

+ 4cNINLY — 3ce®NE =0, (5.36)
(cNENY + ae®N3) Y2 — aN{2Y* + 2aN N Y3
— cN3NLY + ce®Np =0, (5.37)

(2aN N = 2aN®)Y* + 6aN N{Y? - 4aN3ye — tlcezN“0 =0,
0
0 0
(5.38)

where Y denotes v +d and prime indicates differentiation
with respect to v.

Addition of (5.36) and (5. 37) yields an Euler differen-
tial equation

Y(N2)" + 3Y(N2)' - 4e3(N%) = (8a/c)Y2. (5.39)
If ¢*~ 2+#0, the general solution of (5.39) is

NZ=c¢, Y™ + ¢, Y™+ 2a(2 - e8¢ Y, (5.40)
where ¢, ¢, are arbitrary constants and »y =~ 1+ (1

+4e2 g, =—1-(1+4€%)'/2, For e?-2=0, the gen-
eral solution to (5. 39) has the form
NE=c, Y% + ¢, Y + (4a/3c) Y2 InY, (5.41)

where ¢, ¢, are arbitrary constants. However, neither
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of the solutions (5. 40) or (5.41) satisfy the differential
equation (5. 38).

Thus there is no solution to the conditions I—1V for
p complex in the case p=u, o=A,

6. THE CASE p IMAGINARY

From equations (3.19) and (3. 20) it follows that

0 = (pp® - €p®)(p + 3€ — )L, (6.1)
Also from Egs. (3.14), (3.19) we obtain

0% = p% + 4pe. (6.2)
Since p+p =0, we deduce from (6.1) and (6.2) that

plo(e =€) +€(3e-€)]=0. (6.3)

This in turn implies that for a nontrivial situation we
must have

€+e=0. (6.4)
Substituting (6. 4) into (6.3) and (6.2), we find that
p=2€, o=xtip. (6.5)

The ambiguity in the sign of 0 may now be removed by
using the remaining tetrad freedom given by (2.8). Hence
we choose the tetrad so that

(6.6)

In view of (6.4) the differential equation (3.13) has
solution

0=—1ip.

€ =1k, 6.7
where & is an arbitrary positive constant.

The set of differential equations obtained on equating
the values of the spin coefficient given above with their
values given by (5.15), (5.16), (5.17) is

mL,=IN,=0, pN,~nP,=0, [P, —mN,=0,
pL,—nM, +S,/8=0, pL, -nM,~S,/S=0,
#wP,-pN,=0, IP,-mN,+8S,/5=0,
nM,-pL,=0, (Y/S)(IP,-mN,~S,/S)=4JV2Fk,

(X/9)(IM,~mL,) =42k,

(6.8)

Integration of (6.8) in the manner of Sec. 5 yields
M =2kbx +m, N=nexp(2V2ky),
Y=S8 X=2V2us,

(6.9)

L=2kx+1,
P=bN, S=sexp(-2V2ky),

when b, I, m, n, s are arbitrary constants. The metric
thus becomes

ds? =[(2kx +1) dt + (2kbx +m) dz P
- 0% exp(4VZ ky)(di + bdz)? — dy® — exp(- 4V2 &y)dx’,
(6.10)
By means of the substitutions
t=— @y +b(m=-16)2(t"), x=2V2nx'-3l/k,

e Y (6.11)

y=uv, z=(m~1b)1@",

and on dropping the primes we recover the metric (1.9).
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The integration of Maxwell’s equations yields the ex-
pression (1.10).

The case p=- 1 and 0=- A of Theorem 1 will be dis-
cussed in a subsequent paper.
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An analytical expression is given for the multiple integral

Jeefdp(x, ) dp(x,,0) s dp(x ) g i — Xy 5

where 0<n< N, B=1,2, or 4 and the positive measure dp(x) is such that all its moments exist,
Jdp(x)x) < w, j=0,1,2, The case du(x)= dx, for —1< x< 1, and dp(x)=0, for 4> 1, is

given as an example. In the limit N—o the correlation functions of this example, the so-called Legendre
ensembles, coincide with those of the circular or the Gaussian ensembles of random matrices.

1. INTRODUCTION
Recently Thien Vo-Dai and J.R. Derome studied the

50 called Legendre ensenbles, ! gefined by the joint
probability density

., Xy)=const Il (1.1)

1=<jk=N

Quslxy, x5, .. ‘xj-xk|ﬂ7
where =1, 2, or 4 and |x;| <1. They found that in the
limit N - the spacing distribution for these ensembles
is identical with that for the Gaussian or circular en-
sembles.'? They also calculated the two-level correla-
tion functions, which amounts fo integrating @y, over all
the variables except 2, and found that in the limit N -
the result is again identical with that for Gaussian or
circular ensembles. For this purpose they used an old
method, > which is tedious and becomes prohibitive for
higher correlations. The new powerful method® seems
not to be widely noticed or appreciated for the apparent
reason that it was never explained in enough detail. We
hereby try to remedy this defect.

The method is explained in Secs. 2—5. It is hard to
avoid some repetitions. We then apply the method to the
particular case of Legendre ensembles in Sec. 6. In the
limit N—=<, correlation functions of all orders (and not
only of order two) are identical to those for the Gaussian
or circular ensembles. Thus the local statistical prop-
erties seem to be quite insensitive to details of the ma-
trix ensemble considered.

The subject matter of Sees. 2—5 forms a part of the
planned publication Elements of Matrix Theory, where
motivation for various manipulations and a fuller ac-
count can be found.

2. ALTERNANTS AND CONFLUENT ALTERNANTS

Let p1(x), po(x), ..., pxy(x) be a set of N linearly inde-
pendent polynomials, the degree of p;(x) being less than
or equal to N-1 for j=1,2...,N. Then
(2.1

det[ﬁj(xk)]jvkd,z,...,zv=C0nSt I (x;~xp),

1<=jk=N

as can be seen from the fact that the left-hand side
vanishes on setting x; =x,. Similarly if {p,;(x)}, j
=1,2,...,2N are 2N linearly independent polynomials,
the degree of each of them being this time less than or
equal to 2N — 1 and {p}(x)} their derivatives, then the
2N X 2N confluent alternant [p,(x,) pj(xy)], =1,2,...,2N,
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k=1,2,...,N, has the determinant®

det[p,{x,) p;(xy)] = const Il (x; - x,)*, (2.2)
i<k

The constants in Eqs. (2.1) and (2. 2) will depend on the
choice of p,(x). In particular, if

N
P,(x) :Eu,kxk‘l,
L

then
det[p;(x,)] = detU det[x:"]
=detUTl (x, - x,).
i<k

Similar remarks apply for the confluent alternant.

We will write @yz{xy, %5, ..., xy) as an alternant or a
confluent alternant, choosing p;{¥) conveniently.

3. DETERMINANTS OF MATRICES WITH
QUATERNION ELEMENTS

A quaternion® is a linear combination of four units

a=qotq-e=qgp+ qe t+gze;,tqses, (3.1

g, 91, g2, 43 are real or complex numbers; the four basic
units satisfy the multiplication laws

1:1=1, 1l-e;=e;-1=¢; j=1,23,

=
3.2)
=ei=el=eee,=—1, (

and multiplication is associative. The scalar part of ¢
is g¢. Any quaternion ¢ has the dual
g=q,~q-e (3.3)
A matrix @ with quaternion elements g;; has the dual
matrix @ =[g;;]. One may sometimes think of the quater-

nion units as 2X2 complex matrices (related to the so-
called Pauli matrices in physics)

10 0-1

01" 7|1 o]’

3.4
(V) Y
=0 -4
Among the various possibilities we choose the following
definition of a determinant,®? denoting it as Tdet. For
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self-dual @ (i.e., when @ =Q),

1
TdetQ :Z(" 1)N-l n(qabqbc e qda)(]r (3‘ 5)
P 1
where P is any permutation of the indices (1,2,...,N)

consisting of ! exclusive cycles of the form

(a=b-c— " "~d—a), (3.6)

and (- 1) is the parity of P. The subscript 0 means
that we take the scalar part of the product over each
cycle. We will need two theorems.

Theorem 3.1: In a self-dual matrix A, A=A, replace
its quaternion elements by their 2X2 matrix represen-
tatives, Eq. (3.4), getting a matrix C(4) of twice the
size with complex elements. Then

detC(A) = (TdetA)?,

For a proof see Ref. 3.

(3.7

Theovem 3.2: Consider N real or complex variables
Xy, X3y ..., Xy. Let the NXN matrix Ay with quaternion
elements depend on these variables as follows:

(3.8)

The matrix Ay is

a5 =¥}, %) =@,

i.e., a;, depends only on x; and x,.
self-dual, Ay =Ay. Moreover, let

[flx, Ddux) =c, (3.9)
[ 1, v)fy, 2) duly) =flx, 2) + glx, 2), (3.10)
glx, v) = M{x, v) — flx, ¥) 2 (3.11)

where di is a suitable measure, ¢ a constant scalar,
i.e., ¢=7¢, and X a constant quaternion. Then

[ TdetAy du(xy) =(c = N+1)Tdet Ay 4, (3.12)

where Ay_; is the (N - 1) X(N ~ 1) matrix obtained by re-
moving the row and column containing xy.

For a proof see Ref. 3 or Ref. 9.

4. ORTHOGONAL AND SKEW-ORTHOGONAL
POLYNOMIALS

A linear form of two quantities f and g will be called
their product and will be denoted as (f, g). This product
may have some symmetry. Let ¢;,=c¢, ;=(’,*)bea
symmetric product and @; , =~ @, ;=(x’, x*), be an anti-
symmetric product of ¥’ and x*, Examples are

Cip=Cim= | X du(x), (4.1)

¥ p= (k=) [ 2™ aul), (4.2)
or

@ = [ [ E (= x) dulx) duly), (4.3)
where ¢ (x) =x/lx!, for x#0, and £(0)=0. The sym-

metric or antisymmetric product of two polynomials is
then defined by the linearity of the product.

Let p;(x) be a polynomial of precise degree j. Any
monomial ¥* can be uniquely expressed as a linear com-
bination of the p;(x), for j<&%. Hence, if (p,(x), po(x)),
= b, for every j and k, then (p;(x), ¥*);=0, for 0<sk<j
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and (p,(x), ') #0. Therefore we can write p,;(x) as a
determinant. (See for example, Ref. 8.) Similarly, if

(;(x), po(x)),=Z,, where Z is the canonical antisym-
metric matrlx
Zy==2y;=1, if j=k-1=even,

=0, otherwise,
i.e., written as a direct sum,

o1 fo1  [o1
= e
Z=lc10l tf-10 *
then (pzj(x) )y = Pomx), ¥),=0, for 0<k<2j, and
(Dogar(x), x%9), #0 Therefore, one may again write p,(x)
as a determinant. ®

4.4
L (4.4)

x*),=0, for j+% odd, then each orthogonal
polynomial has a definite parity p,(- x) = (= 1)/p,(x).
Similarly, if @; ,=(x’,x*),=0, for j+k even, then each
skew-orthogonal polynomial has a definite parity, °

pi(=x) ={(=1)p,(x).

If ¢; =0,

5. THE PRODUCT OF DIFFERENCES AS A Tdet

To evaluate the multiple integral

FNB(xly-'D’xn)ZCOHStf”.f 1 ’X.J'_X.lzl‘3
1<j<kN
XA () ding) - - - di(xy),  (5.1)

we express the above integrand as a TdetAy, where Ay
is an NXN matrix with real or quaternion elements.
Theorem 3. 2 applied several times will then give the
above integral as a Tdet of an nX»n matrix for any =
lying between O and N, 0sn <N,

A.Thecase =2

Every real symmetric matrix can be diagonalized by
a real orthogonal matrix. Let M=[c;,,.), 7,7i=1,2,...,
N, where ¢; = [x'du(x). This M is symmetric, so let
M =U"BU, where U is real orthogonal and B is diagonal,
U=l[uy,], B=[b;5,;]. Choose

N
Py =b7 23 uy ) i=1,2,...,N. (5.2)
FE

The polynomials {p;(x)} are orthonormal,

[ 2:0p; () dulx) = (b,6,) 2(UMUT),, = 5, (5.3)
Let
N
falx, 3) =§1),-(x)p,-(v>. (5.4)

This f, satisfies Eqs. (3.9) and (3. 10) with ¢ =N and
g=0, Also

N
det[f,(x;, x,)] :det[kz_lpk(xi)pk(xjil

1,7=1,2,004 N

={detlp;(x) 2=

(detan™* T

1=i<j<N

(x{ - xj)z.
(5.5)
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B. Thecase3 =4

Every real antisymmetric matrix can be quasidia-
gonalized by a real orthogonal matrix.® Let then M
=[a; ,]=U"BZU, where a;, are given by Eq. (4.2),
UU" =1, B=[b;6,,], and Z is given by Eq. (4.4), all the
matrices being of order 2N X2N, Choose with the ele-
ments u;; of U,

2N
j)i(,\‘):l):l/az;zlijxj'l, i=1,2,...,2N. (5.8)
i=1
The polynomials {p;(x)} are skew-orthonormal,
d . - d .
P,(V)RP,(A)—P,(X)F\',M(A) (HJ.(X):Z”, 6.7

where the antisymmetric matrix Z is given by Eq. (4.4),

zij:_zjizl, if i=j7+1=0dd,
=0, otherwise. (5.8)
Let us denote the derivative of p,;{¥) by ¢,),
d

q: () ===p; (). (5.9)
Define

S(v, v) =222 (0)g,; (), (5.10)

S*(x, ) =S, X) = = 22 15q,()p;(v), (5.11)

D(X, .‘]):—Zzijpi(x)f)j(\‘), (5.12)

(e, ¥) =2.2,450:(x)q,0), (5.13)
all the sums running from 1 to 2N. Put

S, v) D(x,v)
Jalx,v) = (5.14)

I(e,v) S*{x,v)

This quaternion f, satisfies Egs. (3.9) and (3.10) with
¢=Nand g=0. Also from Theorem 3.1

{Tdet[f4(xi’ “"j)]}z = det[c(f4(xiy xj))]a

and
pilxy)
C(fylx;, x,) = ) Zlgx) =pilx)], (5.15)
so that
det[C(f)] ={detlp;(x)  gi(x) T
=(detM)™ T (x;-x)" (5.16)
1<i¢=N

In the last step we have used Eq. (2.2).

C. Thecase 3 =1, N even

Let «; , be given by Eq. (4. 3). Quasidiagonalize the
NXN antisymmetric real matrix M =[a; ,]=U" BZU,
where U is real orthogonal, B is diagonal, and Z is
given by Eq. (4.4). With the matrix elements »;; of U
choose

N
P =b7 PPt i=1,2,..., 0. (5.17)
el
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The polynomials {p;(x)} are skew-orthonormal,

[ 100,00 E @ =2 dulx) duly) = 2. (5.18)

Let

a;) = [ ;0 & =) dnly). (5.19)

Let S(x,v), S*'(x,%), D(x,v), and I(x, v) be again given by
Egs. (5.10)—(5.13), the sums running this time from
1 to N. Put

S(x,v) D(x,y)
Al v) = I, v S v
where
Jle, 1) =I(x, v) +E(x = ).
This f; satisfies Eqs. (3.9)—(3.11) with ¢ =N and
1 0
Al I

Moreover,

{Tdetlfy (x;, x,) [P =det[C(f (x;, x,))],
and, to evaluate det[C(f;)], we observe that the matrix

S(x;, x;) Dlxy, x5

A= I, %) S*(y, x;)
/)i(xj) ]
= q:(x,) Z[(]i(xj) _pi(xj)J

has rank N, Hence only N rows of A are linearly inde-
pendent. The N rows [I(x;, x;) $*(x;, ;)] being linear
combinations of the first N rows, the determinant of
C(f,) will not change if we subtract the last N rows of
A from the corresponding ones of C(f;). Thus

det[C(fi(X,-, \,)”
= det[é' («\'i - xj) l . det[D(xiv Xi)]‘

The first determinant on the right-hand side is +1, while
the second one is

det[D(x;, x,) ] = (detM)" I

1<i<j=N

- )2
(= x,)%

D. The case 3 = 1, N odd

With @; , given by Eq. (4.3), the NXN matrix o]
can again be quasidiagonalized with a real orthogonal
matrix U, As N is odd, [a; ] is singular,

UlalUT =BZ +0,

the diagonal B and canonical antisymmetric Z are
(N - 1)%X(N -1) matrices. Choose

N
pix) :b;‘/zzuijx}'l, i=1,2,.,.,N-1,
=1
1 & j a1
pr ) =03 2 uy
i
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where we have introduced the number
N
by =2 uy; ij‘l du(x)#0
FE

The polynomials {p;(x)}, i=1,2,.
orthonormal, Eq. (5.18). Also

.,N-1, are skew-

[ [ pi)pn) €y = x) disx) duy) =0,

and
1, if {=N,
fp,-(x)du(x):@m:{
0, if i<N.

Let g;(x) be given by Eq. (5.19) and S, §*, D, and I by

Egs. (5.10)—(5,13), the sums now running from 1 to
N-1. Put

S(x, v) + bi'py (x) D(x, y) + 1oy (¥)px ()
J(x, y) = bitlgy (¥) = gy ) S*(x, 3) + dipy () |

where J(x, y) =I(x,v) + €e(x —y), and 7 is a small positive
number which will ultimately be taken to be zero. This
fi n=olx, ¥) satisfies Eqs. (3.9) to (3.11). The

Tdet[fl,,(x,, x;)] can again be calculated by subtracting
from the last N rows of C(f;,) the corresponding rows
of

fln(xa }') =

A=
S(x;, %) + 03 py (x;) Dixy, x,) + e pn (e))|
(x;, %) +1/1= b3 gw (x,) ~ qu(x) S*(x,, x,) + bi'py(x))
Finally take the limit n-0,
6. AN EXAMPLE: LEGENDRE ENSEMBLES
For the particular case
[ du(x)~ [1ax,

the above procedure gives the following results. In what
follows {P,(x)} denote Legendre polynomials®:

[.7"/2]
)=272, (-p”
m=0

(6.1)

i \[2j-2m xi-om (6.2)
m J

[1P(0)Py(x) dx = ( +3) 6y,

while P_(x) =0 by convention. If @y, in Eq. (1.1) is in-
terpreted as a probability density while its integral

Fys, Eq. (5.1), as a correlation function, then the over-
all constants should be properly fixed. Here we will not
care about this particular detail.

(6.3)

A.Case3=2
0 if j is odd
_ Yy ’ (6.4)
Ciw=Crm € _{(j +32), if j is even;
p.i(x):(j"%)llzpj-l(x)y ]:1; 2)=°-7N; (6.5)
N.l
fz(—"a ¥) :Z}O (] +%)Pj(x)Pj(v)
=3MPy(X)Py(y) - Py 4 (0)Py(»)}/(x - y). (6.6)

Let xN=mk, yN=17. We take the limits N—=, x,y-0,
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keeping £ and 7 finite. Then
Pam('"g/zm) - (=~ 1)’”("”’”)-1/2 cosmE,

Py (TE/2m) = (= 1)™(wm)/? sinmt. ©.7
Hence
tmLs (3. 57) = S(6- 0 =000, (6.9
where
S =SB g, (6.9)
B.Case =4
@, ,=(k=j [1x'* dx
0, if j +k is even,
T2k -)/(k+j), ifj+E is odd; (8.10)
pai-l(x) = (7 - %)l /2{1 +sz.z(x)}y
sz(X) = (7 - %)l /2 fOxPaj_z(y) dV
=50 z{sz.l.(x szq.l(x)}, (6.11)
forj=1,2, '~-s
N
S(x, y) :E{sz(x)Péj(y) -sz(x)i’éy.l(v)},
where p;(x) = (d/dx)p,(x). After some algebra,
2N -1
S(x, v) =3 g G +%)Pj(x)Pj(v) +'A15P;N-1(y)
~ iPay 1 (X)P3y (¥). (6.12)

On taking the limit N-<, while keeping xN =7 and

yN =71 finite, the first sum on the right-hand side of
the above equation gives N/7. 35(21& - nl), where S(r)
is given by Eq. (6.9); the other two terms in (6.12) tend
to zero. The limits of D(x, y) and I(x, y) are

D(x,y):fys(x,z) dz—%PaN-l(y) 4P2N_2(0 f PZI;-I(Z

5(1'

m.—

—( )2d75(2") r=|t-m7|.

In the liniit f,(x, y) is replaced with

S D27

04(&7 T)) =% ﬂ(Z'V) S(ZT) ) 72‘ g—nl, (6. 13)
where
DN=250), 9= [7S0Nar, (6.14)
and §(») is given by Eq. (6.9).
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C.Case3=1

In this case

a; = [ [ EQy - x) axay,

Opj 2 = Uaju1 2oe1 =0, (6.15)
Apjoopel = = Qopay ;= 4{(25 +1)(2j + 2k + )},
. d
sz-l(x) = (7 - %)1 /aapzj-l (x),
pai0) =G -} /ZPZj_l(x)5 (6.16)

for j=1,2,...,[2N]. After some algebra we get for N

even,

-1
SWAO:Z%@+§PAMPAW—%PLNMPAW

Ca

~§5U% (6.17)

2
D, v =32 ste, 0~ () 100, (6.18)
Hx,y) = [1S(z,9) E(2 = x) dz - 29(n), (6.19)

where 5(»), D(r), and 9(+) are given by Eqs. (6.9) and
(6.14), For N odd, there are some extra terms which
tend to zero as N—-=, x-0, y~-0, The f{x,y) is re-
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placed with
S D(r)
ED= -t S0 |
r=|&-n.

(6.20)

7. CONCLUSION

Since the o,(£, m), Eqgs. (6.8), (6.13), and (6.20), for
the Legendre ensembles are identical to those for the
Gaussian and circular ensembles, the correlation func-
tions are also identical to all orders; hence all local
properties are identical.
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The concept of Killing spinor is analyzed in a general way by using the spinorial formalism. It is shown,
among other things, that higher derivatives of Killing spinors can be expressed in terms of lower order
derivatives. Conformal Killing vectors are studied in some detail in the light of spinorial analysis: Classical
results are formulated in terms of spinors. A theorem on Lie derivatives of Debever-Penrose vectors is
proved, and it is shown that conformal motion in vacuum with zero cosmological constant must be
homothetic, unless the conformal tensor vanishes or is of type N. Our results are valid for either real or

complex space-time manifolds.

1. INTRODUCTION

Killing vectors and Killing tensors have proved to be
useful tools in the study of Riemannian geometries.
Killing vectors describe the symmetries of a V,.* For
instance, Debney and Kerr®?® have analyzed the prop-
erties of Killing vectors in the light of the null tetrad
formalism, as developed by Debney, Kerr, and Schild.*
As for Killing tensors—particularly rank two Killing
tensors—they have been studied by many authors, 5-*°
mainly in relation with the problem of integrating geo-
desic equations by separation of variables in the Hamil-
ton—Jacobi equation.

On the other hand, since the spinorial formulation has
played such an important role in general relativity, 1t
is natural to introduce the concept of a Killing spinor.®
The aim of this work is to present, in a very general
way, basic properties of Killing spinors, and then to
study some particular cases which deserve special at-
tention. Our work will make full use of the spinorial
formalism.

In another context, the idea of using “complex exten-
sions” of general relativity has attracted much attention
in recent years.'?"'% This complexification takes a re-
markably natural form when spinorial analysis is intro-
duced. Recently, one of us (Plebafski'*) has shown that,
in a complex V,, spinors can be defined which transform
according to the SL(2, €) XSL(2, €) group. The implica-
tion of this is that objects with dotted spinorial indices
are no longer related to those with undotted indices, as
it would be the case in a real V,. For instance, the
spinorial images of the complex Weyl tensor are Cypop
and C45¢p, but, in general, C;325#(Cppep)* if the V,
is complex.

Thus, loosely speaking, the general procedure for
complexifying a real V, is simply to “forget” (1) that
dotted spinors are related to undotted ones by a complex
conjugation. The results we present in this work take
this fact into account: They are valid either in a real or
in a complex V,. This will be mentioned explicitly when-
ever necessary. We hope that these results will be use-

ful in further studies of complex and real V,’s.
Consider a symmetric spinor Kii L b :Kiﬁ}: Rttt
which transforms as the irreducible D{p, q) representa-
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tion of the Lorentz group, and which satisfies the
equation

vOKAL AT =0 1.1
in a Riemannian V,. Such a spinor is a Killing spinor,
Eq. (1.1) being the spinorial analog of the equation for
a conformal Killing tensor Ky,...,, =Kg,...5 )

V(aKbx'"bm):g(ab1sz"'bm)° (1.2)
In flat space, Eq. (1.1) is the twistor equation (Pen-
rose'®). In a curved space it will give some very strong

conditions on the type of spacetime. For instance,
Sommers!® has shown that any vacuum metric which
admits a nontrivial D(p, 0) Killing spinor must be flat,
plane fronted gravitational wave or type D.

We shall investigate further properties of Killing
spinors. We will be particularly interested in the im-
portant case of a D(3, 3) Killing spinor, which satisfies
the equation

VaKs)=0. (1.3)

This equation is the “trace-free” part of the conformal
Killing equation,
V Kby = XZop- (1.4)
Since conformal invariance seems to play an important
role in physics (see, e.g., Penrose,®’ Pleba.flskils), we
will consider conformal Killing vectors (X =0), normal
Killing vectors (x =0) being obvious subcases.

2. GENERAL CONSIDERATIONS

It can be shown (Sommers'?) that the (m + 1)th deri-
vative of a rank m Killing tensor can always be expressed
in terms of its lower order derivatives. We will prove
a similar theorem for Killing spinors (KS). Following
Sommers, 103t is enough to notice that the »th covariant
derivative of any tensor or spinor can be expressed as

Vo, Vo, Koy iy = Viagere Vo Ko onns,,

+ [terms containing (» - 2)th or
lower order derivatives of

Kypoeen, ) (2.1)
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This is due to the commutation relations between co-
variant derivatives. Now,

Ny=@r+D[(r+1) +7(r-1)/6] (2.2)

is the number of algebraically independent components
of a fully symmetric rank 7 tensor in V,. Thus the »th
derivative of an irreducible D(p, g) spinor is given by
N,(2p +1)(2¢ + 1) linearly independent terms containing
rth derivatives, plus terms with (» - 2)th or lower order
derivatives. On the other hand, Eq. (1.1) gives

N,.1(2p +2)(2g + 2) linearly independent relations among
the »th order derivatives, since

Yy Vo) VaKa} 52, =0. (2.3)
Thus, if
20 +1)(29+1)
r-l ( P ( q (24)

(Zj) +2)(2¢ + 2)

one can obtain the vth derivative of the KS in terms of
lower order derivatives'’ [plus, in general, some inte-
grability conditions; i.e., Eqgs. (3.2) or (3.16) below].

We will now study the integrability condition of Eq.
(1.1). The commutation relations for covariant deriva-
tives of (in particular) symmetric spinors is given by'®

dx* A dx'V V\Ifﬁ} B?a 2q\I/”(Bl zf%-lRBm);,

~opuitiia, RV, (2.9)

where RAB is the two-~form associated to the Riemann
tensor. According to the Cartan structure equations
written in spinorial notation, one has

RAp=dI + T4, A TV, (2.6)

where I'*; are one-forms associated to the Ricci rota-
tion coefficients (we will use exactly the same notation
and conventions as in Ref. 14), More explicitly, Eq.
(2.5) gives

«Bog )N
1By

4qCCDN( 1‘1’82 2

No . qhieed
Ve vD)N\I/Al"-AZP

+4pC" op (Al‘I’ AZP)N

R N ...B
th3 o(CeD,(Axfoﬁlz,..A;g)N, (2.7a)
BQH)N

4qCCD B1; ‘I’Bz Azp

N(Cg DigBres+B

v Cuy ‘I/A{...Az
N Chyb

—4pC" WALl AZP)N

+q}; b‘ceD"Bl\I/Bz BZ)N

(2. 7b)

where Capop and Cipsp are the spinorial images of the
Weyl tensor, C,pép is the spinorial image of the trace-

less Ricci tensor, and R is the trace of the Ricci tensor.

If the considered V, is real, then C3:p =(Cancp)*,
Caseh =(Cepas)* and R =R*, otherwise these last rela-
tions do not hold (for a detailed discussion of this point,
see Ref. 14).
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Now, the fundamental equation (1.1) implies that the
covariant derivative of a KS has the irreducible form

VABKﬁiﬁl €A(A1ZA2 ipza +€B(BIZBX qu,

+€A(A1€B( Liaz ;‘;; (2.8)
where!®
BBl B?ﬂ —._._._zp N (B é “Boy)
l Azp -1 2p +1 v KA AZ‘; 4N (2. 9a)
BysesBo 1 q o pBesBa, 4N
AllAl""azg__ 2q+1 V(AINlKii"'Ag)l ’ (z.gb)
2 2

Bz«-l_ q q N, B2q-lN

Tageeagn = 20 +1 2g+1 v ”KAI Azpa¥ (2.9¢)

3. SPEC!AL CASES

Consider first a D{p, 0) KS. According to (2. 8) one
has

B _ BByes-B
VA KAI...AZP—éA(AllAz,..Azg“)’. (3. 1)

Substituting this in the formula (2. 7a),
over indices CDA, - - -A,,, one obtains

and symmetrizing

Ky (184 C" Bypcpy=0- (3.2)

Substitution of (3.1) in (2.7b) gives, after proper sym-
metrization of indices,

(P19 N PG
v(BllB)a---qu):4PKN(BI---B&_ Cp, )F9

" (3.3)

Thus, in empty space, lﬂl _; itself is a KS of type
D(p~%,%). Ina complex V,, Eq. (3.2) has a counterpart

. N
KN(él"‘éZP-xcézpéb):O (3.4)

which, for a real V4, would be just the complex con-
jugate of (3.3). A similar result applies for relation
(3.3). It is interesting that, in a complex V,, this KS’s
Kp,...s, and Ky ..., are independent objects: that is,
one has a “heavenly” and a “hellish” KS (in the termi-
nology of Ref. 14). In fact, a spacetime can admit a
“heavenly” KS without necessarily admitting a “hellish”
KS.

Consider, for instance, a D(z, 0) KS which satisfies

the equation

v(ﬁKB):O (3. 5)
and consequently
Va KB_eABl (3.6)

The integrability conditions give, after some algebraic
manipulations, the following relations:

(3.72)
(3.7p)

Ky CNA BC — 0,

v A — 20" ARy + 1% Ak,
Equation (3.7a) implies that the spacetime is of type
[N]® [something] or [-]® [something], and (3.7b) im-
plies that in vacuum, !* itself is a Killing spinor.
Equation (3. 7b) permits one to express the second
derivative of the KS in terms of the KS itself.

Consider, now, KS’s of type D(1, 0). One has

VAKge,=0 (3.8)
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from which

VAAKBC =€4lc )A- (8.9
The integrability conditions give
CY ancKpw =0, (3.10a)

- . DR R e
Val1p" =4C" (4 45 Kp x + €an <CN SABK ys + ‘S‘KAB)

+€AB (CNSABKN5+§KAB>. (3. 10b)

Thus, in vacuum, ,% is a D(3,3) KS. Furthermore,
(3.10b) permits one to calculate all the second deriva-
tives of K, 5 in terms of K, itself. For further proper-
ties of type D(z, 0) and D(1, 0) KSs in a real V, see
Walker and Penrose, ® and Sommers. *

We now consider the important case of D(é, 3) Killing
spinors, which are related to conformal Killing vectors
(CKV). From (2. 8) one has

Vo “Ks, 2 =0, (3.11)

(3.12)

Notice that /4% = ({#%)* and that x is the conformal fac-
tor appearing in (1.4). Substituting (3.12) in the in-
tegrability conditions (2.7a) and (2.7b), after proper
symmetrizations and contractions of indices and using
the relation

V,AKD =€, 8 + €2P],  — 2€, €45,

VAAZBC = V(AAch yt+ie, (BVNAZC)N (3.13)
one obtains, after some algebraic manipulations,
4 . . .
Va'lge =~ ZCNABcKﬁ - ZK([XCch}A

. . R . -
4 NNA . -A A
- 3€wCo) KNN+g€A(BKC)-2€A(BVC) X

(3.14)

If x=0, one would obtain an equation expressing
second derivatives of the Killing vector in terms of the
Killing vector itself (a well known result!!). The next
step is to use the integrability conditions of (3.14) by
substituting it again in (2.7a) and (2.7b). Using the

Bianchi identities in spinorial form,
VstSABc +V(Ascac;s'b=0, (3.15a)
VR Carps +5V45R =0, (3. 15b)

one obtains, after some algebraic acrobatics, the
following equations:

4CY pelpw = 4CapcoX + Kk VV¥Chpop =0,  (3.16)
V(A(A'VB )é )X:K§V(§(§CAB )A.é)— %stvmmcas)é o
~ KWV ACy P+ KUY, PR
—20Y WABL, 4 2C 5 898 4 4xC 54
(3.17a)
ViV ¥y = - LNV R _ 2R, (3.17p)

These last two equations permits one to calculate the
second derivatives of x in terms of the Killing spinor
and X only, by using the formula

4

VA VP X =V 49, Pt b, BV (3.18)
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Summing up: for any CKV, the second and higher order
derivatives of K, and x can always be expressed as
linear combinations of K,, V,K;, X, and V,X. In other
words, a CKV can be described by a set of 15 param-
eters (10 if x=0). This is a well known result which
can be obtained by classical tensorial methods.! Fur-
thermore, this result is in agreement with inequality
(2.4) obtained above: Third order and higher deriva-
tives of K*, can be expressed in terms of lower deriva-
tives (remember that x=-3V""Kyi). As for the rela-
tion (3.16), it is the spinorial form of the equation for
the Lie derivative of the Weyl tensor along a CKV.
Equations for the Lie derivatives of the Riemann tensor
and its covariant derivatives entirely determine the
number of possible Killing vectors?®? (this result is
also valid in complex Riemannian spaces, as a simple
examination shows).

We will now examine the concept of Lie derivative in
the light of spinorial analysis. By definition, the Lie
derivative of a tensor Tal...% along a vector K, is

éTal...%: Tuagerea,K* 0y ¥+ Tagerea, uK o,
+ Topera,uk (3.19)
In particular, if K* is a CKV, then
%gaszzxgas- (3.20)

When (3.19) is applied to the vectors of a tetrad, one
obtains

[ el =A%epn, (3.21)
K

where
A% =K, - KT, (3.22)

This follows easily from the definition of the Ricci
rotation coefficients

I‘“bc ::—e“m;s eabeﬁc- (3. 23)

The concept of Lie derivative along a CKV can be in-
troduced in a straightforward manner (e.g., Geroch?).
From the definition of the Pauli matrices and the null
tetraatt

PYIEN, (j i j), (3.24)
one can find a formula similar to (3. 21),

A ghF = Mg mEi gt s xgh, (3.25)
where ‘

Mg =— 3% - T4, K", (3.26)

From this it can be seen that Eq. (3.16) can be

rewritten as

4AY ACpop v — 2XCapop +K*3,Capop =0. (3.27

We can now prove the following theorem.

Theorem: The Lie derivative along a CKV of a
Debever—Penrose!! vector is proportional to it.

That is, if €%, is a Debever—Penrose vector and
Eq. (3.20) is satisfied, then

L e} =fed (fis some function). (3.28)
K

S. Hacyan and J. Plebanski 2205



The proof is very simple: If ¢*, is a single DP vector,
then Cy;y; =0 and Cyy;,#0, and (3.27), for indices
ABCD —-1111, implies Ay =0. If €%, is a double DP
vector, then Cyjy; =Cy13,=0 and Cyy,,#0; Eq. (3.27),
for indices ABCD —~ 1112, again implies Ay =0, and so
on for triple and quadruple DP vectors: one always
finds that Ay, =0. But, from Eq. (3.25), this is precise-
ly the condition for €%, to have its Lie derivative paral-
lel to itself. This completes the proof of the theorem.®
A simple reexamination of the proof given above shows
that it is also valid in complex V,. All one has to do is
to use the dotted counterpart of Eq. (3.27) and the gen-
eralization of the concept of a Debever— Penrose vector
to complex V,.'* The theorem has an obvious geometri-
cal interpretation: Since conformal curvature is in-
variant along conformal Killing vector fields, the princi-
pal null directions it defines must also be preserved.

We will now consider the special case of a CKV in a
vacuum spacetime, that is C,p35=0 and R=- 42X
(cosmological constant). The equations obtained above
take the simpler form,

VAAZBC =- ZCNABCK?I - 2hey (BKg)— 2€,5V¢ )A.Xy (3.29)
(3.30)
(3.31)

Vaivy P x =2 ety
4CY upelp w—4XCapecp + KNR/VNNCABCD =0.

In particular, the integrability condition of (3. 30)
implies

CY, e Ay x =0. (3.32)

Thus, if V4,x#0, one has two possibilities:
(i) det(Vy*x) #0, in which case Cupcp =0,

(ii) det(¥v*yx) =0, then V*yx=¢aya” and, according
to (3.32), @y is a quadruple Penrose spinor and the
spacetime is of type N. Thus, the existence of a non-
constant conformal factor x in vacuum implies that the
spacetime is Minkowskian, de Sitter or type N. 2 More-
over, if A#0 then X is necessarily zero except for the
de Sitter and type N cases. Notice that x satisfies an
eikonal equation if C 5-5# 0.

Next, we consider the case when a Maxwell field is
present. The Einstein—Maxwell equations without
sources are

Capib=—8fanfis, Ve =0, R=-4) (3.33)
where f,5 is the D(1, 0) spinor associated to the electro-
magnetic field. In this particular case, Eqs. (3.17a)
and (3. 17b) somewhat simplify,

52 Vo AV X =KV 20 471 240 Y ala
+ 2fun fsAIES wax fan fR2, (3. 34a)
Vi V" x =2y (3. 34b)

The formulas given above are the spinorial versions
of some fundamental classical results on Killing vectors
(see, e.g., Einsenhart'+?’ and Petrov®). As for Killing
vectors in spaces where an electromagnetic field is
present, they have been of fundamental importance in
the works of Ernst?® and Kinnersley, 2 who found a gen-
eral procedure for generating new solutions. We hope
that our Egs. (3. 34) will be useful in further investiga-
tions of this point.
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We note that this paper is to be considered as the
fourth of the series of articles which study the
“analytic continuation” of general relativity (the first is
Ref. 14; then follow Refs. 27 and 28) and will be fol-
lowed by subsequent publications, where the present
rather formal results will be applied as useful technical
tools in the study of the dynamics of complex relativity.

*On leave of absence from University of Warsaw, Warsaw,
Poland.
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Following Plebaniski and Robinson, complex V,’s which admit a congruence of totally null surfaces are
shown to have coordinates which, in pairs, have a spinor structure which generates the usual spinor
structure of the 2-forms over the space. This structure allows Einstein’s vacuum equations to fracture into
three triples and a singlet, which allow for easy reduction of the entire set to one nonlinear partial
differential equation needed for consistency. An inhomogeneous GL(2,C) group of coordinate
transformations, constrained to leave the tetrad form invariant, is constructed and used to simplify the
equations and clarify the geometrical meaning of the parameters introduced during the integration process.

1. INTRODUCTION

The analytic continuation of general relativity, with
emphasis on complex Einstein-flat four-dimensional
spaces endowed with purely self-dual conformal curva-
ture (heavens, according to the Newman— Penrose
terminology'), was studied in a previous series of
papers. =% The present work is the second of a new
series of studies, being an extension along lines initiated
by Plebafiski and Robinson.” They found that if the con-
formal curvature is algebraically degenerate from (at
least) one side—that is, e.g., the self-dual part of the
conformal curvature tensor is algebraically degenerate—
then all quantities on the manifold can be written in
terms of a canonical tetrad such that Einstein’s equa-
tions in vacuum may be integrated up to the very end,
reducing the problem of such a (complex, minimally
degenerate) gravitational field to the solution of one
partial differential equation of second order, involving
only quadratic nonlinearities, (This equation contains
as a very special case the heavenly equation of Ref. 2,
and is therefore called the hyperheavenly equation.) It
is to be noted that the existence of this tetrad is already
guaranteed by the totally null surface which Ref. 3
guarantees us that such a space must have, [These im-
portant null (extremal) 2-surfaces have also been called
twistor surfaces by Flaherty. %]

We use the notation and techniques of this series of
papers, particularly Ref. 2. (For real tetradial form-
alism one could also see Ref. 9.) The spinorial ideas
used relative to the structure of the coordinates in these
spaces were first developed for heavenly spaces in
Ref. 6. In Sec. 2 we write the metrics of both cases of
Ref. 7 in a uniform spinorially-based notation, which
is chosen to emphasize as much as possible the exis-
tence of the congruence of totally null surfaces, thus
making it easier to see how the “crystal structure” of
Einstein’s vacuum equations may be split apart. We
then determine the general form of the connections and
the Riemann tensor, and define a group of automor-
phisms of the space which preserve the forms of the
tetrad, as natural changes in the (arbitrary) parametri-
zation of the various null surfaces in the congruence.
We also show the natural relationship of the intrinsic
spinor structure of the coordinates to the usual spinor
spaces defined over the manifold.
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In Sec. 3 we show how the complete set of Einstein
vacuum field equations “fractures” into three triples
corresponding to helicity!® +1, 0, and - 1, and a singlet
equation, which, when solved in the proper order are
very amenable, Then, having reduced the problem to
the solution of the hyperheavenly equation for W, a
function of all the coordinates, we may recast the com-
ponents of the conformal curvature into their (simple
and plausible) form as functions of W and the integration
parameters which appear.

In Sec. 4 we show how one easily makes a choice of
conformal factor to get to the case I of Ref. 7. At each
step in both Secs. 3 and 4, we show how one may take
advantage of the particular group of automorphisms so
as to both simplify the resultant equations and empha-
size the geometrical content of the parametrization. In
appendices we give some of the more complicated de-
tails of the calculations used to reduce Einstein’s equa-
tions, as well as to show how the results should be
(trivially) modified if one wants to include a nonzero
cosmological constant. !!

2. INTRINSIC SPINOR FORMALISM

We start off by insisting only that our (complex)
spacetime admit a congruence of totally null surfaces.
These surfaces can be described by the (closed) 2-form

S=dundv, (2.1)

where # and v are (functionally) independent quantities
constant on each surface, and the expansion 1-form

6=0,dx"= 3% dv - v,  du). (2.2)

Since ¥ is totally null, it is clear that du and dv are
null and orthogonal., As was shown in Ref. 7, the exis-
tence of this congruence is sufficient to allow us to
choose a (null) tetrad:
1 -2 2
e =¢*du, e°=dx+Pdu+Rdv, 2. 32)
e*=¢tdv, e'=dy +Rdu+Qdv,

—

3= ¢*(@,— Pd, = RD,), 3,=20,
d3=02(3,—R3, — Q3,), 3,=20,,

(2.3b)
where we use coordinates especially adapted to our

Copyright © 1976 American Institute of Physics 2207



congruence, #, v being constant on each surface, along
with some independent variables x, v, which are longi-
tudinal variables along a given surface, while ¢, P, @,
and R are sufficiently smooth functions of these coordi-
nates, and the metric is given by

g=2e'® ez+2e3®s> ele A'® AL, (2.4)
8

with @ as the symmetrized tensor product: AQE B
=3(A® B+B® A).

Since we have started out with a real V, and com-
plexified it, we may always look upon it as some sort
of formal direct sum of two two-dimensional complex
spaces in a fairly simple way.!? However, we intend to
show that, because of the existence of a totally null
congruence in this space, this correspondence may be
thought of as indicating important underlying structures
of such spaces. To this end, then, we proceed to look
upon the coordinates, in pairs, as forming spinors:

_ (v B_[—Y
qA:(u>5 {) _<_x>; (2'5)
where, being spinors, the indices of g3 and p? are
manipulated in the usual way:
a*=e"*qp, qi=ex5q®, (2.6)

and similarly for p®, as well as being subject to trans-
formations from spinor-type groups such as SL(2,C).
We will say much more, later, about the transformation
properties of these coordinate spinors. It should also
be pointed out that the spinor indices are dotted be-
cause of the fact that our tetrad puts us in a space where
it is the left-conformal curvature tensor (the self-dual
part) which is algebraically degenerate instead of the
anti-self-dual part. (The two situations are, of course,
isomorphic, and this choice is made to follow the nota-
tion of Ref. 7.) When identification of these spinor in-
dices is made with the usual spinor indices in the spinor
form of general relativity, it will be found that these
were the correct identifications of type of indices.

We may then discuss the (complex) cotangent (and
tangent) spaces at each point on the manifold, where the
pairing of the four coordinates into two spinors suggests
that we, instead, actually look at the two-dimensional
spinor cotangent and tangent spaces. We proceed by re-
writing the tetrad as

3 4
. e i_fe
QAE(;[) Zd(IA:<e1>y EA:<62)) (2'7)
with the metric given by
g:z¢'2E5§§dq,;. (2.8)

These equations allow us to define a very useful sym-
metric object

ias_[QR
Q@ _<R >, (2.9a)
such that

EA—_aph + Q4B dqy, (2.9b)

which we will call a rotation spinor of type (0,1). It
is given this name because: (a) Since it is a symmetric
traceless second-rank spinor-—i.e., type (0,1)—it
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generates in the usual way a second-rank anti-self-dual
skew tensor which then can be taken as the infinitesimal
generator for some (complex) rotation which tells us
something about the lack of complete transversality of
the coordinates p# to ¢3; (b) under the appropriate in-
homogeneous GL(2, C) transformations it will be shown
to transform not as a true spinor, but with inhomo-
geneous terms. By rewriting Eq. (2.8) as
g =—2dpA® dg; +2Q*%dg;9 dg3, (2.10)
we see that @42 is that which distinguishes the metric
from being trivially flat, and, as such, determines the
character of the metric as a double Kerr—Schild
metric. % In particular, if we define
A=3072Q43Q 5, (2.11)
where the factor ¢~ has been inserted for later con-
venience only, it is the vanishing of A which causes de-
generation to an ordinary Kerr—Schild metric.

We also exhibit explicitly a basis for the (tangent)
spaces dual fo the (cotangent) spaces spanned by e; and
E*. These are

a .
P P— :( y) —dual to EA, (2.12a)

apé ax

and
6“{5(;3):¢2 (__8_ +QA88§> —dual to e}. (2.12b)
1 0d 5

By using the phraseology that these are dual, one to
another, we mean, among other things, that one may
write out the exterior derivative, in this basis, as

d:E‘aa;+ ¢‘2dq;,2/;‘, on a scalar. (2.13)

At this point we should point out that, because of the
usual chain rules for calculus and the desire to have 94
mean a/ap;, where pj =€ 33p°, it is necessary to raise
and lower spinor indices in the tangent spaces opposite-
ly to those in the cotangent space:

A =eABoy 81=enz0”, (2.14)
where, of course, the same rules follow for 84 and a/
8q 4, as well. One could also see the necessity for this
reversal by noting that it ensures that there is a well-
defined action of the cotangent spinors on the fangent
ones. That is, if 81 is a tangent spinor and L* a cotan-
gent one, then +L48;= +L 484, instead of the more
usual situation with only one spinor space in which,
e.g., pAgi=- pag”.
We now list the bases for self-dual and anti-self-dual

2-forms in their usual®®? spinor form:

Sit= 2¢4n o= BAA B

Stz el n e+ e3n et = ¢ 2dgyn E*, (2.152)
S2=2e%A el =™ dg* A dyg

2etnel, —eln et +en et 3

SAé ) :qu'qu“‘/\ EB,

—elhet+etnel, 288 e
(2. 15b)

We may then calculate the commutation coeifficients and
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the connections in the standard way, with the results
TyS-wp= ¢-3J}‘ aq i,

Tip= - by +wg) = 50304 - 07850 ]dgs + 16754,
Ty = - wgy = (#304%) da - 07 (#20)E4, (2. 16a)

= Wyy, %(‘*’12 - Wyy) . .
=(0iQ5)2)dg®+ ¢™'J LEj,

— o B ad)dgs.

I‘IOE N
4B (Wi — wyy), ~ Wy

(2.16b)

We have used w,, for the Riemannian connection on our
{(four-complex-dimensional) manifold and I',5, I'j3 for
the usual induced spinor connections. (The symbol J;

is an abbreviation for 3¢ which is a quantity which will
reappear many times.) In both these sets of equations
one sees a connection between the (usual) spinor indices
on the 2-form bases and the connections, and the spinor
indices inherited from the component spinors in this
particular tetradial representation. That is, the anti-
self-dual (hellish) quantities are such that the indices
have a 1—1 correspondence, while the self-dual (heaven-
ly) quantities are without free spinor indices in this
basis, and therefore are scalars under homogeneous
SL(2,C) transformations.

The relations given so far are moderately compli-
cated, but it must be remembered that they are com-
pletely general. They will simplify greatly after ap-
propriate gauging and solution of Einstein’s equations
are accomplished. Now, by calculating Cartan’s second
curvature form and comparing coefficients as usual
(see, e.g., Refs. 2 or T) we may determine the spinor
forms of the curvature quantities:
3C® =Cyy;, =0,

2 =Cyyy, =0,

3C =Cippp = - 572303047,

3CB =Cypy == 59" 85Q 15 - 39030700,
3CY =Cypyy=— ¢'846728°Q 15 + *(84Q 15)(05Q°9),
Ciséh=- 0%025Q%h),

which determine the conformal curvature, and the
quantities which determine the Einstein tensor

(2.17a)

(2.17p)

— 3R = 3R%g,, =+ 00,0047 - 6¢%0;070he,  (2.182)
Cras=- 9781250,
Croas=-20"02°Qié— 030059, (2. 18b)

Cpis=- $* 31070 Qp e+ d(F%0)0eQ 45 - 0T 20728 5,0 .
Having, now, general formulas at our disposal, we
want to investigate to what extent gauge freedom can
help in simplifying the equations. In particular, there
is reason to believe that no essential physics lies in a
particular parametrization of our totally null congru-
ence—the variables ¢;. Therefore, we wish now to con-
sider a transformation to new parameters ¢’z =q"s(q3),
only restricting the transformation to be invertible. In
addition, since this particular tetrad form is known to
be,useful, we will determine new longitudinal coordinates
p's in such a way as to be able to have the form of the
new tetrad in terms of the new variables the same as
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the form of the old tetrad in terms of the old variables.
The purpose of this will be to determine the transforma-
tion properties of the various quantities entering into
the equations so that we may determine the underlying
geometrical significance of the various “constants of
integration” entering into the solution of Einstein’s
equations in such a way as to both simplify the pro-
cedure and simplify the interpretation.

We therefore set

A a Ll I - 1. A .
Ti'=5 -0’k e'k=0""dg'z=pTi"e;, (2.19)
da
where p= (d)’/qb)'2 is a function only of g4, and
B = p U (TH3EA _erd), (2. 20)

where the latter line is required by invariance of the
metric and 1 is so far arbitrary. Form invariance re-
quires that

E/S:_dprs +Q’S.idq’}. (2.21)
From Eqgs. (2.19) and (2. 20) we find that
pll.i =p-1T:a“-2pA + 0.'1.2’
210 =Tp;(0p™"/23q,) - e35(30°%/2g3), (2.22)

QIRS =p'1T}1RTgSQAB + %T}:(SapR)/an’

where 0’® are functions of ¢# only and T is the deter-
minant of the transformation matrix T 34. Therefore, we
see that the longitudinal variables must go into gz-de-
pendent linear combinations of themselves modulo pos-
sible inhomogeneous terms, which tell us that it is not
particularly important which surface of the congruence
is labeled which,

Continuing with straightforward calculations, one
finds that
plT-1/2 qT1/2

/RS _ 1R 7S GAB R -

S =1L AL BS s L A 0’ pT1/2 (2.233)
and

SIRS :TT}:;QTESSAB- (2. 23b)

Remembering that TkA is an element of (31(2, C), we
see that the anti-self-dual basis forms transform
effectively under SL(2,C), while the self-dual ones
transform by a simple §1.(2, 0) representation of the
differences between our inhomogeneous (TL(2, C) and
SL(2,C). (We use the tilde over quantities without in-
dices to indicate that they refer to notions in the anti-
self-dual subspace as opposed to the self-dual one. See
Ref. 2 for a more general discussion of the full trans-
formation group.) Analogously one also finds

C'iito =T THTS T 12C 585,
C’RSTU:LRALSBLTCLUDCABCD- (2.24)
Among other things which will be useful later, these

equations say that C’®’=C®,
3. SOLUTION OF EINSTEIN'S EQUATIONS IN
VACUUM

Referring to Eqs. (2.18), we can immediately inte-
grate the first triple of equations, which asserts the
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existence of a spinor J4 and a quantity «, both functions.
of g only, such that

¢—_~J,1p"‘+x. (3.1)

(Note that the choice Jj=J3=-1, k=0 was made in the
discussion of what was called Case II in Ref. 7, while
Ji=dJ3=0, k=1 was made in the discussion there of
Case I.) By looking at the transformation equations
[Egs. (2.22)] and setting ¢"=J 3p"% +«’, we find that

J'p=p Ty, k' =p % - pl/PT AT o' R, (3.2)

It is clear that, if so desired, one may then utilize the
freedom embodied in T34, p, and 0’§ to choose J; in
various specific ways. Because it facilitates greatly the
solution of the remaining equations, we use this freedom
to choose J; and k to be constant. This clearly puts re-
strictions on future transformations that one may wish
to do. However, there is in fact still considerable
freedom.

We now introduce a partition of the identity relative
to our distinguished constant spinor J4. That is, we
introduce a spinor K ; such that

545 = (1/T)KAT, - J4K ), T=K*J;. (3.3)
A convenient choice is Kj =J}, K} =-dJ3. We may use
this pair of (basis) spinors, thus naturally defined,
when needed, to decompose the spinor coordinates into
“scalar” coordinates.

The next equation to attack is the one for the curva-
ture scalar. Here we set R =0, but see Appendix B
where we show how to include a possible cosmological
constant A, Using the fact that J; and x are constants,
we find that

$°9;0507°Q4% =~ 3R =0. (3.4)
From this we infer the existence (see Appendix A for
more details) of a spinor A® such that

Q4 — ptia B, (3.5)
When this form is inserted into the second triple of
Einstein’s equations, they take the form

24050, =0,

& 3.6
A0:¢-1aé¢2Ac, ( )
which imply the existence of H; and &, functions of g¢
only, such that

b9 5¢2AC = A, = 2H ;pA +2¢. (3.7)

We may now integrate this equation to find A€, How-
ever, first we note that Einstein’s vacuum equations
separate into three triples and a singlet. The Cyyi5
triple is of the form 2303 A, =0 for A,=¢. By use of the
scalar equation and the A, triple, we are able to rear-
range the second triple to read 9393A,=0. We will find,
in addition, that this is sufficient information to allow
us to rearrange the third triple to the form 9830gA.,
where A_ is yet to be defined, It is this particularly
simple end form which makes this particular approach
successful and which shows up the basic structure of the
equations.

Secondly, before integrating Eq. (3.7), we calculate
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from Eqs. (2.17a) and (3.5), that
C® —— 2J4p; 3= — 2 0%, (3.8)

Since C®'=C> =0, C® is an invariant, which suggests

that there is particular intrinsic geometric importance

to this component of H;. For simplicity, therefore, we

regauge A% so as to eliminate the other terms on the

right-hand side of Eq. (3. 7). In particular, let
A%~ A% 4 (1/21)H K p % + b4,

where

J3b4 — (k/2TH KB — £ =0,

(3.9)

which in no way changes the value of @42 defined by Eq.
(3.5) but reduces Eq. (3.7) to a simpler form

3¢™10,0%A% = uK*p /7, (3.10a)
which has the solution
AB—_ o708 W 4 (u/ KK, (3. 10b)

where W is an arbitrary sufficiently smooth function of
all the coordinates, which plays a role completely
analogous to that of the key function in heavenly spaces.
Inserting this into Eq. (3.5), we {ind that

Q4P =~ 2 Agta® 60 + (1 /7%) K AKE,

2

(3.11)

It is worth noting here that Eqs. (2.24) guarantee the
invariance of C*® under our group of transformations,
which implies that

_ 2U«,¢,3:cl(3):‘ 2)—’-‘1)3
or (3.12)
p'=p"".
We may therefore choose p so as to give g whatever
constant value we might want. (That constant is essen-
tially just a scale factor.) We will not take advantage
of this at this time, but it is a very useful thing to do

when dealing with the metric for other calculations,
such as trajectories or Killing vectors.

We may now proceed to the consideration of the last
triple of equations. They can be rearranged, by virtue
of our current information, to take the form

9305A.=0, (3.13)
where
_ A pendpn? o aeina OW 4n 43
A=A+ (71T 04W) + 9710 a—;\—i-p(z) 0,07°W
q
& oy Ok
+oy 1 € = (¢ + K)KC] ——
5;2[90 (¢ +k) ]aqé
- . . W
=304 BW) (207205 W) + 97104 gq—,a
4 -1 -1 P c c] OB
- .07 a0 W+2—TE[wJ - (p+K)K ]a—qf,
(3.14)

where ¥ is just an abbreviation for K#p;, and the equa-
tions for A_ have been written to separate out the
(messy) terms containing au/aqc which would vanish if
the gauge were chosen so that y were constant. But
Eqgs. (3.13) just tell us of N and y, functions of g¢,
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such that

A=N;pr+y, (3.15)

which, when Eq. (3.14) is inserted, is simply the
(hyperheavenly) equation of Ref. 7, which is the only
constraint on W, (In the special case when pu, Nj, and
¥ vanish and ¢ =1, it hecomes the second heavenly
equation of Ref. 2 in the notation of Ref. 6.) This is a
single, second order differential equation for W, linear
except for the first term, whose solutions determine all
minimally degenerate complex V,’s which are Einstein-
flat.

We may insert Eq. (3.15) into the forms for the curva-
ture quantities, and find that the self-dual ones simplify
considerably as a result:

Cipth=—- 9*2105Q¢&5)

—=® a;agaga;,w-e%¢3J(,;J5Ké,K,3) (3.16a)
C(E):Ozc(ll), 0(3)2211(153,
c(2):2¢5[N;‘J1; <p 4= KA) a“‘]
ag4
i 0 U
Cc 947 2;—L-KA——>(N' KR
¢ {¢‘<¢ po 3. A PA 2g%
g8 (N;,p"*+y+3uW)
og B
b b 3 T A S
-5 % it eN; T4 (pyIC +a5p
+5K,;,JC>—3—“—.]aBW}. (3.16b)
T aqc

Again, one notices that the equations simplify greatly if
p is chosen constant. We should also note that one may
regauge A, if desired, to modify Nj and . In particu-
lar, we note that the form of the metric, as determined
by Q“‘B via Eqs. (3.11), is unchanged by the gauge w
~W+a+5¢°, whereas A.— A - 3ua — 3o J435/3g4,
Where . and § are functions of g& only. However, A_
=N;p* +y—(NAKAJBp NAJAKBpB)/T-H/ NAKA(zp/T)
—NAJA KBpB/'r ) +v - kN;K4/T. Therefore, we see that
we could choose 6 50 as to eliminate the NAKA(p/T
term. (A portion of this freedom was utilized in Ref. 7.)
By looking at the equations for C'!? and C¥’, we see
that, of the quantities Nj,y, only N3J* appears in C¥'—
and only that for constant —which tells us why it can-
not be gauged away. Then in C*’, which is rather com-
plicated, our regauging argument tells us that ¢ has
geometrical significance only when =0, in which case

we have
Ny gAY,
dg4

(3.17)

c— ¢7[2N,;J5J;333W +(J%* + pe
for p =0.

(We will see, when discussing Case I hyperheavenly
metrics, that JA a'y/aq plays a large role in distin-
guishing the two cases. )

4. TRANSITION TO ¢ =1

In Ref. 7 the solution of Einstein’s vacuum equation
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is divided into two cases: I and II. Their Case I has the
conformal function ¢=1. The structure in this work

has been set up with the idea of making the transition be-
tween the two as easy as possible. Since, in the pre-
vious section, J4 has been an arbitrary constant spinor,
we may pass to the limit in which it vanishes. We will
see that it is necessary to regauge slightly the canonical
function W in order to keep all quantities finite, but it

is a very straight forward process. It is worthwhile,
first, to point out the geometrical distinction between
the two cases.’ The expansion form @ distinguishes the
two cases. The vanishing of 6 determines that the

totally null surfaces in our space are plane, as well as
geodesic, of course. Using Eq. (2.2), we easily cal-
culate that

=— oK dg* (4.1)

=ix{dinp ] =d(p,du—~ ¢, dv)

so that it becomes quite clear that one gets to these very
special spaces, where there is a congruence of totally
null (geodesic) plane surfaces, by allowing ¢ to become
constant.

In particular, then, we want to allow J4 to vanish,
and k —~ 1. In order to do this we allow

W =0 + prpy?/21t, (4.2)

Note that as J3; goes to zero, so do K3, u, and @
=K*p;, so that 7 vanishes quadratically, and the above
additional term, which diverges, has been chosen so
that the new potential © and all metric quantities will
be well-behaved in this limit. It would have been pos-
sible, of course, to have used O as a generating poten-
tial in all of our equations, from the start. We have
chosen W and ©, however, because they give the sim-
plest form to QAB (the metrlc) and to A_ for Cases II
and I, respectively, while one easily goes between them
via Eq. (4.2). Reevaluating, then, all relevant quanti-
ties in terms of O instead of W, we may easily make
the transition to Case I, where we give names to cer-
tain limits:

(ZF)

. A
FA= lim (“K )
-

T20
(- &/f, 1>_ iy <K3J3>
z = U4 =lim . 4.3
2("‘ 1, f/g T 50 T ( )
With J3; =0, then we obtain
AB_ Be p p UC(AFB)
Q48— _ adzBo _ pAyESy ;.
A, =0, A0:2FAP1'47 (4-4)

A.=1(0%0%0)(0;0,40) + 04 22
agA

3;0 + F1p3UBa4.0

aFE
+3p r»"UAB o3 =N3p*+7.

All of the connection and curvature quantities are easily
calculated from their earlier expression:

A oF
Iy =0, T'y=3F"dgy, I-‘22=(NB+ PBMT) dqp,
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Ti=(0405050)dqC+3F ;dq3,

.

C® _CcW_c®_9 C(Z):_a_ﬁ:i
agi’
. B
C‘“:z(F“’— —a~=)(N,;+%p,;?f—é),
agA aq

Cancp=040502010. (4.5)

It is worth pointing out two special facts about the
gauge group in this case, Since we have let J3 vanish,
there is no longer any constraint on the group discussed
in Sec. 2, to maintain J; constant. Much more freedom
is allowed than previously: the entire ('}1(2,0) group,
but with p=1. By using the limiting value of Eq. (2.22),
we find that such a form-invariant, transformation gen-
erates 2 new connection spinor F'® such that

FRorphort Lr

s L {4.86)

There is clearly considerable freedom to regauge F'%,
in this way. One may, for example, choose f'=g’,
which would make the form of UA® much simpler.

There is, also, another way to simplify the equations
in this case; if
©~0-7Li3sp*p%pC, @.7)
where L} ;¢ is totally symmetric, then the form of Q4%
is changed, but the role of F# is not altered in the con-
nections and conformal curvature. Therefore, one may
use L35¢ to “simplify” the form of @2 or, more im-
portantly, of A_. One can also use this freedom to
“explain” the occurrence of the somewhat unnatural-
looking U#% in this expression. That is, it just corre-
sponds to a particular choice of L, 3¢s generated by the
convenient form we had found for the more general form
of the metric, with conformal factor. By insisting on
not having terms in A. which are other than first order
in F4 (or zeroth order), we find that a very useful choice
for L3¢ exists:
Lii==-z2(g-r*/8), Lii=-2(/-2/1,
(4.8)
Lij3=0=Ls,

which generates a choice made in Ref. 7 and has the
effect of causing
AB___ nAnBar, L{EYVTIX, gX+fy
Y =-270"6 +2(gX+fy, gy +ix)
and making minor changes in A_ which will not be given

here explicitly, but are easily performed via Eq.
(4.7).

(4.9)

5. CONCLUSIONS

Our results may be summarized by pointing out that
we have shown that Einstein’s vacuum equations split
into three triples and a singlet which, when in the
presence of the minimum possible amount of algebraic
degeneracy for a complex V;, are amenable to recon-
struction in the form 9393A,=0, a=+, 0, —, intro-
ducing three spinors and three scalars (along with the
cosmological constant as a scalar, from the tenth equa-
tion) as constants of integration—that is, functions of
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q& only. We have utilized a group of coordinate and
tetrad transformations which leave form-invariant the
tetrad, and thereby the metric, which has the interpre-
tation of a reparametrization of the surfaces in the con-
gruence of totally null surfaces which the space possess-
es by virtue of the {minimal) algebraic degeneracy of its
conformal curvature tensor. This group is originally an
inhomogenéeous version of 51(2, C) times a simple repre-
sentation of SL(2, C) generated by the inhomogeneities
where, of course, GTJ(Z,C) acts on the dotted indices
and SL(2, C) on the undotted ones. During the derivation
of the general solution it was deemed desirable to re-
strict somewhat the available group parameters by re-
straining ¢ to be a function of p# only. However, we
point out that, once the solution is found, we may al-
ways retrieve the more general situation by the action

of the group once again.

We have also shown how to generate both cases of Ref.
7 from a uniform formalism, and how to incorporate a
nonzero cosmological constant into the equations. It is
to be hoped that this is only a start toward a complete
investigation of many of the properties of these spaces,
whose real cross sections certainly include most of the
solutions currently known. Work is progressing on study
of the Killing spinors which they possess, as well as
other properties.

APPENDIX A

We want here to outline, in somewhat more detail,
the calculations leading to the derivation of the form of
the hyperheavenly equation given in Eqs. (3.14) and
(3.15), We first note a few lemmas which are easily
proven or well known, but perhaps unfamiliar in spinor
language. First, if X48¢"*'? is a spinor such that
3,X48C "D _0  then there exists, locally, ¥2**? such
that X428 P = g4y 22 Secondly, if X4**? is totally
symmetric, iteration of the argument gives {see also
Sec. 3 of Ref. 4) a scalar H such that X****?
=284... 3%H, Third, any quantity, say Z, can be written
in the form Z =3 ,B*, where B* is not uniquely deter-
mined by this requirement. We also note that the equa-
tion 9,05 Lc...p=0 implies the existence of Mps...p and
Ngs.oop, functions of g5 only, such that L,....p
=pPMpcip+Neup, i.e., it must, of course, just be
linear in pP. We need a final statement about the
equation

¢ X e Lpph s, (A1)

As may be checked by insertion, the solution is given by

[Lgpé+ R - K;-‘L,;]K;i,

. . L=n
A_Ahy ¢
X4 =03%A T —2)

T(n—-1)
(A2)

wheren#1, 2.

From Eq. (3.4), we easily infer the existence of a
scalar G such that 93¢7°Q4%=34G. Now we pick some
spinor A® such that G=333A", from which we have that
33(0™ Q"% ~ A%} =0. Since @*? is symmetric and
332%=0, this is more conveniently written as
33(0™Q " ~ 3'4AP) =0, Since the quantity, in pareutheses
is symmetric, we easily have that ¢~3Q*% ~ 314A®
—2%38H, but by regauging A% —~A® + 35K, not changing
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the equation defining A‘.’, we see that there is always an
A% such that @42 = ¢3adA8’—Eq. (3.5). Therefore, the
second triple of equations is

0=Crpap==— 26?34 0%Q3 c— 3302 5,0
=— $¢'8%678.4Q5)é

101(0;0%00545 + 050500 A8 +2J ;0505 A0)
=3¢%(0305050A 5 + 25057348 +2305T 34 )
=}o'a5050 1000 ¢,

where some simple steps have been omitted. Therefore,

we have

¢"1a"’q>2A5=N,;p"‘ + £,

(A3)

Using Eq. (A2) for n=-1, we acquire the result
A= %W + (HipP + - ¢HKE/31)KC/27.

However, if, as pointed out in Egs. (3.9), we first re-
gauge the right-hand side of Eq. (A3), we clearly get
just Eq. (3.10), from which Eq. (3.11) follows
directly.

We must now rearrange the third triple, which is the
most complicated tagk so far, Using the constancy of
J;, which implies #%¢ = $2Q°2J,, and Eq. (2.18b) gives
Crais=- 0°201078%Qs2 + 0°QT 33215 - TR .
The last two terms can be manipulated to give
$*(@21a0%Qn5 + Qe 50°Q51) IP - 9°7%0Q 3/ 007

= ¢ 740752 - 67°2Q;3/24°,
which implies
Cris=- ¢%3il672%Q;, 5 - 27%43,/3¢°]
= - $°0iX5). (a4)

The spinor X3 is defined by this equation only to with-
in a linear term in p*, so we may take

X3=0"QP05Qs:+ ¢70Q55/ 095~ I°0A 3/ 0q°
+apg,
where a will be determined conveniently later. We
define the first term on the right-hand side of this
equation to be Z3 and return to it shortly. Using Eq.

(3.5) the rest of the terms on the right-hand side, ex-
cluding aps, can be written as

— $3324¢,/2: - I50A /0
=-0500A5/39+ $p330A5/0q¢,

- J133A5/0q¢
= - 33004 5/2q8 +50(¢9 5 AC + 275 A%)/ag?
=05(- $aAy/2q8) - Kiphau/aq?)/T,

where the last equality requires the use of Eq. (3.7)

regauged by Eq. (3.9), i.e., ¢ 105 ¢2AC=2p9/7. The

trick is now to choose & =— (K431/3¢%)/27, so that the
entire expression becomes a gradient; that is, with this
choice of o, all terms on the right-hand side of Eq.
(A4) except the first take the form 9[- ¢pads/2g;
+(Wpap/2q%)/27 +nzp°l.

Now the other term, named Z3=233A~ Q;295¢72Q°S,

(A5)
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where A is the function defined by Eq. (2.11). For the
last term in Z 3, thep, we calculate 33¢72Q"%*
=2¢3J4750%W + uK*/T, and rewrite @3¢ in the conven-
ient form

¢ Qpe=— ¢35 W + 207 J3JEW + UKRK /T
It is then easy to show that

- Q520597Q° =03(¢7 30 W) + 3z (9*K “a g™ W)/7,
from which the first form of A. in Eq. (3. 14) follows if
we insert our expression for Ay and collect terms.

APPENDIX B

In order to include a nonzero cosmological constant,
we must solve

$030597°Q*F =21
from Eq. (3.4). Using Eq. (A2) forn=5, we easily

find that 330~°Q4% =84A -~ \¢™K4)/27, from which we
obtain

QAé _ ¢>38‘AA5’ " (AK’;Ké)/BTZ

(B1)

(B2)

with A4 independent of A, so that the solution to the
second triple, in terms of A®, is just as before. How-
ever, note that this is not actually the most general form
for Q4% which satisfies Eq. (B1), however, but rather

. . . )\/1—2
AB 34(A A B)
Q7P =¢9A +6———~——Q_4B+Y

« . P 2 . .
[aKAKB + Z%K‘AJ“ + 7%2 J‘JB]. (B3)
where &, B8, and ¥ are arbitrary functions of g, such
that 6 — 48 + v does not vanish. The choice given above
is just B=0=7v and is the simplest choice. However,
for purposes of making the transition to the case ¢ =1,
other choices such as ¢ =B =0 are best, We continue
now, in the general case with just Eq. (B2). Then, not-
ing that X is, of course, a constant, we proceed to in-
tegrate the third triple. The quantity X in Eq. .(A4) has
exactly the same form as before, but now the QAé within
it contains A terms. We easily follow through the same
derivation as in Appendix A, with the result that we
must add a single additional (A-dependent) term to A_;

i. e., to the hyperheavenly equation

A(with ) = A_(without X} +§2¢%3 ™3, W. (B4)

If, on the other hand we want to “add” A to the solution
with ¢ =1, we take Eq. (B3) with @ =8=0 and let J3
vanish, along with all the other concommitant quantities
which must vanish. Then a convenient regauging is per-
formed, and we obtain the appropriate formulas for
Case I (¢p=1):

Q8 _ahgPo 4 2 FUipd 4 ypand (B5)
A~ $(043%0)(0;030) + 3%30/8q% + F43;0 — 2 FAp533030
L P .
+w(FAp ) +5ppPaF /00" - a(phaz0-0),  (B6)
where, in the language of Sec. 4, another choice of

L;¢ has been made relative to the form of A_ derived
there which, although it has the disadvantage of generat-
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ing quadratic terms in F#, has the advantages that (1) it
makes the additional A-dependent terms take on their
simplest possible form and (2) it does not need any

ad hoc spinors, such as U#Z, for its description.
Another way of looking at this last comment is just that
this, in Case I, is the “natural” gauge for F4, from
which all the others may be generated by an (arbitrary)
assumption of a particular form for L j3¢. Starting from
the form given in Egs. (4.4) for @*? and A, in terms of
U4 we may think of having gotten there from this
natural gauge by a spinor L ;54 [see Eq. (4.7)] of the
form

e 1

Lii=-3fYg, Liz=%f,
1

Liss =58, Lyz=~ 28*/f.

*Work supported in part by the Fomento Educacional, A.C.,
México 5, D.F,, Mexico, and by the Centro de Investigacion
y de Estudios Avanzados del Instituto Politecnico Nacional,
México 14, D.F., Mexico.

TOn leave of absence from the University of Warsaw, Warsaw,
Poland.

IR, Penrose, First Award Gravity Foundation Essay, “The
Non-linear Graviton” (1975); E. T, Newman, Tel Aviv GR7
Lecture (1974) and a lecture at the Enrico Fermi Summer
School of Varenna, 1975.
2J.F. Plebafiski, J. Math. Phys. 16, 2395 (1975).

2214 J. Math. Phys., Vol. 17, No. 12, December 1976

3J.F. Plebanski and S. Hacyan, J. Math. Phys. 16, 2403
(1975).

4J.D. Finley, Il and J.F. Plebanski, J. Math, Phys. 17, 585
(1976).

S, Hacyan and J,F. Plebanski, submitted to J. Math, Phys,
C.P. Boyer and J.F. Plebafiski, submitted to J. Math. Phys.
'J.F. Plebafiski and I. Robinson, Phys. Rev. Lett. 37, 493
(1976). A detailed discussion is in the Proceedings of the
Symposium on Asymptotic Structure of Space Time, Univer-
sity of Cincinnati, Ohio, June, 1976, to be published by
Plenum Press.
8E.J. Flaherty, “Complex Strings and Asymptotic Twistors,”
in the Proceedings of the International Symposium on Math-
ematical Physics, Mexico City, January 1976, p. 713.
%G.C. Debney, R.P. Kerr, and A, Schild, J. Math, Phys.
10, 1842 (1969), or J.F. Plebanski, “Spinors, Tetrads and
Forms,” unpublished monograph from Centro de IEA del
IPN, México 14, D.F.

WFor more on the helicity structure of the representation of
the Lorentz group and its relevance to the structure of the
Riemann tensor see, e.g., R. Debever, Acad. Roy. Belg.
Cl, Sci. Bull, Ser. 5, 60, 998 (1974).

ligee also A. Garcia, J.F. Plebanski, and I. Robinson, pre-
print, on the addition of A to hyperheavens.

For a more rigorous point of view, see E.J. Flaherty,
Hevmitian and Kdhlevian Geomelyvy in Relativity (Springer-
Verlag, Berlin, 1976). The spaces considered here are (re-
lated to) complex extensions of what he calls 1GSF space-
times on pp. 206ff.

133, ¥, Plebaski and A. Schild, to be published in Nuovo
Cimento.

J.D. Finley, l{! and J.F. Plebarfski 2214



Lie series and invariant functions for analytic symplectic

maps*
Alex J. Dragt and John M. Finn'

Center for Theoretical Physics, Department of Physics and Astronomy, University of Maryland, College

Park, Maryland 20742
(Received 3 March 1976)

Symplectic maps (canonical transformations) are treated from the Lie algebraic point of view using Lie
series and Lie algebraic techniques. It is shown that under very general conditions an analytic symplectic
map can be written as a product of Lie transformations. Under certain conditions this product of Lie

transformations can be combined to form a single

Lie transformation by means of the

Campbell-Baker—-Hausdorff theorem. This result leads to invariant functions and generalizes to several

variables a classic result of Birkhoff for the case of two variables. It also provides a new approach since the
connection between symplectic maps, Lie algebras, invariant functions, and Birkhoff's work has not been
previously recognized and exploited. It is expected that the results obtained will be applicable to the normal
form problem in Hamiltonian mechanics, the use of the Poincaré section map in stability analysis, and the

behavior of magnetic field lines in a toroidal plasma device.

1. INTRODUCTION AND NOTATION

The purpose of this paper is to discuss canonical
transformations from the Lie algebraic point of view
using Lie series and Lie algebraic techniques. The
study of canonical transformations or maps is impor-
tant for several reasons: As is well known, canonical
transformations preserve Hamilton’s equations of mo-
tion, 1% In this context, they can be used systematically
to bring a Hamiltonian to a simpler form from which
the solutions to the equations of motion can be more
easily discovered, *=¢ Secondly, the canonical coordi-
nates p(t), q(¢) at time ¢ for any Hamiltonian system are
related to their values p,, g, at time {=17; by a canonical
transformation, =% In addition, the Poincaré section '
map used to investigate stability behavior is canoni-
cal, ® Finally, the behavior of magnetic field lines in
a toroidal plasma device can be characterized by a
canonical map. ® We expect that our results will have
application to all these areas.

The most commonly used method of describing
canonical transformations is by means of transforma-
tion functions of mixed variables. =3 As has been dis-
cussed by Deprit and others, this method has certain
drawbacks which can be overcome by the use of Lie
series. 1%12 In this paper we will employ a variant of
the Lie series approach.

The remainder of this section and Theorem 1 of the
next section are devoted to a review of well~-known
material concerning Lie series and to a development
of notation. 331%-12 Oyr purpose is to make the material
of this paper relatively self-contained.

We shall be working with a phase space consisting of
the 2x variables (gy * * *q,, p1* *°p,). The Lie product of
any two functions f and g of the phase space variables
will be defined by the Poisson bracket operation,

(1.1)

_ O og ¥ g
[f:g] 'E aqi ap,- api aqi )

The set of all functions defined on phase space has an
obvious linear vector space structure since it is closed
under addition and scalar multiplication. Also the
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“multiplication” rule (1. 1) satisfies all the require-
ments for a Lie product including the Jacobi condition

[f, Lg, k1] + [g, [n, /11 + [, [ £, ]l = 0. (1.2)

Consequently, functions on phase space may be viewed
as elements in a Lie algebra. We remind the reader
that the equations of motion generated by a Hamiltonian
H can themselves be written in terms of Lie products,

éi:[qi’HL i’i:[th]o (1.3)

A canonical transformation to new variables Q(g, p),
P(g, p) is defined to be any transformation satisfying

[Qi: Qj]:[qi’ qj]:(),
[Pi;Pj]:[pi’pj]:O’
[Qs, Py)=lg;, p,]=3,,.

(1.4)

That is, canonical transformations are those transfor-
mations which presevve the Lie algebvaic structuve.

At this point it is notationally convenient to collect
the two sets of » variables g, p into a combined set of
2n variables 24 * ** 24, by the rule

Znai = Pis (1.5)

In terms of the z’s the fundamental Poisson bracket
rules (1.4) become

Zy=qi, i=1,...,n.

[Zi:zj]:Jij: (1.6)
where J denotes the antisymmetric 22X2x matrix
0 I
J= (_1 0). (1.7)

Here each entry in J is an nX#n block. We note that J
has the properties

J=-4J,
S=-1, (1.8)
detJ =1,

The general Lie product (1.1) is given in terms of the
2’s by the relation
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[r,gl=2 (31) Ty (Lg) (1.9)

B 1 \02, 9z,

Suppose we introduce new variables z{z) and require

that the transformation be canonical. Combining (1. 4)
and (1.9) we find

J(,z[z,,z,]=2(£‘) I (a—gf) . (1.10)

k1 \ 024 0z,
Let M be the Jacobian matrix for the transformation
going from z to z,

Mik(z) = aZk .

(1.11)
Employing M, we find that (1.10) can be written in the
compact form

MJIM=d. (1.12)

This is just the condition that the matrix M must satisfy
in order to belong to the symplectic group in 2n dimen-
sions. We conclude that the necessary and sufficient
condition for a transformation to be canonical is that its
Jacobian matrix be symplectic. *1%1% For this reason

a canonical transformation is often called a symplectic
map.

In this paper we will study analytic symplectic maps.
They are canonical transformations given by convergent
power series. We write these power series as

Zi= 2o a,(0)z°.

o150 (1.13)

Here 0 denotes a collection of exponents (0, °°0,,) and

2n
|o] 2120,, 2 =zylzyt e ez, (1.14)
Note that in the sum (1.13) we have purposely excluded
constant terms by requiring lol > 0. We do this to
eliminate a possible nuisance later on and because we
are not interested in transformations which simply
translate the origin in phase space.

More specifically, our purpose is to study the rela-
tion between transformations of the form (1.13) and Lie
series. Lie series and Lie transformations will be
defined in the next section. There we will also see that
under certain conditions the transformation (1.13) can
be written as a product of Lie transformations. In Sec.
3 we will apply our results to several symplectic maps
studied previously by other authors. Section 4 is de-
voted to the development and application of various Lie
algebraic tools including the Campbell—Baker—
Hausdorff formula, In Sec. 5 we apply the Campbell—
Baker—Hausdorff formula to produce invariant functions
for the map (1.13). An invariant function is a function f
with the property f(z) =f(z). The existence and form of
an invariant function enables one to study the effect of
applying the map (1.13) many times in succesgsion. We
will learn that the determination of invariant functions
is closely related to the determination of integrals of
motion in Hamiltonian mechanics. In particular, invari-
ant functions tell us a great deal about the underlying
map just as integrals of motion characterize trajec-
tories in mechanics. Our results are summarized in a
final section.

2216 J. Math. Phys., Vol. 17, No. 12, December 1976

2. LIE SERIES AND TRANSFORMATIONS

For the remainder of this paper we adopt the nota-
tional convention that lower case letters £, g, etc., de-
note functions and capital letters F, G, etc., denote
operators.

Let f be a specified function on phase space, and let
e be any function. We associate with f the linear differ-
ential operator F by the rule

Fe=|(f,el. (2.1)

For example, if f=2z,, then F=23/9z,,,. We shall call
F the Lie operator associated with f.

In general, Lie operators do not commute. Let F
and G be the Lie operators associated with the functions
f and g. We will denote their commutator by {F, G},

{F, G}=FC - GF. 2.2)
Suppose h is the function defined by
h=[f,gl. (2.3)
We find, using the Jacobi relation (1.2),
{F,Gle=[f,g,ell-[g,1f,ell
=[lr, 8], el=He, (2.4)

where H is the Lie operator associated with 4. Since e
is any arbitrary function we may rewrite (2.4) as

H=1{F, G} (2.5)

Comparing (2.5) and (2. 3), we see that Lie operators
form a Lie algebra under commutation which is homo-
morphic to the Poisson bracket Lie algebra of the under-
lying functions. * In particular, we are guaranteed that
the commutator of two Lie operators is again a Lie
operator. This fact will be important in Secs. 4 and 5.

We next consider infinite operator power series,
called Lie series, of the form ¥ a, F" with the conven-
tion F'=1. Of particular interest is the exponential
series exp(F) defined as expected by

exp(F) =,§) F/nl. (2.86)

We shall call exp(F) the Lie transformation associaled
with f and genevated by F.

Lie transformations have two remarkable properties:
Suppose d and ¢ are any two functions. Then we find!®
exp(F)(de) = (exp(F) d)(exp(F) e) (2.7)
and
exp(F)|d, e] = [exp(F)d, exp(F)e]. (2.8)

These results follow from the properties of the exponen-
tial series and the relations

F(de)=(Fd) e + d(Fe),
Fld,el=|Fd,e] +1d, Fel.

That is, F is a devivation with respect to both ordinary
and Poisson bracket multiplication. ¥*

2.9)
(2.10)

We are ready to explore the relation between symplec-
tic maps and Lie transformations. The first result is
immediate:
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Theovem 1:If exp(F) is the Lie transformation as-
sociated with the analytic function f, then the infinite
series given by

z; = exp(F) z; (2.11)

is, providing it converges, an analytic symplectic map.

Proof: We simply use (2. 8) and (2. 6) to find

(z;, Ej] =[exp(F) z;, exp(F) zj]

=exp(F)lz;, z;] =exp(F) J,; =J;,. (2.12)

The converse result is somewhat more difficult to
state and to prove. We shall first state the result, and
then work up to its proof in stages.

Theorem 2: Suppose one is given an analytic symplec-
tic map in the form (1,13). Let M(0) denote the matrix
defined by (1.11) with all z; =0. Assume that 3(0) is
joined to the identity matrix by a continuous one param-
eter subgroup of symplectic matrices. Or equivalently,

assume that M(0) can be written in the form
M(0) = exp(JS), (2.13)

where S is a symmetric matrix, Then there exist homo-
geneous polynomials gy, g3, etc., of degree 2, 3, etc.,
and associated operators G,, G;, etc., such that the

map (1.13) can be written in the infinite product form
z; = exp{G,) exp(Gy) =+ ] 2, (2.14)

The proof of this result is most easily accomplished
by a series of lemmas.

Lemma 1: A set of 2n functions fy * * *f,, satisfying
[zi’fj]:[zj’fi] (2.15)
exists if and only if there is a function g such that
fi=lg,z]=Gz.

Proof: First suppose that each f; is given by (2. 186).
Then we quickly verify (2.15): We find

(2.16)

[zirfj]" [Zj!fi]:[zh [g’zj]]‘ [zjs [g’ Zi]]
- [g, {zi’zj}]:_ [gy']ij]:o'

Now suppose (2. 15) is true. We introduce auxiliary
variables z* by the rule

2} :Zj) Ji;25. (2.17)

Because JJ=1I, we can immediately write the inverse
relation

2,=27 Jip 2. (2.18)
1

Let f be any function. We find

o 1=2 (5) o (52)

-3 () BENE) ()
(2.19)

Because of this relation, the hypothesis (2. 15) implies

U _ Oy
dzy 9zt
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which means that §; f; dz¥ is an exact differential.
Therefore the function g given by the path integral

g=~ [T 2 fida* (2.20)
t

is well defined, and satisfies | g, z;]1=~ (8g/9zF) =¥.

Using (2.17) we obtain the explicit formula

g(z)=- f‘iZ; fidi;dz]. (2.21)
J
Lemma 2: Let g, be a homogeneous polynomial of
degree s. That is, we have

gs(a)= 27 b(o)z° (2.22)
lol=s

for some set of coefficients. Also, let 7 denote the set

of all homogeneous polynomials of degree s, Then,

since the Poisson bracket operation involves multipli-

cation and two differentiations, we have for any two

homogeneous polynomials g,, g, the relation

[grrgs]e pr+s-2’ (2-23)

Lemma 3: A necessary and sufficient condition for a
symplectic matrix N to lie on a continuous one param-
eter symplectic subgroup joined to the identity is that
there exist a symmetric matrix S such that

N =exp(JS). (2.24)
Pyroof: Suppose N is a matrix of the form (2. 24).
Then we find by direct computation that N is symplectic,
NJN = exp(JS) J expl(JS)” = exp(JS) J exp(ST)
= exp(JS) J exp{— SJ) J ~1J = exp(JS) exp(- JS)J = J.
(2.25)
A similar result holds for the matrix N(7) defined by
N(7) = exp(TJS) (2.26)

where 7 is a parameter. It follows that N lies on a con-
tinuous one parameter subgroup joined to the identity.
Now assume the converse, namely that N does lie on a
one parameter subgroup. Without loss of generality we
assume that the group is parameterized in such a way
that

N(7{+ 73) = N(1y) N(7y), (2.27a)
N{O) =1, (2.27b)
N(1)=N. (2. 27c)

Now differentiate (2.27a) with respect to 7, and then set

Ty=0 and 7, =T to obtain the result
N'(7) = N"(0) N(7). (2.28a)

This equation with the initial condition (2. 27b) has the

unique solution
N(7) = exp[TN"(0)]. (2. 28b)

Let us write N'(0) =JS where S is an undetermined
matrix. Next suppose 7 is small. Then
N(7) = exp(7JS) =TI+ 7JS. (2.29a)
Enforcing the symplectic condition (1.12) gives
(I+7dS)J(I+ 78T) =d. (2.29b)

Consequently, equating powers of 7, we have
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JST+JST =0. (2.29¢)

Finally, use of (1.8) implies the expected conclusion

$=3. (2. 30)

Now set 7=1. The result is a matrix written in the
form (2. 24).

Cautionary remavk: Not every symplectic matrix can
be written in the form (2.24). A counter example in the
2X2 case is the matrix given by

-1 -1
N—(o -1>'
Lemma 4: Suppose that M(0) is joined to the identity
by a continuous one parameter subgroup. Then there

exists a second degree homogeneous polynomial g, such
that

(exsz) z; :Z N[ij(O) Zj.
i

(2.31)

(2.32)

Proof: According to Lemma 3 we may write M(0) in
the form

M(0) = exp(JS). (2.33)
We define g, by the expression

gz:_%izi SirZiZps (2.34)
and find

ngi:[gz,zi]:? (JS);y2;. (2.35)

The desired result (2. 32) follows immediately by
exponentiation.

Lemma 5: Let (> 1) denote a “remainder” series
consisting of terms higher than first degree. Then,
under the conditions of Theorem 2,

exp(- Gz)Ei:Zi+’V(> 1). (2. 36)
Proof: From (1.13) we have
exp(— Gy) z; = [§1 a;(0) exp(— Gy) 2° + v(> 1). (2.37)

Since the first term on the right is of first order, we
can also equivalently write

exp(~— Gy)z; =25 M; (0) exp(— Gy) z; + (> 1), (2.38)
i
but from (2.32) we conclude
exp(— GQ)z,::%)(A44)ﬂzk. (2. 39)

Combining (2. 38) and (2. 39) completes the proof.

Lemma 6: There exist polynomials g3, g4, etc., such
that when exp(— G3), exp(— G,), etc., are consecutively
applied to (2. 36), the order of the remainder term can
be made arbitrarily large.

Proof: We shall find gz. The higher order g’s are
found in the same fashion. Let us decompose the re-
mainder term #(> 1) in (2. 36) into a second degree
term f;(2;z) plus a higher order remainder »(> 2),

exp(— Gy)Z; =2; +11(2;2) + v(> 2). (2.40)
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Now form the Poisson bracket of (2.40) with the analo-
gous expression having the index set equal to j. Using
(1.10), (2.8), and (2.23) we find

Jiy =Lz +£2) +7(> 2), 2z, +7,(2) + (> 2)],

or

Ji;=dy;+ Lz, £+ [£,2), 2,1+ (> 1). (2.41)
Equating like powers of z, we get

2:, £;@)]+[1:(2), 2,1 =0. (2.42)

It follows from Lemma 1 that there is a function g3
such that

fi(2;2) =Gy 2. (2.43)

In fact, g; can be found explicitly from (2.21), and is
clearly homogeneous of degree 3. Using (2.43), we
rewrite (2. 40) as

exp(~ G,y)z; =2z; + Gy z; +v(>2). (2.44)

Finally, we apply exp(— Gs) to both sides of (2. 44). The
result is

exp(— G;) exp(~ Gy} z; = z; +7(> 2). (2.45)

We have all the necessary machinery to complete the
proof of Theorem 2. Comparing (2. 36) and (2. 45), we
find that we have been able to raise the order of the
remainder term by 1. As stated in the last lemma, it
is easy to see that the process can be repeated at will.
That is, there exist further homogeneous polynomials
845 &5, .- .58s such that

exp(— G,) *» »exp(— Gy) exp(— Gy) z; =z; +r(> s - 1)
(2.46)

for any value of s. Inverting the left-hand side of (2.46),
we obtain the result

Z; = exp(G,) ~ » » exp(G,) z; +7(> s — 1). (2.47)

Now let s —<, Then, if the remainder tends to zero,

we obtain the advertised result (2. 14). Otherwise the
result is true only formally. In the latter case the in-
finite product is also divergent.

We close this section with the remark that it is often
more convenient to have a product representation,
usually with different G’s, in the opposite order,

Z; =exp(GY) o+ > exp(GY) exp(Gy) z; + (> s - 1), (2.48)

We will show in Sec. 4 that this is always possible pro-
viding (2. 47) holds, and vice versa.

3. EXAMPLES

In this section we will apply the results of Sec. 2 to
some maps studied previously in the literature by other
authors.

The first examples are Cvemona maps. They are
symplectic maps for which the power series (1.13)
terminates, ¥ The simplest nontrivial Cremona map
terminates at the second power. In the easiest case of
two dimensions, where symplectic maps are merely
area preserving maps, a suitable linear transformation
brings the quadratic Cremona map into the form®’
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Zy=Azy + 2y = 2%, Zp=2"Yzy + (2 — 2,)°] 3.1)

if the matrix M(0) for the original map has the real
distinct positive eigenvalues A and -1, (Note that for a
symplectic matrix M, one always has detM =1, and
hence the eigenvalues must be reciprocals in the 2X2
case.) If the eigenvalues are exp(xia), i.e., if they
lie on the unit circle, then the quadratic Cremona map
can be brought to the form!’-1?

2y =z, COSQ + 2, sina + Zi cosa,
- . . (3.2)
29 == z¢ Sino + 25 cOsa — 23 sina.
There are also other possibilities for the eigenvalues of
M(0) which are of less interest.

Let us apply our formalism. In the case (3.1) we
have

A0 logh 0
= = . 3.3
M(©) (o 1/x) exp ( 0 —10gx) (8.3)
Therefore, using (2.33) and (2. 34) we find
gy =~ (logX) z42,. (3.4)
Correspondingly, we have for G, the expression
0 0
= T -2 Y- 3.5
G2 (log)t) (21 821 29 azz) ( )

Next we compute the £;(2;z) following (2.40). We find
exp(— G,) z; = exp(— Gy) A2y + (24 - 2,)*T}
=xexp(- Gy) 2 + Aexp(- G;) 2y - exp(- Gy) 7,

=2y + )\[A-121 - AZQ]Z.

(3.6)
Thus, we get for £{(2;z) the expression
F1(2;2) = A"12d - 2) 24z, + A%, (3.7
Similarly, we find for £,(2;z) the result
F2(2;2) = X8 2f = 2071 2 20t A 22, (3.8)

We are ready to apply (2.21) to find g;. The line
integral is most easily evaluated along the path z{ =7z,
with the parameter 7 ranging from zero to one. If the
f; are homogeneous polynomials, the integral can be
evaluated immediately in the general case to give

Zsuil2) =- (s+1)"iZ‘; fils;2) Iy, 24 (3.9)
In particular, for g3 we find the result
g3(2) = (1 2y - 2zy)’/3. (3.10)
It follows that
Gy = (A2, - Azy)? (7\'1 a_a Y _a) . (3.11)
Z4 0z4

We must now continue on to compute the higher order
remainder terms following (2. 45). The calculation is
simplified by the observation that

Giz; =0 (3.12)
and hence

exp(- G3) zy =21 — M(A-1z; = A2,)?, (3.13a)

exp(— Gy) 7, = 29 = A (A 1z, — Az,), (3.13p)
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Also, we have

Gs(\ 1z - Azy)P =0 (3.14)
and hence
exp(— Gy)(Mzy — Azy)? = (A 1z — 1z,)% (3.15)

We are ready. We find, using (3.6), (3.13), and (3.15)
the result

exp(— Gj) exp(— Gy) z; = exp(~ Gy)lzy + A(A~1zy — A2,)*] = 2,.
(3.16)

That is, the remainder term vanishes! The same is
true for z,. Thus in this case, the higher order Lie
operators G, Gs, etc., are all zero. We conclude that
for the two-dimensional quadratic Cremona map in the
case (3.1) we have

exp(- G;) exp(- G,) z; = z;, 3.17)
and hence
z; = exp(G,) exp(Gy) z;. (3.18)

The calculation in the case (3.2) can also be carried
out with equal ease. The result is

g2(2) =~ (a/2)(z} + ), (3.19)
2 d

Gzz—ﬂ(zlavz;—zz 3_Z1>’ (3.20)

g3(2) = - (2, sina + z, cosa)?/3, (3.21)

0 5]
= i 2 s — Y
G3 = - (z4 sina + z; cosa )*{ sina P cosa 52, >
(3.22)

The higher order Lie operators again vanish, and
Eq. (3.18) is exact.

Another symplectic map which has received consid-
erable study is the ninth order Cremona map in two

dimensions given implicitly by the relations®®?!
Zy=2y+azy-az), zy=2,-az,+az; (3.23)
and explicitly by
Zy =z +az, — az},
(3.24)

Zy =2y — alzy + azy - az3) + alz + az, - az3)’.

Here a is a parameter, Due to algebraic complications,
we have not attempted to express this map in the form
(2. 14) although we have verified that M(0) does lie on a
continuous one parameter subgroup connected to the
identity providing a is small enough, This task seems
better suited to digital computers programmed to per-
form algebraic operations. However, we have dis-
covered that the map can be written in the form

z; = exp(Fy) exp(F,) exp(G,) exp(Gy) z; (3.25)
with
fom—(a/2)2, fi=(a/8) 2,
(3.26)

&r=-(a/2)2}, g,=(a/4) z‘i.

We will see in the next section that, should it be desira-
ble, there are standard Lie algebraic manipulations
which can be used to bring (3. 25) into the form (2. 14),
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As mentioned by Moser, ** two-dimensional Cremona
mappings can be expressed as repeated products of lin-
ear transformations and shear mappings of the form

zy=2zy+hizy), zy=2,. (3.27)

The shear mapping (3.27) can be expressed as a Lie
series exp(F), where F is the Lie operator associated
with the function f given by

Aleg, 22) == [ n(z")dz’.

Also, linear maps connected to the identity can be ex-
pressed as Lie transformations as seen earlier. It fol-
lows that quite generally Cremona maps can be ex-
pressed as products of Lie series. This factorization
may be distinct from that of (2. 14) since the functions
given by (3.28) need not be homogeneous polynomials.

(3.28)

In addition, some area preserving maps which are
more general than Cremona maps can be factored in a
similar way. For example, the mapping 7 given by??

{31221+Z2,

- B
Zy =2z —€sin(zqy +z;) (3.29)

can be expressed as a product of two shear mappings.
We have

T=RS, (3.30)
where £ and § denote the mappings
zy =2y,
S . (3.31)
| B9 =2y —€81nzy,
{Ei =2yt 2y,
: Z =2, (3.32)
The mapping / therefore has the representation
z; = exp(F) exp(G) z;, (3.33)

where F and G are the Lie operators corresponding to
the functions f and g given by

flzy, 23) =€coszy, g(2q,2,)=—23/2. (3.34)
Similar results hold for the mapping
Zy=z4 tesinzg,, z,=z4+2z, +esinz, (3.35)

studied by Froeschlé. ! It can be written in the product
form SR provided the roles of zy and 2z, are
interchanged.

Finally, we close this section with a brief study of
the four-dimensional map given by*

Zy =24 +aysin(zy + z3) + b sin(zq + 25 + 23+ 24),

Zy =2y + ag sin(zy + ;) + b sin(zy + 2z, + 23 + 24), (3. 36)
:7._3221 + 23,

2y =29 + z4.

A routine calculation shows that M(z) given by (1.11)
is indeed a symplectic matrix so that (3.36) is a
symplectic map. In particular, M(0) is given by the
matrix
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(1+a,+0b) b (a; +b) b

M(0) = b (1+ay,+b) b (ay +b)
1 0 1 0
0 1 0 1

(3.37)

We next inquire whether M(0) lies on a continuous one
parameter subgroup connected to the identity. We have
not been able to treat the general case. However, we
have been able to verify this condition if a;, a,, and b
are sufficiently small. Details are given in Appendix A.
Therefore Theorem 2 applies, and with sufficient effort
the polynomials g,, g3, etc., can be computed.

4. LIE ALGEBRAIC TOOLS

The content of Theorem 2 is that under rather gen-
eral conditions a symplectic map can be written as a
product of Lie transformations. Earlier, from Egs.
(2.2)—(2.5), we found that the Lie operators which
generate Lie transformations also form a Lie algebra
under commutation. The purpose of this section is to
review some Lie algebraic tools which will enable us
to manipulate the various Lie operators appearing in
products of Lie transformations.

We begin by introducing yet another Lie algebra, the
adjoint Lie algebra. 14 1.et F be a given Lie operator
and E an arbitrary Lie operator. We associate with F
an operator F (which acts on Lie operators) by the rule

FE={F,E}. (4.1)

Here, as before, {, } denotes commutation. Next, let
F and G be any two Lie operators. We define a Lie
operator H by the rule

H=1F, G}. (4.2)
Then we find
{F,G}E=(FG-GF)E
={r, {c, E}} - {6, {F, E}}
={{F, G}, E} = HE. (4.3)
Here we have used the Jacobi identity
{E,{F, ¢}y +{F,{c, E}} + {c,{E, FI} =0 (4.4)

which always holds for commutators. Since E is arbi-

trary, we may rewrite (4.3) as
g=1{F, G}.

Comparison of (4.5) and (4. 2) shows that the adjoint

Lie algebra is homomorphic to the parent Lie algebra
of Lie operators.

(4.5)

Our discussion should have a familiar ring. it paral-
lels, in fact, the discussion surrounding Eqs. (2.1)—
(2.5). Reviewing these equations, we see that the com-
mutator Lie algebra of Lie operators is actually the
adjoint Lie algebra of the underlying Poisson bracket
Lie algebra. And, consequently, the “adjoint” we have
been discussing is really the “adjoint-adjoint” of the
basic Poisson bracket Lie algebra.
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We now have the necessary notation to state the
simplest theorem about the rearrangement of Lie
transformations,

Theorvem 3: Let A and B be Lie operators. Then

[exp(4)) Blexp(- A)]=(expA) B (4.6)

and

exp(A) exp(B) exp(— A) = eXp[(epr) Bl. (4.7)

Proof: Let T be a parameter, and define C(7) by the
equation

C(7) =lexp(7A)] Blexp(- 7A)]. (4.8)
Then we have the relation

C(0)=B. (4. 9)
Further, we find by differentiation

%S— =AC-CA=AcC, (4.10)

The solution to this differential equation with the bound-

ary condition (4.9) is
C(7) = exp(7A) B. (4.11)

Now set T=1 to obtain (4.6). We next observe that for
any two operators B and C we have

A(BC)=1{A,BC}={A,B}C +B{A,C}=(AB)C + BAC.
(4.12)

1t follows that A acts as a derivation on products, and in
analogy to (2.7) and (2.9) we obtain

(exp/'i)(BC) = ((expA) B)((expA)C).

This result is consistent with (4.6) and the observation
that

[exp(A)I(BC)exp(- A)]

{4.13)

=[exp(A)] Blexp(~ A)|[exp(A)] Clexp(- A)]. (4.14)
We conclude that
[exp(4)] B exp(- A)] = [(expA) B]" (4.15)

for any power n. The desired result {(4.7) now follows
directly term by term.

As an application of Theorem 3, let us consider the
product exp(G,) exp(G;) which occurs in Eq. (3.18). We
have

exp(G,) exp(G;) = exp(G,) exp(G;) exp(— G,) exp(G,)
= exp[(expéz) G,] exp(G,).
(4.16)
Let us define G4 by the expression

G} = (expG,) G;. (4.17)

Is there a polynomial g§ which has G§ as its associated
Lie operator? We know there must be from the re-
marks following Eq. (2.5). Using the homomorphisms

between the Lie algebras involved, we obtain
g5 =(expG,) g;. (4.18)

Consequently, for the first example of Sec. 3 we cal-
culate that
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gh =12y - 2,)*/3 (4.19)
and hence
Gi=(z —z)z(—a—+——a—) (4.20)
3 1 2 822 Bzi )
We have shown that
exp(G,) exp(G;) = exp(G}) exp(G,) (4.21)

with G} given by (4. 20).

We are now ready to move on to a far deeper result
generally known as the Campbell—Baker—Hausdorff
(CBH) formula, In its usual mathematical setting it pro-
vides the connecting link between Lie algebras and Lie
groups. “ we will use it to reexpress the product of two
Lie transformations as a single Lie transformation, or
more generally as a method of combining exponents.

Theorem 4: Let A and B be any two operators, and
let @ and B be parameters. Then we can formally write

exp(aA) exp(BB) = exp(C) (4. 22)
with
C=aA +BB +(ap/2){4, B} + (a?8/12) {4, {4, B}}
+(2p?/12){B,{B,A}}+ .
(4.23)

The series for C may or may not converge depending
on the properties of ®A and 8B. The really remarkable
fact is that the right-hand side of (4. 23) involves only
Lie products. Thus, all we need to evaluate (4,23) is a
knowledge of the Lie algebra generated by A and B, and
we are guaranteed that C is contained in this Lie alge-
bra. The general form of all the coefficients in the
series is not known. 2 However, the series can be
formally summed to all orders in @ and the first few
orders in 8. Through first order in 8 we have

C =aA +Bad[1 - exp(- ¢d)]1B + O(8Y). (4,24)

A proof of these results and an expression for the
quadratic term in 8 are given in Appendix B.

As a simple example of the use of the CBH formula,
we will derive (2.48) starting from (2.47). A more
complicated example of its use will be given in the next
section. Beginning with (2. 47), we write

exp(G,) * * * exp(G,) = exp(G,) ** * exp(G) exp(~ G,) exp(G,)
=exp(G}4) *+ +exp(G?) exp(G,),
(4.25)
where
Gt =exp(G,) G,. (4.26)

Note that as in our earlier example, G] will be the Lie
operator associated with the function g} given by

g, =(expGy)g,, (4.27)

and that the degree of g/ is as indicated because of
(2.23). Next we repeatedly use the CBH formula (4. 23)
to combine the various operators GJ to obtain an ex~
pression of the form

exp(Gj) +* »exp(Gl) =exp(Hg+--*+H,+++7).  (4.28)
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Observe that because of (2. 23), only a finite number of
terms in the series (4.23) are required in the calcula-
tion of each H,. Again using the CBH formula, we

may write

exp(H; + « = *) =exp(H; + * * *) exp(— H;) exp(H;)
=exp(H} +** *) exp(H;). (4.29)
This process can be repeated again and again to get

exp(Hy + *+ ) =exp(HZ  +* * ") exp(H!) * - * exp(H;).

{4.30)
Combining (4.25), (4.28), and (4.29), we find
exp(G,) - *+ exp(G,) z,
=exp(H!) * * exp(H;) exp(Gy) z; + ¥(> s - 1). (4.31)

Consequently, an expression of the form (2.47) implies
an expression of the form (2.48). The converse can be
proven analogously.

5. CONSTRUCTION OF INVARIANT FUNCTIONS

In the study of a symplectic transformation 7 arising
from either a Poincaré surface of section or from
following the field lines in a toroidal plasma device,
one is interested in studying the result of applying the
map many times in succession. That is, we are inter-
ested in studying / "z for large n. This study is simpli-
fied if one can construct invariant functions f with the
property

Fz)=r(z), (5.1)
where
z=7z. (5.2)

For if such functions can be found, one knows that the
points generated by 7 "z, for various n must all lie on
a surface of constant /. The more invariant functions
one can find, the more one can say about the map and
its powers. The situation is quite analogous to the role
played by integrals of motion for Hamiltonian systems
or magnetic surfaces in a toroidal plasma. We will see
shortly that the analogy is more than coincidental.

The problem of constructing invariant functions in
the case of symplectic transformations in fwo variables
was first considered in detail by Birkhoff, * We shall
begin this section by proving some simple lemmas
which will enable us to restate his result in our lan-
guage. We will then show how the same results can be
obtained for any number of variables from the CBH
formula.

Lemma 7: Consider a one parameter family of
symplectic maps. That is, we write

z;(s)=g,(z, ) (5.3)

with the understanding that the new variables z(s) are
symplectically related to the original variables z for
every value of the parameter s. Then there exists a
function &, which we shall call the generating function,
such that

9z;(s)

3 (5.4)

=[n(,s), z;].

4
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Proof: Since the functions g; are viewed as given, we
have by direct calculation

3z,(s) _ 9g;(z, s)

2s s (5.5)

Next invert the transformation (5. 3) to solve for the z’s
in terms of z’s, and substitute this result into the right-
hand side of (5.5) to obtain expressions of the form

0z,(s) —
a‘s( =fulz,s). (5.6)
From Taylor’s theorem we have
z;(s +€) =Z:(s) +ef;(z, s) + O@P). (5.7)

Take the Poisson bracket of (5.7) with the analogous
expression having the index set equal to j. The result
is

[2i(s +e), z,(s + )] =[Z,(5), z,(s)] + e {lZ,(5), £;Z, s)]
+fi(Z, 5),2,() ]} + OCe).  (5.8)

Using the first part of (1.10) and equating powers of ¢,
we find

[Eizfj(gys)]z+[zj9fi(zas)];:0- (5.9)

Here we have written the subscript z to emphasize that
the Poisson bracket is taken with respect to the varia-
bles z. However, as is well known, the Poisson bracket
can also be taken with respect to the variables z. For
let # and » be any two functions. Then by the chain rule
and (1. 12) we have

o ou v
[u(z),v(Z)],—iZj; ('az) Jii(gz—i)
EEIE ) 6
_i%:‘l <3§k)<3zi Hu\az, %

ou i dv

= (2 w0 50 (22

Z (az.) Mai T 1”(821)

E(ﬂ) Ty (ﬁ_ﬂz) =[u(@), v@).  (5.10)

k1 \0Z,

I

Thus we may also write (5.9) in the form

(z;, £,z )]z + 2, £(2, $)]z =0. (5.11)
The existence of the advertised generating function
h(z, s) now follows from Lemma 1.

Lemma 8: Suppose the one parameter family in
Lemma 7 is also a one parameter group. Without loss
of generality, we may assume that the parameteriza-
tion is selected in such a way that it satisfies

z;(0) =2, (5.12)
and is additive,
Zi(sy +89) = g: @ (s9), 59). (5.13)

Then the generating function % is independent of s.

Proof: Partially differentiate (5. 13) with respect to
s, and then set s, equal to zero. The result is a relation
of the form (5. 6) with

—_ d
rE@=58 (5.14)
S2 {5520
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Note, however, that in this case f; is independent of s.
It follows from the remainder of Lemma 7 that the
generating function % is independent of s.

Lemma 9: If the generating function is independent
of s, the differential equation

%6) @),z (5.15)
as
with the initial condition (5. 12) has the unique solution
z,(s)=exp(sH) z; . (5.186)

We note that apart from a sign, (5.15) is analogous to
Hamilton’s equations of motion (1. 3).

Proof: Evidently (5. 12) is satisfied. Now differentiate
(5. 16) with respect to s to get

%z;i =exp(sH) Hz; = exp(sH)[(z2), 2,]

=[exp(sH) h(z), exp(sH) z;]. (5.17)

Here we have used (2. 8). Also, from (2.9) and (5. 16)

it follows that
exp(sH) 2" =z(s)°. (5.18)

Consequently, since polynomials are dense in the set

of functions, we must have
exp(sH) u(z) =u(z) (5.19)

for any function u. Employing (5.16) and (5. 19) in
(5.17), we see that the differential equation (5. 15) is
satisfied.

Lemma 10: The function k(z) is an invariant function
for the transformation (5. 16).

Pyoof: By (5.19) we have
n(Z) = exp(sH) h(z) =h(z) + slh, h)+++=h(z), (5.20)

since all the Poisson brackets are zero,

We are now ready to appreciate the result of Birkhoff
which we summarize in the next theorem.

b

Theorem 5: Denote by z;(k) the result of applying the
transformation (1. 13) k times in succession. We also
adopt the convention (5.12). Evidently z,(k) has an
expansion similar to (1.13), We write

Z() = 2J a;(k,0)2° (5.21)
151>0
with the explicit recognition that the coefficients a; will
depend on 2. Then, in the case of two variables and
provided the eigenvalues of M(0) satisfy certain condi-
tions, the dependence of the coefficients a; on £ can be
extended from integer values to all real values by
analytic interpolation in such a way that the series
(5.21) “behaves” as a one parameter group, as in
Lemma 8, with %2 playing the role of a continuous
parameter. We use the word “behaves” advisedly, be-
cause the series may not be convergent for nonintegral
k even though g;(%, 0) is well defined. That is, the group
property may hold only as a formal relation between
power series.

The direct verification of Birkhoff’s theorem is beyond
the purpose of this paper. However, we point out that
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his theorem, with the aid of Lemmas 9 and 10, produces
a formal power series for an invariant function k. If the
series is convergent, it yields a true invariant function;
otherwise the result is a series which formally satis-
fies (5.20) term by term.

We will now show that the same results can be de-
rived almost immediately for the case of any number
of variables with the aid of the CBH formula. We as-
sume the conditions of Theorem 3 are satisfied, and
begin by repeatedly applying the CBH formula to the
terms exp(G;) exp(G,) exp(Gs) * * * appearing in (2,14). In
view of (2.23), we can combine the exponents into one
grand exponent to find

(5.22)

and each term G, can be written as a sum of a finite
number of commutators. Next we try to combine the re-
sult (5.22) with exp(G,) to find

exp(Gy) exp(G,) * * * = exp(G4 + G + ** *),

exp(G,) exp(G;) exp(G,) * * * = exp(G,) exp(G4 + G{ ++ = *)
=exp(H, +Hy+H;+++7),
(5.23)

This last step is somewhat more problematical since,
because of (2.23), we must now sum infinite series in-
volving arbitrarily many commutators of G, to find
each of the terms Hj, Hy, ***. We will study this matter
somewhat further in 2 moment. Assuming that the
various series converge, we can formally write

z; =exp(H) z; (5.24)
with
H=H,+Hy+H,+**". (5.25)

Furthermore, because of the relations (2. 3) and (2. 5),
we know that there must be functions hy, ks, °°° corre-
sponding to the operators H;, H;, etc. Thus, H is a
Lie operator corresponding to k given by

11:h2+h3+h4+"'. (5.26)

Finally, from Lemma 10 (with s =1) we conclude that
the function k(z) constructed in this manner will be an
invariant function of the transformation (2. 14).

It is easy to verify that the invariant function & we
have obtained from the CBH formula is the same as
would be found by Birkhoff’s method. Let us apply the
transformation (5. 24) twice in succession. We write

Z; =exp(H,) z;, (5.27a)

Z, =exp(H;) z;, (5. 27b)

and use subscripts to indicate exactly which variables

occur in the various Poisson brackets. Expanding
(5.27b) we can write

Zi=exp(H;) 7, =2, + (@), 7]z +

:Ei+[h(z)’zi]z+oe.zzi+[h(z)9zi]z+“'

=exp(H,) z; . (5.28)

Here we have used (5.10) and the fact that # is an invari-

ant function. Now substitute (5. 28) into (5.27a) to get

Z; = exp(H,) exp(H,) z; = exp(2H,) z;. (5.29)
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Employing the notation of Theorem 5, it is clear that
(5.29) generalizes to

z; (k) = exp(kH) z;. (5.30)

Finally, (5.30) can be extended from integer values to
all real values simply by replacing 2 with s to give
(5.186).

There is an interpretation of the result (5.30) which
is worth emphasizing: We have already remarked that
(5.15) is analogous to Hamilton’s equations of motion.
We now see that if Birkhoff’s theorem, or equivalently
the use of the CBH formula, is applicable, then the
transformation (1. 13) can be viewed as the result of in-
tegrating Hamilton’s equations of motion for the time
independent Hamiltonian (- &) from the initial “time”
s=0 to the “time” s=1. Subsequent iterations of the
map are obtained by integrating on to successive integer
values.

So far, we have not discussed the convergence of the
various procedures we have employed. This question is
very difficult, and much remains to be learned. A
theorem of Moser?’ can be used in the simplest case of
two variables 2y, z, if M(0) can be brought to the form
(3.3). In our language, he shows in this case by indirect
methods that if 7 is the symplectic transformation in
question, then there exists another symplectic trans-
formation // of the form

U = exp(F3) exp(F,) exp(Fs) -+ (5.31)
such that

U T = exp (; @, Gz,.> (5.32)
with

&1=212y, Sm=(g&)", o;=-log\. (5. 33)

Both the infinite product (5.31) and the infinite series
in (5.32) converge, By undoing the transformation //,
one finds the desired result

7 = expH (5. 34)
with
H:L@ 0,Gon Ul (5. 35)

Thus, there are nontrivial classes of problems for
which our methods (and also Birkhoff’s) succeed.

By contrast, a theorem of Moser’s on Cremona
maps®? can be used to infer that the CBH series diverges
for the example (3. 2). The method of proof is again in-
direct. However, direct examination of the CBH series
shows that it repeatedly contains terms of the form

[1 - exp(- Gy)]F,, (5.36)
and we will see that these terms can cause problems.

Rather than examining (5. 36), it is convenient to use
the homomorphism between Lie algebras and their ad-
joints to work instead with the expression

[1 - exp(- G .

We next observe from (2. 23) that G, maps /2, into itself,
and hence the action of G, on each /, can be represented

(5.37)
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by a matrix. Let v; be a polynomial of first degree
which is an eigenvector of G,. We write the eigenvalue
as (= log) so that we have

Gyvg = (- logh) vy (5. 38)
and

exp(- G;) vy =Avy. (5.39)
Now suppose f, is a polynomial of the form

Fa= o (5. 40)
Then we find

exp(— Gy) f, = expl(= Gy)(v)" =" ()" =\"f,.. (5.41)

Here we have used (2. 7). In this case we find for (5. 37)
the result

[1 - exp(- G/, =1 =)y,

Suppose X lies on the unit circle as it does for the
example (3.2). Then the expression (1- \")! either is
infinite for some # [if @ =ilog) is a rational multiple
of Zn], or becomes arbitrarily large with increasing
n [if o is an irrational multiple of 27]. What we are ob-
serving here is a manifestation of the classic problem
of “small denominators” which has been known to
celestial mechanicians in connection both with perturba-
tion theory and mapping problems since the time of
Poincaré. 282% we see that it may also occur in the Lie
algebraic approach in such a way as to spoil the con-
vergence of the CBH series, and that this problem can
potentially occur if any of the eigenvalues of M(0) lie
on the unit circle.

(5.42)

There is one last topic we wish to discuss. We have
used the CBH series to obtain an invariant function 2.
In the case of sympletic transformations in two varia-
bles, a single invariant function suffices to characterize
the map, and all other invariant functions are simple
functions of #. However, in the case of four or more
variables, e.g., (3.27), there may be additional in-
variant functions beyond k.

In view of (5.19), f will be an invariant function if it
satisfies the relation

Hf=ln, f]=0. (5. 43)

Consequently, the problem of finding further invariant
functions is equivalent to the classical mechanics prob-
lem of finding integrals of motion for a system having
(- k) as a Hamiltonian. By analogy to classical mechan-
ics, we expect to be able to find at most 2n -1 func-
tionally independent invariant functions including 2
itself.

There is as yet no fully developed algorithm for
finding integrals of motion for any specified Hamiltonian
h. However, there is a germ for such an algorithm in
Birkhoff’s procedure of attempting to bring Hamiltonians
to a normal form. *® In our notation, one attempts in
this procedure to find polynomials g3, gy, etc., such
that the Hamiltonian 2’ given by

B =+ cexp(G,) exp(Gs) h (5.44)

has a particularly simple form. If the form is simple
enough, one can read off the integrals of motion direct-
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ly. This method has been applied successfully by
Gustavson and others’s® to the case of several variables

provided &, has the form

hy =2 @; 2} (5. 45)

with all &; > 0. The case with some a; =0 can also be
treated. !’ An analysis which we intend to publish later
shows that what is essential to this whole procedure is
a detailed treatment of the range and null spaces of the
operator H,.

Now suppose that f/ is an integral of &/,

(r’, f']=0. (5. 46)
We define f by the rule
f=exp(- Gy) exp(= Gy) *** f'. (5.47)

Then we find
[, /) = [exp(~ Gy) exp(= G,) ** * 1", exp(— Gg) exp(= Gg) * * *f]
= exp(— G;) exp(— G,) *** [h', fl] =0,

(5.48)
which shows that f is an integral. Usually f’ can be
taken to be a second degree polynomial. However the
series f given by (5.47) will generally contain an infinite
number of terms and may not converge, In the latter
case, (5.43) is only satisfied term by term, andf is
only a formal series. We expect the case of divergent
series to be the most common. This is because if the
series were to converge, it would produce an analytic
global integral for the Hamiltonian k. However, most
Hamiltonians do not possess global analytic
integrals. 29

6. CONCLUDING SUMMARY

In Sec. 2 it was shown that the Lie transformation
associated with an analytic function produces an analytic
symplectic map, and that conversely, under certain
general conditions, an analytic symplectic map can be
written as a product of Lie transformations. Section 3
treated several exaniples of analytic symplectic maps
that had been studied previously by other authors. The
discussion then turned in Sec. 4 to a further develop-
ment of Lie algebraic tools and culminated with the
Campbell-Baker—Haudsdorff formula. Next, after
some preliminary background work, it was shown in
Sec. 5 that the CBH formula can be used to formally
combine a product of Lie transformations into a single
Lie transformation, and that in so doing one obtains a
generalization of Birkhoff’s theorem for the construc~
tion of invariant functions. Thus, the existence of in-
variant functions is intimately related to the conver-
gence of the CBH formula, and vice versa. Finally,
in the case of symplectic maps involving more than two
variables, the construction of additional invariant func-
tions was shown to be analogous to the construction of
integrals of motion in Hamiltonian dynamics,
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APPENDIX A

The purpose of this appendix is to demonstrate that
M as given by (3.37) lies on a one parameter subgroup
connected to the identity. We begin by observing that
M can be written as a product of two symplectic
matrices N and R,

M=NR, (A1)
where
10 a+b b
+
Ne| 01 b @b ’ (A2)
o0 1 0
00 0 1
1000
0100
B=Y1010 (43)
0101

Each of these matrices can be written in exponential
form, and use of Lemma 3 reveals that they lie on one
parameter symplectic subgroups continuously connected
to the identity,

N:exp(g g) , (Ad)
R:exp((} g) s (A5)

Here each block is a 2X2 matrix, and @ denotes the
matrix

Q= b (A6)

as+b

The next step is to try to combine the two exponents
by using the CBH formula. For this purpose we note
that the two exponents occurring in (A4) and (A5} can be
written in the respective forms

logN = Q®& (0, +i0,)/2 (A7)
logR =1 ®(0, - i0,)/2. (A8)

Here the symbols 0; denote the Pauli matrices,® and
“®” indicates that we have taken a tensor product, ®’
For example,

Q® (0, +i0,)/2 = @® (g é) - (g (,Q) . (A9)

It is easily verified that the tensor product operation
obeys the multiplication rules

(A® 0,)(B2 0,)=ABR 0,0, (A10)
and the addition rules

(A+B)®0,=AR0,+B® 0, (A11)

A®(a0;+p0,)=0A® 0, +BA® 0, (A12)

Consequently, from the CBH formula we conclude that
logM must be given by an expression of the form

logM =10gNR =f® 0y +g& 0y + 1 ® 0y, (A13)
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where f, g, and 1 are power series in the matrix ¢.
This is because I and powers of @ all commute, and the
Pauli matrices are closed under commutation. Further-
more f, g, and 2 must be the same series that occur in
the expression

expla (0 +i0;)/2]) expl (0 - 70,)/2]
= exp[f(a) 0y +g(a) 0y + h(a) 03],

where ¢ is a parameter,

(A14)

It remains to be shown that the series f, g, and
converge for @ sufficiently small. Or equivalently, we
must show that f(a), g{a), and k(a) are all analytic and
have nonzero radii of convergence in the complex vari-
able a. A short calculation for the group SL(2,C) gives
the multiplication rule

exp(n, *0) exp(n, *0) = exp(n; * o), (A15)
with n; given by the formulas
T3=(Ty + Ty HiT X T) /(1 + 7 * Ty), (A16)
7,=n,(tanh Va0, /¥n;"n,)
=n,1-3n;°n;+°-*). (A17)
For the case in question, Eq. (Al4), we have
=afB, +18,)/2, n,=(&;-1ié,)/2. (A18)

Inserting this information into (A16) and (A17) gives
the result

Ty=[e (1 +a)/2 +iby(a - 1)/2+ &50/2]/[1 + a/2].
(A19)

Now we need to solve for n;. Combining (A19) and (A17)

we find

TieT,=a(l+a/4)/( + a/2) = (tanh Vn; ° n,)?

=ng ng~35(ngong)’ +- . (A20)
Consequently,
(Vn, *ng/tanhVny °ng) =1+ (a/3) ++ -+ (A21)
Finally, from the relation
n; = 7T5(Vng *ny/tanhvn; *n,) (A22)
we find
fla)=(1/2)+ (5a/12) + -+, (A23)

—i/2) + (Tia /12) +
(a%/12) +

gla)=
hla)=(a/2) -

It is clear from (A19)—(A22) that the series for f, g,
and & all have nonzero radii of convergence.

b

APPENDIX B

The purpose of this appendix is to prove Theorem 4.
Writing (4.22) a bit more explicitly, we have

exp[C(a, B)) = exp(aA) exp(B8B).
The first result we will need is that C obeys the differ-
ential equation

oC
8

(B1)

—C[1 - exp(- O)"'B (B2)
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To see how this comes about, let us differentiate both
sides of (B1) with respect to 8. The derivative of the
right-hand side is easily computed,

5% exp(aA) exp(BB) = exp(aA) exp(BB) B = exp(C) B{B3)

Computation of the derivative of the left-hand side re-
quires more work. We find through first order in 68
that

exp[C(a, B+ 88)] =exp (C(OI,B)+6B 38 C(a, B))

:i (l/n!)(C(OI B)+56 C(a B))
0

(B4)
Now expand the power series and retain zero and first
order terms. The result through first order is

exp[C(a, B+ 68)]

=exp(C) + 68 Z; ﬁ 1/n‘)C’"< B)C""“ (B5)

Here we have paid careful attention to the possibility
that C and 9C/38 may not commute. From (B5) we
conclude

cn ( gg) cr-m1,  (B6)

Next change the order of summation in (B6) to obtain

= oC\
2 123[1/(l+m+1)1]c <a/3> Ct. -

It is a remarkable fact that the series (B7) has an inte-
gral representation,

i} [l/l+m+1)'] (gg) Cc?

m=0 1=0

= f dy expl(1-7)C] (—g—g—) exp(yC).

0

o0

(B8)

This is easily verified by expanding out the two exponen-
tials and integrating term by term.

Only a few more steps are required. We write
! ac
f dy expl(1 -¥)C] R exp(yC)
0

1
=exp(C) / dy exp(-vC) (Z—g‘) exp(rC)

0
1 ~
:exp(C)f dy exp(-vC) (%)
0

= exp(C) {[1 - exp(- é)]/é} (%g ) . (B9)

Here we have used (4. 6). Also, the last integration over
y was performed by expanding exp(— yC) in a power
series, integrating term by term, and then resuming
the result. We conclude that

Aq,a o€
(5%) exp(C) = exp(C) {[1 - exp(- C)]/C} (5-5) . (B10)
We note for future use that Eqs. (B4)—(B10) hold quite
generally, and make no use of any special form C might
have.
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The differentiation of both sides has been completed.
Comparing (B3) and (B10) and cancelling the common
factor exp(C), we find

{1 - exp(- €)1/} % =B.

This expression, when solved for 3C/28, gives the
advertised result (B2).

(B11)

The proof of Eq. (4.22) now follows immediately.
Make the expansion

Cla,B) =23 a™B"C,y,

and substitute it into (B2) with the observation that

(B12)

(B13)
(B14)

C(a’ 0):&C10:O’A’
C(0, /) =BCyy = BB.

A comparison of coefficients of like powers of a™g"
gives the series (4.23).

To prove Eq. (4.24) we write a Taylor expansion of
C with respect to 8,

C(B)=C(0)+B8C"(0) +(B82/2)C(0) + = -.

Here we have suppressed the dependence of C on o for
notational convenience. The quantity C(0) is already
known from (B13), and C’(0) can be found from (B2) with
B set equal to zero. The result is

C’(0)=a A1 - exp(— a A)]"!B. (B16)

Insertion of (B13) and (B16) into (B15) gives the desired
result (4. 24).

{B15)

The computation of successively higher derivatives
becomes increasingly more complicated. To find C"(0),
we write equation (B11) in the form

PB)C’(B) =B, (B17)
where P(B8) denotes the operator
P(B) =1 - exp(- (?)]/CA:fOt dvexp(- vC). (B18)

Next we differentiate both sides of (B17) with respect to
B to find

prct+ per =0, (B19)
and hence
C"(0) = - 2-1(0) P(0) C(0). (B20)
From the integral representation (B18) we find
PHB)=- f01 dvexp(- vC) fot dy exp(yvC)
x v C*(B) exp(— yvC). (B21)

Here we have also used (B4)—(B8) and part of (B9) to
differentiate exp(— vC). It follows that

- PHO)C!(0)= J* [! vdvdy exp(~va A) exp(yva A)

x7(0) exp(- yva A) C*(0).

We also observe that (522)
C'(0) exp(- yv a A) C'(0)

={C’(0), exp(- yva A) c’(0)}

= exp(- yva A){exp(yv a A) C*(0), C*(0)}. (B23)
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In obtaining the last expression we have used a result
analogous to (2. 8). By combining (B18), (B20), (B22),
and (B23) we find the final result

Cc"(0) = Al1 - exp(- a A)]t fol foi vdvdy exp(— va A)
x{exp(yva A) C*(0), C’(0)}.
(B24)
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A topological classification of monopoles and vortices is formulated in terms of fibre bundles. The
distinction between Dirac and 't Hooft monopoles is made in the light of the energy finiteness problem.
Finite-length vortices with Dirac monopoles at the end points are also discussed.

1. INTRODUCTION AND CONCLUSION

Originally introduced to formulate and solve global
topological problems, fibre bundles' have provided us
with an ideal language for discussing relativity, in-
variance, and gauge transformations.? They may well
become the standard mathematical baggage for particle
physicists. In this paper, we apply the topology of fibre
bundles to classify monopoles and vortices in non-
Abelian gauge theories. The bundle formulation allows
a compact, unified treatment of the ’t Hooft—Polyakov
monopoles,®* the Dirac monopoles, 5’ and the Nielsen—
Olesen vortices.”"®

Here we summarize the results of our analysis. The
"t Hooft and Dirac monopoles are classified by =, (H) and
7,(G), respectively, where G is the global symmetry
group of the physical system and H is an isotropy sub-
group of G. In spontaneously broken gauge the theories,
’t Hooft monopoles have finite energy while Dirac mono-
poles in general have infinite energy, possibly corre-
sponding to unobservable quarks. Dirac monopoles are
accompanied by Nielsen—Olesen vortices, the latter
being also characterized by 7,(G). A system of »n Dirac
monopoles of the same type has finite energy if » is the
dimension of 7,(G). This implies that in theories with
G =8SU(3)/Z, a three-monopole system is physically
realizable as well as monopole—antimonopole system.
They would be field-theoretical candidates for extended
baryons and mesons,®'®

Il. THE YANG-MILLS BUNDLES AND MONOPOLES

In a geometrical approach to local gauge invariance,
a fibre bundle can be uniquely associated with a physical
system of fields, as we now explain. The base space
x is the (3 +1)-dimensional space—time manifold cover-
ed by a set of coordinate patches {V,}. With each point
x© V,, we associate a set of fields {¢,, ®,,...}, which
we will make cross-sections of the fibre bundle. All the
realizable sets in the system make up a field manifold
Y. The field & is defined with respect to a certain holo-
morphic representation T[G] of a Lie group G, the sym-
metry group of the system. The Yang—Mills potential
A, is the connection which assumes value in the Lie
algebra of G. Let G be n-dimensional., A set of n con-
tinuous mappings {X,} from V; is chosen to form a base
in the Lie algebra of G. G acts on it through the adjoint
representation Ad[G]. Under the base transformation
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S {x}t—-1{r,}, v,=AdlSlx,, Sk, (1a)
the fields and the connection transform as
S:8(x)—2'(x)=T[SW e (), (1b)
A (x) = A (0)=Ad[SW]A, (x) + (i/)3,S(x) - S (x),
(1c)

respectively. We also refer to (1) as a gauge
transformation.

Consider two overlapping coordinate patches V., V,
N V,#¢. The fields are defined in each patch as & (x,),
x;€ V,. Atxe V,"V,, & (x) and &,(x) are related by
(1b) if they represent the same physical object. Simi-
larly, the connection is related by (1¢). In this way, the
fields as well as the connection are seamed all over the
space—time manifold X.

As an example of the field system with a connection,
let us consider the Lagrangian:

L:TerFw-kZ) ]qu>k|2+U(¢1,~..,<pn), (2a)
g=1

Fuu:auAv—auAu +ie[Au’ Av]’ (2b)

v,8,=0,8,tieT(A,)d,, (2¢)

with T(A,) being the representation of A,. The equations
of motion are derived from (2). By the foregoing dis-
cussion they are only valid in each coordinate patch V.
In the overlap domain V,N V,#¢, the fields are seamed
with the coordinate transformation (1). The set of Higgs
field solutions {&,,...,®,} to the Lagrangian system
makes up the field manifold Y. Y crucially depends on
the potential U and the boundary conditions. Though it

is useful to have in mind a model Lagrangian, our
arguments in this paper are entirely independent of it.

The system is specified by (i) the space—time mani-
fold X, (ii) the field manifold Y, (iii) the topological
group G and (iv) the gauge transformation (1). The
representation T[G] acts on Y effectively. G is a cover-
ing group of T[G]. In the following we identify G with
T[G] by requiring that G acts on Y effectively. By this
we mean that such an element gc G is only the unit
element as satisfies T{g)u=wu for all ue Y. According
to the existence theorem' a fibre bundle is constructed,
uniquely up to isomorphism, with X as the base space,
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Y the fibre and G the structure group. The field ¢ is
nothing but a cross section of the fibre bundle.

For simplicity we assume that G is connected. Then,
there exist the universal covering group G* and a sub-
group C of the center Z* of G* so that the isomorphism

G*/C=G, Ccz* (3)

follows . ' By definition G* is simply connected. Next,
we define the isotropy group H(x) at a point u< Y by
H(u)={he G; T(h)u=u}. By the equivalence relation that
u~v if and only if G/H(u)=G/H(v), all the elements of
Y are grouped into the equivalence classes {Y}. Then,
by fixing u< Y, arbitrarily, the homeomorphism

Y,=G/HW), uc¥,, (4)
is proved.'® G acts on Y, transitively.

We explain this. Since G is the symmetry group, if
u(x) is a solution then T[S(x)]u(x) is a solution, But it is
not true that any solution »(x) is obtainable from u(x) by
a gauge transformation. We define an homogeneous
space Y(u) by Y(u)={ve ¥; v=T(Sh, ¥ Sc G}. the fibre
Y is the union of all such nonoverlapping homogeneous
spaces Y,. Y is the set of all possible solutions to the
system, with the boundary condition picking out one of
the Y,’s. By taking an element « from Y, the topological
structure of Y, is determined by (4). In the spontaneous-
ly symmetry broken theory, H{u) is the unbroken sym-
metry at the point u. Especially, if the symmetry is
completely broken, H(u)={e} for all ue ¥, and the fibre
bundle is the principal bundle.’

In field theory, we consider an object occupying a
finite domain in X. Either it arises from the dynamics
or must be introduced explicitly by hand. The extended
’t Hooft monopole® is an example of the former and the
point-like Dirac monopole® is one of the latter. The
object interacts with the fields and we Seek to categorize
it through this interaction.!

We take an element u(x,) € Y. We perform the equiva-
lent transport of u{x,) along a loop I. At a point xe 1, it
gives

u, (x) = Tlg, (x, x) Julx,), (5a)

g, (¢, x,) = Pexp(-ie _fx dx,A,)e G, (5b)
*¢

P being the ordering operator along the loop I. In (5b)

we have assumed that the loop [ exists in a single co-

ordinate patch, but the modification in the general case

is straightforward with the use of the gauge

transformation. '

The operator g,(x, x,) draws a curve [* in G as x
moves from x, along the loop ! in X. It is to be noticed
that the curve I* is not necessarily a loop in G. Now we
sweep the loop [ over a 2-sphere S at a fixed time in X,
The corresponding curve /* traces out a surface g(S)
in G. Its boundary 2g(S) is a loop in G and traced by
£,(x,,%,). We denote by R the subset of G which is swept
by all possible boundaries 9g(S). Later we shall show
how to determine R. In this way, with any sphere S in
X, we can associate a member of the second relative
homotopy group 7,(G,R,e). Accordingly, if two spheres
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S, and S, are mapped into the same member, we can
find a continuous gauge transformation so that the con-
nections are the same at the corresponding points on
the spheres S, and S,. During this transformation, the
energy of the system changes only continuously. We
are thus led to the following definition.

Definition: Two spheres S, and S, are said to enclose
the same type of monopoles if they are mapped into the
same homotopy class of 7,(G,R,e).

From this definition we get the ensuing theorem.

Theovem: Monopoles are classified by the fundament-
al homotopy group 7,(R).

Proof: There is an exact homotopy sequence’:
71,(G) ~7,(G, R) > 7,(R). By the construction of R, the
boundary operator 3 is a surjection. Since G is a
compact Lie group, 7,(G)=0. Hence, 7,(G,R,e)=m,(R)
by the homeomorphism 3.

Thus far we have yet made no analysis of the bound-
ary conditions on the fields. Of utmost importance to
our work is the energy finiteness condition. From the
Lagrangian (2) it is seen that the kinetic energy con-
tribution of the field &, at infinity is negligible if and
only if the condition

v,®,=0 (6)

is obeyed asymptotically.® In general, the energy finite-
ness condition for a field is that the connection becomes
flat with respect to the field at infinity.

If the connection is flat, then we obtain &, {(x,)
= T[g,(xo, %,)1®, (x,) with (5b). This expression is in fact
the integrated form of (6). Since 2g(S) is the trace of
g (%4, %,), we have

T{ag($)]®,(x,) =@, (x,). (1)

(7) turns out to determine R, the aggregate of all
boundaries 2g(S). The types of monopoles are in fact
determined by this energy finiteness condition (6).

The condition (6) is purely a physical requirement.
In classical electrodynamics we treat a charged test
particle moving in the electromagnetic field. If the field
represents such a test particle, there is no reason to
put (6) for the field. Yet, the energy of the system is
finite since the field represents a single particle. On
the contrary, if we treat a spontaneously broken gauge
theory, the vacuum is a medium, for instance, the
condensed phase of the Higgs fields. The system has
finite energy if and only if (6) holds asymptotically for
all fields that participate in making the vacuum. De-
pending on the physical requirements, we have to im-
pose the appropriate energy finiteness condition.

At present, we are most interested in finding extended
objects in spontaneously broken gauge theories. Thus,
we require (6) for all the fields eventually. However,
there are two different categories. (A) It is satisfied
for a single monopole, or (B) it is not satisfied by a
single monopole. In the case (A), any monopole system
has finite energy and is realizable. In the case (B),
only certain sets of monopoles are realizable. To the
categories (A) and (B) correspond the ’t Hooft mono-
ple and the Dirac monopole, respectively.
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A. The 't Hooft monopoles

We require all fields &, to satisfy the condition (6)
asymptotically. Because the asymptotic behaviors of
{@k} determine the solution uniquely, the fibre over x
at infinity is enough to characterize the object. In the
Lagrangian theory, the set {tbk} which gives the absolute
minimum of the potential constitutes the classical vac-
uum. The set of all classical vacua Y is the fibre. Y is
decomposed into the union of the homogeneous spaces

.

Since (7) holds all the fields we deduce 3g(S)c H(u),
H(u) being the isotropy group at uc Y,. This is neces-
sary and sufficient for finite energy of the system.
Hence, we have

Corollary A: ’t Hooft monopoles are classified by
m,(H(x)) for each homogeneous space Y, where uc Y,.

The isotropy group H(u) is the unbroken symmetry at
a point «. 7,(H(u)) does not depend on « but only on the
homogeneous space Y, that contains «. If the system
is subject to no additional boundary conditions, it allows
all types of monopoles given by , (Hi) for all homo-
geneous spaces Y, of Y.

Here we recall the classification of 't Hooft mono-
pole proposed in Ref. 4. The equivalent transport maps
a sphere S into a sphere g{S)ulx,) in Y(u) because of
(7). Therefore, the solutions are also classified by
(Y (). Due to (3) and (4) we get m,(Y,)=n,(H,), and
the two classifications are equivalent. However, this
result is only applicable to ’t Hooft monopoles. A few
illustrations are in order.

A trivial example is the case where the symmetry is
completely broken. The bundle is the principal bundle.
There are no 't Hooft monopoles. Physically, this is
also clear since there is no long range gauge field
remaining.

The next simplest example is the case where the sym-
metry is completely broken except for a U(1) subgroup
H,_which we identify with “electromagnetism.”* The
monopoles are classified by Tfl(Hem)ZZm the additive
group of integers. The topological spectrum is the
same as the well-known Abelian U(1) monopoles. In
gauge theories with G =8U(N)/Z, we introduce a suf-
ficient number of fields in the adjoint representation
until the only unbroken symmetry is given by the
generator

Aew= (1/N)diag(1,1,...,1 -N) (®)

regarded as an element of the universal covering group
G* =SU(N). As the loop {=2S covers the sphere S,
&,(x,,%,) moves in G as exp[- ied Gn,,], with the flux
BN, =F,5dx, A, . 9g(S) traces a loop if and only if
exp[—ied (SN, ]=1. By regarding g,;(x,,x,) as an ele-
ment of G* =SU{N), this is equivalent to requiring
exp[—ied (S, ]e Z,, with x__ explicitly given by (8).
Using the relation exp(i2mma,,)=exp(i2nm/N), we get
&(S)=(2n/e)m. The monopole is quantized in Dirac
units. In general, the space—time manifold cannot be
covered by a single coordinate patch. But, fhis is
possible for the 't Hooft monopole bearing m-Dirac flux
units if m =0 (mod N), since g,(x,,x,) traces out a loop
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not only in G =SU(N)/Z, but also in G* =SU(N). The
monopole solution found by ’t Hooft® is just such an ex-
ample for G =5U(2)/Z,=0(3). Finally, we notice that
by a gauge transfromation we can make A=A
locally at infinity. In this gauge g,(x,x,) is entirely in
H, . Even if m=0 (mod N), we need more than one
coordinate patch. The system looks as if there are only
the electromagnetic field and the magnetic monopoles.
This is the Abelian gauge obtained by a singular gauge
transformation in Ref. 13 for the ’t Hooft model.

B. The Dirac monopoles

The Dirac monopole is by definition any monopole that
is not 't Hooft’s. This is too general to get any result.
Practically the most important case is the one where
no fields are subject to the condition (6). We call the
corresponding monopole a Dirac monopole in the narrow
sense. We consider this case only. There are no con-
straints on 9g(S) and we get R=G. Hence we conclude

Covrollary B: Dirac monopoles in the narrow sense are
classified by 7,(G)=C.

Here we have used (3) which relates G to the universal
covering group. In electrodynamics G=U(1) and #,(G)
=2 _; there exists an infinite variety of Abelian mono-
poles. In the G=SU(N) case, 7,(G)=0 and there are
no monopoles. This corresponds to introducing the
fields, say, in the fundamental representation. In the
G =SU(N)/Z, case, 7,(G)=Z, and the monopole strength
is defined only by modulo N.

In the presence of Dirac monopoles, we always need
more than one coordinate patch. This is in practice
very inconvenient since we have to solve the equations
in each coordinate patch and seam the solution across
the patches. However, as is known,® there is an equi-
valent description where the connection is allowed to
be singular along the Dirac strings. For instance, in
the SU(N)/Z,, theory, we make the substitution®

Fuv:auAv_avAu+ie[Au ’Av]_G* A ©)

MYTTem

with (8). G¥, represents the string singularities origi-
nating from the monopoles.® Then a single coordinate
patch A is sufficient for any Dirac monopole system
with this singular gauge choice. In (9) we have intro-
duced the strings in the A, direction because Z, is a
subgroup generated by A, .

In this description the phase factor (5b) picks up the
factor P exp(-iefdx,A,), the loop being infinitesimal
around the singular point, as the loop [/ passes across
the point. This factor belongs to C, regarding as an
element in the covering group G*. Because G* is simply
connected, the types of the strings are given by the
discrete elements of C in accordance with the corollary
B. In the SU(N)/Z, case, there is a gauge in which
$A, (x)dx, = (2n/e)mn,,,. The monopoles are quantized in
Dirac units.

We have seen that we can apply the same topological
analysis to 't Hooft and Dirac monopoles. But this does
not mean that these monopoles are of similar natures.
’t Hooft monopoles are dynamically created in a spon-
taneously broken vacuum, and hence the masses and
other parameters are to be calculated. On the other
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hand, Dirac monopoles are introduced by hand: The
masses, spins and other internal degrees of freedom
are free parameters we can assign arbitrarily.

iIl. THE YANG-MILLS BUNDLES AND VORTICES

The system of a single Dirac monopole has infinite
energy in a spontaneously broken vacuum since the en-
ergy finiteness condition (6) is not satisfied asymptoti-
cally. Without violating the analysis of Sec. IIB, we
can require (6) outside of a fube starting at the mono-
pole and ending at infinity. The object that is confined
in the tube is a Dirac monopole accompanied by the
vortex. It is easy to see that, far enough away from the
point monopole, its accompanying vortex is indistin-
guishable from the Nielsen—Olesen vortex.” This point
has been discussed in ample detail in a recent work.?

Here we define the Nielsen—Olesen vortices in our
terminology. We take the same fibre bundle, the fibre
Y being the aggregate of all classical vacua. Any loop
I around the tube is mapped into a path g;(x,,x,) in G by
the equivalent transport (5). Since the connection is flat
outside the tube, we get T[g,(x,,x,)Ju=u. The path g,
connects the unit element e and an element of the isot-
ropy subgroup H(u). Just as in the definition for topo-
logically distinct monopoles, we are led to the following
classification.

Definition: Two loops I, and [, are said to enclose the
same type of vortices if they are mapped into the same
homotopy class of 7,(G, H,, e).

From this we deduce:

Theorem: Vortices are formed and classified by 7,(G)
if and only if H, is embedded in a simply connected
domain of G.

ok
Proof: There is an exact sequence’: 7,(H#,) ™ 7,(G)

- m(G,H,)— To(H;)=0. Here 7,(G)=n,(G,H,) if and only

if j* sends 7,(H,) to the neutral element of 7,(G).

The classification is the same as that of the Dirac
monopoles. Nielsen—Olesen vortices are such objects
that terminate at Dirac monopoles.® The isotropy group
H(u) is the unbroken symmetry at a point uc Y. A suf-
ficient condition for the vortex formation is to break the
symmetry completely, i.e., H(u)={e}. In the U(l)
theory,” one Higgs field is enough for this purpose. In
the SU(2)/Z, theory,” two Higgs fields are introduced
in the regular representation. In the SU(3)/Z, theory,
we take two Higgs fields u={®,,®,} in the (x, - 2,) or
(A —A,) plane. They are arbitrarily fixed to minimize
the potential; hence u< Y. The homogeneous space
Y(u) is homeomorphic to SU(3)/Z, and H(u)={e}. Vor-
tices, characterized by 7,(SU@3)/Z,)=2,, will be gen-
erated along the ), axis.
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A single Dirac monopole cannot exist in the sponta-
neously broken vacuum because the energy is infinite.
By the modulo property of their strength, a system of
Dirac monopoles has finite energy if their net strength
is zero. This implies that in the SU(N)/Z,, theory we can
confine N monopoles of the same type in a finite domain
outside of which (6) holds. These monopoles are tied
together by finite-length vortices. Especially in the
Su(3)/z, case, this gives a bavyonic vovtex string as
well as a mesonic one. This remarkable feature was
pointed out by Mandelstam,® and recently analysed in
details in Refs. 6 and 8. However, this system of Dirac
monopoles confined in a domain has no monopole as a
whole system. It would decay into pure vacuum unless
the monopole has additional degrees of freedom, like
quark quantum numbers. But this problem will be the
subject of another paper.
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On the stationary axisymmetric Einstein-Maxwell field
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We show the existence of a formal identity between Einstein’s and Ernst’s stationary axisymmetric
gravitational field equations and the Einstein-Maxwell and the Ernst equations for the electrostatic and
magnetostatic axisymmetric cases. Our equations are invariant under very simple internal symmetry groups,
and one of them appears to be new. We also obtain a method for associating two stationary axisymmetric

vacuum solutions with every electrostatic known.

1. INTRODUCTION

Although it has been recently proved! that the Kerr
metric represents the most general topologically spherical
stationary axistymmetric black hole solution of the vacuum
Einstein equations and the various no hair theorems?
provide a fairly convincing proof that the Kerr—Newmann
metric is the most general “physically well behaved’ black
hole solution of the coupled Einstein-Maxwell stationary
axisymmetric equations, it is worthwhile to investigate the
problem of finding exact solutions of Einstein—Maxwell
equations, having in mind to obtain solutions which may
be applied to more complicated situations. Moreover, we
think that this problem has an intrinsic theorical interest
due to the nonlinear nature of the equations involved and
the relative scarcety of exact solutions.

In this paper we present a formalism which can be used
for generating families of exact solutions of stationary
axisymmetric vacuum Einstein field equations and of the
static axistymmetric Einstein-Maxwell equations.

Our method generalizes a previous work,? and it is
essentially the working out of the consequences of an
interesting formal analogy between the Einstein-Maxwell
and the Ernst equations.? In Sec. 2 we give a short review
of the Ernst approach, and we present the general equa-
tions in a form of vanishing divergences. In Sec. 3 we
consider some particular cases and we show explicitly the
above mentioned formal analogy. By introducing maps
between the sets of solutions, we show how this analogy
can be used for generating solutions.

In the last section we study the internal symmetry groups
of the equations, and we find a geometrical origin for the
Kinnersley groups® (in the static case). We present also a
new internal symmetry groups of Einstein—-Maxwell static
axisymmetric equations with can be used (eventually
combined with the other knowns groups and the transfor-
mations presented in Sec. 3) for generating families of
solutions.

2., THE ERNST METHOD AND THE GENERAL
EQUATIONS

The most general invertible stationary axisymmetric
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electrovacuum line element can be written (see, e.g., the
review by Carter) in the Papapetrou system of coordinates
as:

ds? = [~Ye¥(dp? + dz2) + p2dd?} — fldt + wdg)?,
(2.1)

where f, w, and y are functions of p and z only. The metric
function 7 is not independent and can be obtained from
fand w.”

The independent Einstein-Maxwell equations can be
written as

v-<piz(v,43 - wVA4)> -0,

VA, | fo _
v.<vf,,4 +R (VA; — wVA4)> =0, 2.2)

V(L9 + 4 (Va3 — wV4)) = 0
2 o+ ,02( 3 — wVAy) )

2
v-{\;f + f_p”.zf WOV = 255 (45 + wdy) (VA; — V)

where A4 and Aj are the usual 7 and ¢ component of the
electromagnetic potential, and these are functions of g and
z only. The differential operators are defined with respect
to the flat three-dimensional metric:

dlz = do? + dz? + p2d¢?.

The form (2.2) of the equations can be obtained from the
form presented by Ernst! by some algebraic manipula-
tions where we have utilized the relation
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Vi(logp) = 0,

which holds in the pure vacuum and pure electromagnetic
case. Ernst? introduces two auxiliary potentials A% and
@rmse Telated to A3 and w by

0" (VA; — wVA) =f x A3,

A x V45

ds | 24, %X VA,

f Vo — 24,

_ ﬁ X v(pErnst
o

(where 7 is a unit vector in the azimuthal direction), and
he defines two complex potentials & and ¢:

¢ = A, + ids,
& =f - ¢¢*

In terms of the potentials & and ¢, the Einstein-Maxwell
equations can be written as

{Re€ + |¢[2}V28 = VE-(VE + 20*V()),

+ DB st

(2.3)
{Re& + |2}V = V-(VE + 24*V).

By introducing a potential ¢, related to the Ernst one by
PEmst = @ + 2A4A/3

after some algebraic manipulations, one can recast the

system (2.3) in the form
v(T - 7 '(Vgo + 4A4VA3)> = qQ,
(VA A3 , ) _
v ( 7+ T + 4T 4] = 0,

(70 + 4A4VA3)> =0, (2.4)

(Y L @245 G L savay

fZ
AD)

V(45 +

which is analog to the (2.2) form of Einstein-Maxwell
equations. This formal “analogy” can be converted into
a formal “identity’ in several restricted cases as we shall
show in the following section.

<
/-\/\

3. PARTICULAR CASES

From the Einstein-Maxwell (2.2) and the Ernst (2.4)
general equations, we can obtain various restricted (but
important) cases.

First of all, the pure vacuum stationary case: we take
Ay =0, A3 = 0 in the Eqgs. (2.2) and 4, = 0, 4; = O in
the Egs. (2.4); we obtain respectively3

(o) -0

(system E1)
2
v-(fp—z Vo) =0

(3.1)
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and

1
V-(ﬁV(fz + (02)) =
(system E2). (3.2)
V(2 e) =0
The purely electrostatic case is obtained by taking w = 0,
Ay = 0 and ¢ = 0, A3 = 0 respectively in Eqgs. (2. 2) and
(2. 4). Both systems reduce to

v(fV(f A)>—O

v-(—}— VA4> -0
In Egs. (3.3) one can easily introduce [due to the fact that

V-{f! VA = 0]an auxiliary electrostatic potential 4’
by

VA, =fo i x VA,

(system E3). (3.3

Equations (3.3) become then

2
(e o
v-(i;- VA;) ~0
e
We can consider also the magnetostatic case: ¢ = 0,

Ay =0in (2.4) and w = 0, 44 = 0 in (2.2). The general
equations reduce, respectively, to

(system E4). (3.4)

V(590 - 4p) =0,

V-(%VA;) _ 0 (system ES) (3.5
and

V-[#V(B]Z— + A%ﬂ =

7. <%VA3> _ (system E6). (3.6)

We are left then with six systems of equations formally
identical; in fact, all of them can be put in the standard
form:

Ex + 6%

5 EVisk = Vék - Ve,
Ex + &% @37
K 5 EVigy = V&R - Véx,

where K = 1, 2, 3, 4, 5, 6 and (with an obvious meaning of
the index)

st=olfto, & =ftip

ég;j;t:fl/ziA‘is g:{=p/fl/2i_lAz’h

S =f1E LAy 65 =ofV2 ik
This formal identity can be used for generating automati-
cally solutions of the various systems when we know a
solution of one of them.
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More precisely one can define the following maps be-

»»»»»

{EL} . Ax {E2]
| |
Bi,s | B,z
{E3} 4 (E4)
Bs,s Be,s
(ES} .. 4w {6}

where the maps B, ; are defined by
Ey BT = &, Lj=1,2,3,4,5,6.

The metric functions (or the electromagnétic potentials)
associated with the solutions generated by some of the
B, ; are in general complex, but, in several cases, it is
possible to arrange for them to be real by parameter
adjustments. The A;,; ,, i = 1, 3, 5 are defined by

i) — A (foa),
f=f

Varif AXVe

(fs Ay — A (], Ay,
f—=f

VA fp ANV A;

(f> Aj) ?i}} - (f’ ’JL’:)

GA =L T AL
(modulo a trivial indeterminacy, one can define the con-
verse applications).
The most important relations satisfied by these maps are

(B: k)7 = By, (3.8a
‘ L k= 1,2.3,45.6 :
B: x<By., = B, (3.8b)
Air JCBz'.i"' = Bz'~ ,t'CAz\if (3'80

1 : : 1} iI=1,3,5. )
Ay = Bz.z"Alﬂ,z"-‘Bzw—l,/fl (3~8d)

The relation (3.8c) rules out the possibility of generating
infinite chains of solutions by repeated applications of the
transformations A,y 8;.1.

The maps Bs s and Bg 4 correspond to the well-known

invariance of the energy-momentum tensor of an elec-
tromagnetic field (in vacuum) under the changement of
the electric into the magnetic field and vice versa.
The map B;, was utilized by Esposito and Witten® for
generating infinite chains of solutions; its existence; has
been also pointed out by Misra ef al? in a different
context.

4. INTERNAL SYMMETRY GROUPS

An important consequence of the fact that we have all
the equations in the standard form (3.7) is that one can
easily find an internal symmetry group.

As is well known, the Einstein vacuum stationary
axisymmetric equations are invariant under the group of
linear transformations in the two-space generated by the
two killing vectors 8/6¢ and 9/d¢p. If we compute the laws
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of transformation of the potentials & under an action of
this group, we can find automatically an internal sym-
metry groups of the others systems of equations. We
have

agi £ b

o+ Grlabed) g+ . YOK T Y
s k= Fosfrd 4.1
K=1,3,5 ad+bc >0, a,d b,c real,
and
+ Fx-1(a,be @ a H»L i lb
Cfﬂxﬂr(“—_'by 'd)"”g?%’ﬂ = + zléfl,%jd » (4'2)
K=1,3,5, ad — bc >0, a,d, b, ¢ real

E%(E%+1) belongs to {EK} ({EK +1}) whenever
Ex(Ef.,) belongsto {EK} ({EK + 1}). By using the pro-
cedure presented in a paper by Kloster et al.,19 one can
see that the invariance groups obtained are the most
general for which

98 _0E;7 _
as; o0&y

From the explicit form of the transformation laws of the
functions

&R+ Ex ef — ey
VK=" IL’Z "‘_'Ka ¢K =*K~'K'9

£l

O@ - - g & (: Exo
/, — KTl K+1 — “K-1 K—1
QJK ] = Lt —a22 ¢K 1 =" '—i S .

K=1,3,5.

One can verify that (formally) it is possible to take a, b, c,
d complex. One has the interesting relations

gk(a’ b’ ¢ d) = Bl,k'gl (a’ ba G d)'BIe.ls

(4.3)
k—1] = 0,2, 4,
and
gk(aa bs C, d) = Bl.k'gl(a’ lb’ iC, d)'Bk,h (44)
k-1]=1,35

The group g, is the well-known Geroch—Kinnersley
group.!%1! One can easily see that the groups g; and g;
are respectively the pure electrostatic and the pure mag-
netostatic part of the Kinnersley group.’

The groups g, and gg appear to be new. As an example,
if we apply a transformation belonging to the g, group to
the Minkowski space—time, we obtain a space-time with

f= 0+t
and an electric field F = —2a(dz A dt), where « is a
real constant.
The application of the groups g, and gg gives directly
some of the metrics recently presented by Ernst.12.13
This is due to the fact that in the relation (4.4), the

transformation Bj; can be formally interpreted as an
imaginary transformation of the type

w=0
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dt' = +i-dg,
d¢' = +i-dr.

The transformation Bys also is of the same nature. We
want to also point out that by combining the groups g;
with the transformations B; , and A4,,; ; one can generate
infinite chains of solutions (see, e.g., Ref. 8).
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